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Abstract— The PID controller is most commonly used for
industrial applications. I consider the speed control which
are encountered in practical applications, and I propose a
state space parametrization which allows to convert PID
controller synthesis into an LM I optimization problem. The
paper reexamines the standard nested two loop controller
structure for a permanent magnet brushless DC motor in
speed servo applications. An analysis of a generic example
demonstrates that the robust synthesis, via LMI optimiza-
tion, offers noticeable improvements in performance espe-
cially in cases of (relatively large) model uncertainties. The
proposed technique guarantees uniform exponential stabil-
ity of the closed loop system, a desired rate of convergence,
and H* norm bound.
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I. INTRODUCTION

WO loop control structures are commonly used in mo-

tor drives, in speed control applications. This struc-
ture is widely perceived as very satisfactory, both from a
control standpoint and from an apparatus protection point
of view [6], [7]. The purpose of this paper is to quantify
the sub-optimal PID controller, nested in two loop control
design algorithm for a permanent magnet brushless DC
(BLDC) motor in speed servo applications with respect to
robustness of the system uncertainties. Specifically, we will
focus on the case of an uncertain moment of inertia. Our
analysis and design tools will be the Linear Matrix Inequal-
ity (LMI) based methods, as developed in [2], [10]. These
methods are applicable to any motor and uncertainty type
and are extendable to positioning problems as well.
As can be expected, our numerical experiments suggest
that robust design procedures, such as the LM I method,
offer potentially significant improvements in robust perfor-
mance, in cases of model uncertainties (see [8]). Yet in
low comparable cases, the LM I design method gives truly
satisfactory dynamical response.
The paper reexamines the standard nested two loop con-
troller structure for a permanent magnet BLDC' motor in
speed servo applications. A robust synthesis, via Linear
Matrix Inequalities (LM1I) design, of a generic example
demonstrates that robust design offers noticeable improve-
ments in performance especially in cases of relatively large
model uncertainties.

II. MATHEMATICAL MODEL OF THE BLDC

The Y-connected, 3-phase motor with a 4-pole perma-
nent magnetic rotor is driven by a PW M inverter (see Fig.
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Fig. 1. PW M inverter connected to the BLDC motor

1). The rotor position, which determines the switching se-
quence of the MOSF ET transistors, is detected by means
of 3 Hall sensors mounted on the stator. The switching
scheme implemented in the inverter logic is well-known (see
.. [5], [9]. [12)).

The mathematical model of the motor can be divided in
two subsystems: an electrical and a mechanical model.

A. Electrical Subsystem

Motor speed is controlled by adjusting the input volt-
age of the stator coils. For that purpose the PW M rate
is modulated on the active (conducting) transistor of the
upper transistor row. The mathematical model of one coil
(e.g. coil no. 1) can be derived from Fig. 2

. di
v1 — v, = Riiq +L1d—; +e1.

The trapezoidal back-emf of phase 1 is
e1 = Kew (t) ,

where w (t) is the angular velocity of the rotor and K.,
the back-em f constant. v; denotes the phase voltage with
respect to reference potential and v, is the voltage at the
star point (see [5]). Hence for all three phases the following
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Fig. 2. Single phase equivalent circuit

system of equations holds

V1 — Up Rl 0 0 il
V2 — Up = 0 Ry 0 i2 +
V3 — Up 0 0 Rg ig
Ly 0 0 o K.,
+ 0 L, 0 2 | +| K, |w (1)
0 0 Ls diz K.,

Usually, the star point cannot be accessed, so the re-
spective voltage is unknown. As one of the coils is always
open, the equation becomes simpler and one can eliminate
v, in (1). Provided that coils 1 and 2 are conducting, the
conditions v1 = vpw, v2 = 0, 72 = —i1 and i3 = 0, are
substituted in the equation (1), thus resulting in

. di
VPWM = (Rl + Rz) 11 + (Ll + Lz) d_tlJr

+ (Ko + Key)w(t). (2)

The term vpw pr = u - v, denotes the PW M modulated
supply voltage of the transistors, with v € [0,1]. Equiv-
alent equations can be derived for 5 other cases (see [5]).
To provide a reasonably inexpensive solution, and avoiding
measurement of all 3-phase currents and voltages, only the
input current of the 6-phase full bridge circuit i, and the
supply voltage v, are measured. The average phase current
7 can be derived from the bridge current by considering the
power balance

Ub'ib(t):UPWM'f(t):U'Ub'f(t).

