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Abgtract- Reaching Law Control (RLC) is an approach to
Sliding Mode Control (SMC) design. In this paper, the RLC
method is applied to the speed control of a DC motor drive
system. Since the discrete time analysis and design is more
appropriate for thereal applications, the design equations are
derived in the discrete time. The implementation problems
and the robustness of the control approach are discussed in
the paper. Simulation and experimental results supporting
the arguments are presented.
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I. INTRODUCTION

Sliding Mode Control (SMC) is a powerful technique to
control the non-linear and uncertain (non-deterministic)
systems [1,2]. It is a robust control method and can be
applied in the presence of model uncertainties, parameter
fluctuations and external disturbances provided that the
bounds of these uncertainties and disturbances are known.
The main disadvantage of the method is the assumption that
the control signal can be switched from one value to another
at infiniterate. In practical systems, however, it isimpossible
to manage this since the microprocessor implementation of
the control strategy requires a finite sampling time. Direct
microprocessor application of the SMC method results in a
high frequency oscillation (chattering) about the desired
equilibrium point [2]. Although there may exist some
applications in which this chattering may be utilised [1], itis
generally undesirable since chattering excites the
unmodelled high frequency dynamics of the systems.

A new SMC design technique, which is called Reaching Law
Control (RLC), wasintroduced by Gao and Hung in [3]. This
approach not only establishes a reaching condition to the
dliding line (or surface) directly but also specifies the
dynamic characteristics of the system during the reaching
phase. Additional merits of the RLC approach include
smplification of the solution for SMC and providing a
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measure for the reduction of chattering. Since the RLC
approach is quite new and the classical SMC is a well-
known technique, there are only a few practical applications
of the RLC approach to motor drive control systems[4,5].

In this paper, the RLC approach is summarized and then the
discrete time implementation of the RLC approach is
described for the speed control of a DC motor drive system.
Design equations are derived in discrete time and the
simulations results validating the mathematical derivations
are presented. It is shown that the sampling time of the
speed loop is one of the main constraints for the robustness
of the RLC approach. The experimental implementation of
the RLC approach isrealized in avector controlled induction
motor system that is equivalent to aDC motor system dueto
the vector control [6]. It is found that the noise of torque
ripples due to the encoder resolution also restricts the
robustness of the RLC approach.

Il. REACHING LAW CONTROL (RLC)

Gao and Hung have introduced a new method called
Reaching Law Control (RLC) for the design of SMC systems
[3]. In their approach, a reaching law which is a differentia
equation specifying the dynamics of the switching function
Sisfirst chosen. The control input is then synthesized from
the reaching law in conjunction with a known model of the
plant and the known bounds of perturbations. It should be
noted that the differential eguation of an asymptotically
stable S is actually a reaching condition. In addition, the
dynamic quality of the SMC system in the reaching mode
can be controlled by choosing the parameters in the
differential equation.

Let us consider a single input second order linear uncertain
system:

() = AX(t) +hu(t) + d f (1)
= (A, + DA)x(@®) + (b, +DbJu(t) +(d, + Dd)f (t) (1)

where x(t) is the state vector, u(t) isthe control input, A ,, b,
and d, are composed of nominal system parameters, DA, Db
and Dd are the uncertainties introduced by unknown system
parameters and f(t) is the external disturbance. DA, Db, Dd



and f(t) are not known exactly but they are bounded.
Equation (1) can aso be written as

X(t) = Acx(®) + b, (uH) + L(x.1) @

L(x,t)is caled Ilumped uncertainty given by

L(x t) =B, (DAX(t) + Dbu() +df(t)) and bounded as

|L(X,t)| £ Ly - Note that B, is the pseudo inverse of b,
-1

and givenas B, = (Qﬁgn) bl .

The control problem isto find a control input u such that the

state vector xtracks a desired trajectory X in the presence of

model uncertainties and external disturbance. The tracking

error is defined as (the argument t is omitted in the following
for simplicity of notation)

e=x- x" =[ed’ ®

which implies that the states are chosen as [X,X]" (the
control canonical form). All controllable systems can be

converted to this form and there is no loss of generality in
assuming theform (3).

The switching functionis

S=le+é=Ce @

If an asymptotically stable reaching law [3] is chosen as

S=-qsgn@)- as ©)

where g and a are positive constants, the control input uis
derived by using (2)-(4) and (5) as

u=(cb,) | cA,x+cx® - cb,L- qsgn@)- as) @

All the quantities above the right hand side of (6) are known
except the lumped uncertainty L. If L in (6) is replaced by a
conservative known quantity L., then u becomes

u=(cb, )l ca,x+cx® - cb, L, - gsgn@ - as)

U]
The dynamics of Sis obtained by using (2)-(4) and (7) as

=-qsgn(S) - aS+Ch, (L - L,) ®

By comparing (8) with (5), it can be easily seen that an
additional term CQn(L- Lc) appears in the reaching
dynamics of the perturbed system. L. will be so chosen that
it dominates the unknown lumped uncertainty L and thus
ensures the reaching law (5). Since L is bounded as

|L(xt)| £ L and assuming Chn is a positive constant, a
practical choiceof L. is

iL S>0
L= ™ ©
- Lhax S<O

If Ch, is negative then the sign of L., will be oppositein (9)
which implies that
L = Lo SGN(S) (10

and the dynamics of S becomes
S=-Qsgn(S)- aS+Chb, L 12)

where Q =gq+Cb,, L, - It should be remembered that the

term aS is added in the reaching law (5) to increase the
reaching rate [3].

Asseenin (7), the control input u contains a sgn(.) function
(the ideal relay characteristic) to deal with the uncertainties
and disturbances. In continuous time RLC systems, it is
assumed that this function switches between +1 and -1 at
infinite rate about the S = 0 line. Because of this infinitely
fast switching of the control input, an ideal sliding mode
exists on the line S = 0, meaning there is no chattering [2].
However, in practical systems, it isimpossible to achieve the
ideal infinite switching of the control input due to the
microprocessor implementation of the control law which
requires a finite computation time. Since it is impossible to
switch the control input at infinite rate, chattering always
occurs in the sliding and steady state modes of a practical
RLC system.

Chattering appears as a high frequency oscillation about the
desired equilibrium point in the steady state and can excite
the unmodelled high frequency dynamics of the system.
Since chattering is almost aways undesirable for most
practical applications, many researchers have directed their
work to this problem asreported in [2].

There are several common methods which are used to
eliminate or reduce the chattering : The most popular is to
replace the discontinuous term sgn(S) by

i S/f |s| £f
sat(S) =

isan@® |g|>f 12

where f is an positive constant and usually called Boundary
Layer thickness since using (12) means that a Boundary
Layer (BL) around the switching line (or surface) is
introduced to eliminate the chattering.

In the following sections, a speed control structure with an
anti-windup integrator [7] will be described. Due to the



limited integrator, there is no point in employing another
limit in the control law of RLC with BL. Thus, the gain
multiplied by S, becomes the quantity of interest. The RLC
method implies that a control law without the sat(.) function
can be directly obtained by simply setting the parameter q
equal to zero (see (7)).

I1l. DISCRETE TIME SPEED CONTROL USING THE RLC
APPROACH

In this section, the discrete time speed control system is
considered since it is more convenient for experimental
implementation. As seen in the previous section, direct
implementation of sgn(.) function results in a chattering
problem in the discrete time systems. In a speed control
system, chattering of the torque demand is usualy
unacceptable since it may excite the unmodelled mechanical
dynamics[1,2].

Let us consider a discrete time reaching law without the
sgn(.) function :

DS(k +1) =- aS(k) 13)

where k is the sampling instant (i.e. k = 0,1,2,...), ais a
positive constant and D operator is defined as

Dy(k +3 =2

(k+1 - g(k)
T — (14)

S

(Ts is the sampling time) which is supplemented with the
condition {Dg(0) = 0} and the switching functionis given by

S(k) =1 e(k) + De(k) (15)
where
e(k) =w ¢ (k) - w(k) (16)

W and w are the reference and actual speeds respectively.
Note that if the states are defined as the speed error and its

derivative, i.e, x=[e,§" and gd =[0,0]" then the error

given by (3) becomes equivalent to the speed error defined
by (16). The reaching law (13) basically implies that the
switching function S exponentially reduces to zero with a
desired dynamics defined by a.

Now let us consider the closed loop speed control system
shown in Fig.1, where

Tsz
z-1

Gi(9= 1)

Gy(s)= (18)

Js+B
and Ky is the torque constant, T is the electrical torque
demand (current control loop delay is ignored) and G(s)
represents the zero order hold (zoh). The pulse transfer
function of the plant is

Cp
z-P

G, (2)= Z{Gn(5)G, (9} = (19
p

where

P, =exp(- BT;/J) and C,=(1- P,)/B.

From Fig.1 and using (14)-(16), we obtain

_@+HT) . 1
DS(k+D) = T, (P @+ T,)

+DW,g (K+1)- P,DW, (K)

)De(k) - K C ,u(k)

(20

Setting (20) equal to -aS(k) from (13), and solving for u(k)
givesthe control law

0 1+ T)P,-10

€ R S0 i
CA+HITOK,C, 5 SA+ITOK,C, %
1

K.C,

u(k)

+

(DNref (k +1) - I:)pDWref (k))
(21)

An advanceterm Dw;,(k+1) is seen on the right hand side of
(21), but this is not a problem since w(k) is a known
reference input. For simplicity, let us assume that w, is a
step demand (i.e. Dwg(k+1) = Dwg(k) = 0). The control law
then becomes

u(k) = KS(K) + K o De(k) 22)

where
T

A+ITHK:C,

1+ TP, - 1
TP, -

1+ TKCp
The second term of (22), K,De(Kk), actually corresponds to
Uy , equivalent control, which can be interpreted as the
control law that would maintain DS(k) = O if the dynamics
were exactly known [1,2].
By using (13) and (14), an expression for S can be obtained
as

S(k +1) = (1- aT,)S(k) (25)
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Fig. 1.The closed loop speed control system

In order to have a stable system, a should satisfy

2
0<a <= (26)

S

since asufficient condition for the stability [8] is
| Stk +D)] <|S(k) (27)
which requires

L-aT <1 (28)

It should be noted that if

1 2
—<a<— (29)
T, T

S S

then 1aTs becomes a negative number and S will have
damped chattering.

Swill exponentially reduceto zeroif

1
O<a £—
T (30)

S
which requires

0<KE£K,, (31

where

K =+
™ @+ TOKLC,

The system shown in Fig.1 is simulated and Fig.2, 3 and 4
show the phase planes (e(k) & De(k)), variations of S, and
the speed and torque responses to a step input demand (100
rad/s) for K = K, 0.25K,, and 1.75K,, respectively. The
controller is designed for the nominal system parameters
which are J = 0.0035kgnT, B = 0.0007Nms, K; = 4.1788Nm/A.
| ischosen as 25s ™ and the sampling time Ty is 2.5ms.

In Fig.2, a perfect sliding occurs since K = K, anda =1/ T,
which means S becomes zero after one sampling period (i.e.

S(k+1) = 0*S(K)).

(32
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Fig. 2. Simulation results for K = Ky, () Phase plane (De(k) versus
e(k)) (b) Variationin S, (c) Speed and torque responses

Fig.3 shows that S exponentially reduces to zero since K =
0.25K,, and a = 0.25T (S(k+1) = 0.75*S(k)). On the other



hand, a damped chattering is seen in Fig.4 because S(k+1) =
-0.75*9(k) dueto K = 1.75K, and a = 1.75/T. Note that for K
> 2K, the system becomes unstable.
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Fig. 3. Simulation results for K = 0.25K, (a) Phase plane (De(k)
versus e(k)) (b) Variation in S, (c) Speed and torque responses

Finally, Fig.5 shows the experimental and simulation results
for K = 0.05 (@0.16Kn) where the other parameters (e.g.l, Ts,
J, etc) are exactly same with the ones used in the
simulations above. The value of K = 0.16Kn arises from
noise considerations since the encoder resolution noise
restricts the controller gain [9]. The details of the
experimental system can be found in [9]. As seen in Fig.5c,
the torque demand is limited (with an anti-windup

mechanism) in order to protect the inverter and other
practical circuits in the experimental implementation (the
torque demand limitation is aso implemented in the
simulation). In the experimental results shown in Fig.5,
because of the encoder resolution, the signals and the
phase plane are not smooth as expected.
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Fig. 4. Simulation results for K = 1.75K, (a) Phase plane (De(k)
versus e(k)) (b) Variation in S, (c) Speed and torque responses

In this section, the RLC approach has been applied to the
discrete time speed control system. The plant was in the
nominal conditions (i.e. no parameter variations and no
external load tomue). It should be noted that the control law
similar to (21) can be obtained for the SMC with BL design
approach as



RL+ T)P, - 10
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Fig. 5. Experimental and simulation results for K = 0.05 (a) Phase
planes (De(k) versus e(k)) (b) Variations of S, (c) Speed responses
and electrical torque demands

In the BL, sat(S(k))= S(k)

thus Uf—”‘a" directly
corresponds to the gain K of the RLC design approach if
(21) and (33) are compared. The main difference between
these two control law is the limitation due to the sat(.)
function as seen in (33). Because of the limited integrator,
the Upa limit becomes redundant and thus the gain U,,.,/f
becomes the quantity of interest. Therefore, the RLC
approach has been found more appropriate for the practical
implementation of the control structure shown in Fig.1.

IV. CONCLUSIONS

In this paper, RLC method, which is an approach to SMC
design, is applied to the speed control of a DC motor drive
system. Since the discrete time analysis and design are more
appropriate for the practical implementations and in order to
see the effects of the sampling time on the robustness and
implementation of the RLC approach, the design equations
are derived in discrete time. Simulation and experimental

results validating the derived equations are presented. It is
shown that the robustness of the RLC approach is restricted
by the sampling time. However, in practice, the noise
emerges as another limiter on the robustness of the method.
The studies on the improvement of the robustness of the
discrete time RLC approach will be the subject of the further
publications.

REFERENCES

[1] JJ.E. Slotine and W. Li, Applied Nonlinear Control. Prentice-
Hall, 1991.

[2] JY.Hung, W.B. Gao and J.C. Hung, “Variable structure control :
A survey,” |IEEE Trans. Ind. Electron., vol. 40, no. 1, pp. 2-22,
1993.

[3] W.B. Gao and J.C. Hung, “Variable structure control of
nonlinear systems : A new approach,” |IEEE Trans. Ind.
Electron., vol. 40, no. 1, pp. 45-55, 1993.

[4] J. Ramirez, J. Bastidas and C. Vinante, “Variable structure
control with integral action,” Revista Tecnica de la Facultad de
Ingenieria Universidad del Zulia, (in Spanish), vol. 20, no. 2,
pp. 133-140, 1997.

[5] D.P. An, K. Nezu and T. Akuto, “Design of longitudinal control
system for brushless motor electric vehicle using VSTC control
theory,” JSME Int. J. Series G vol. 38, no. 4, pp. 756-764,
1995.

[6] W. Leonhard, Control of Electrical Drives. Springer-Verlag,
2001.

[7] G.F. Franklin, J. D. Powell and A. E. Naeini, Feedback Control
of Dynamic Systems Prentice-Hall, 2002.

[8] S.Z. Sarpturk, Y. Istefanopulos and O. Kaynak, “On the stability
of discretetime diding mode control systems,” |EEE Trans.
Automat. Contr., vol. 32, no. 10, pp. 930-932, 1987.

[9] Z.H. Akpolat, Application of Fuzzy-Siding Mode Control and
Electronic Load Emulation to the Robust Control of Motor
Drives. PhD Dissertation, School of Elec. Eng., University of
Nottingham, Nottingham, U.K, 1999.



	Conference Program
	Author Index
	Main Menu