Hence

Using this property and forming the mean value of equation
(2) we get

2 2
UVPWM = g (RlJrRerRg)f(t) Jrg (LlJrLerLg) X

a2
X Zd(t) 5 (Key + Koy + Ko)w (1),

Substituting finally 2/3x(Ry + Ry + R3z) by R and 2/3 %
(Key + K¢, + Koy ), by K, leads to
di (t)

dt

vpwy = Ri(t) + L + Kew(t). (3)

Fig. 3. Block diagram of the BLDC motor model

B. Mechanical Subsystem

After modelling the electrical subsystem of the actuator,
the equations of the mechanical part will be given. Rotor
torque results from the magnetic field caused by currents of
the stator coil. This torque is proportional to the magnetic
flux linkage and the average phase current. Hence

T, = Kri(t),

with K7 denoting the torque constant. For an ideal square
wave motor (see [5]) it is equal to back-emf constant K.
The equation for the mechanical subsystem can be derived
from the torque balance

d;
Tel - T‘ld + Jd_b: + T‘losse& (4)

where Tj4 is the load torque, J denotes the inertia of the
rotor and the losses (Tjysses) result from friction. The
mechanical losses can be split up into Coulomb friction
kc - sign (w (t)) and viscose friction B - w (t). Thus, (5)
finally yields

dw
di

Hence, the mathematical model of the BLDC motor can
be summarized by (3) and (5). The resulting model is
depicted in Fig. 3. One can easily notice that it is similar
to the model of the classical DC motor.

Kri(t)=Tq+ J— + Bw + k¢ -sign (w (t)), (5)

III. CONVENTIONAL CONTROLLER

A simplified model of a BLDC motor is presented in Fig.
3. It is assumed that the measurements of the motor speed
w and the armature current i, are available and that the
control input is the voltage reference signal u., see Fig. 4.
A PI controller:

i i inl
Kpy(s) = K2 + K| 3 (6)

for the current loop is designed in the first step. Here we
ignore the back emf, F,(s) = k.£(s), assuming that the
current loop response dynamics is much faster. With this
assumption, the closed loop current transfer function is:

ia K;aKPWMSJFKiiaKPWM
@7 Ls? + (KipKpwa + R) s+ KR Kpwa

(7)
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Fig. 4. Block diagram of the conventional nested BLDC motor control structure

We also ignore the relatively small effects of Ri, on %Te
(Te = 1_]%) Under this assumption, the closed loop current
transfer function is:

K2 Kpws + K2Kpwu
L2 + Kip Kpwas + KR Kpwar

la ~
cl —

(8)

We select the natural frequency fia = %I?ra— to be one tenth
of the PWM switching frequency fpwar (to ensure the
validity of a linear approximation) and the damping Cla =
1. The coefficients K;* and K, ‘a are then derived from the
equations:

K2 Kpw
L

K2 Kpwum

= 2¢"w'a.
7 CPwn

= (w5)"

The design of the PI speed controller:

(9)

1
Ky (s) = Ky + K9, (10)
s
in the second step, a similar procedure is the following: the
friction effects are neglected and the much faster current
loop is approximated by the identity. The latter is justified
by the selection of the speed closed loop natural frequency
to be one tenth of that of the current loop. Under these as-
sumptions, the closed loop angular speed transfer function
is
Q¥ ~ K;‘)KTS+K;”)KT .
47 Js? + K¢Krs+ K¢ Kr

(11)

Again a damping (¥ =1 is fixed. The coefficients K’ and
K are then derived from the equations:

K¢ Kr
J

K¥Kr

(,_)2
)" 7

= (W = 20w, (12)

For our example we calculated the following data wia =
0.942 x 103 224 @ = 0.942 x 10% 224, Kla = 0.2873,

sec’ ~n sec ’
Kfa = 135.3230, K} = 0.7345, K" = 34.5971.
Closed loop time responses are computed and depicted in
Fig. 5, when the load inertia varies from 100% to 200%
of its nominal value. We assume a constant load torque of
Tiq = 0.4 [N.m] and require a velocity (angular speed) of
w*P = 1500 [rpm] = 507 [524]. We assume a constant load
torque of Tjq = 0.4 [N.m] and require a velocity (angular
speed) of w = 1500 [rpm] = 50m [52d].
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Fig. 5. Conventional design: closed loop time response of angular
speed (w) and current (ia), when load inertia varies from 100% to
200% of the nominal

IV. LMI CONTROLLER

Performance specifications (see [3]) for reference tracking
and load rejection were based on the performance that was
achieved in conventional design. The first step in the de-
sign procedure is to specify a generalized plant transfer ma-
trix. The generalized plant G comprises the model of the
original system and the various weighting functions that
represent performance specifications. Plant uncertainty is
represented by an unspecified block A with a known H>
norm bound, interacting with G via disturbances signals
(w € R™ ) and controlled signals that are to be regulated
(z € R™). The generalized plant is driven by an the exoge-
nous multivariable inputs w, including disturbances, sensor
noise and the tracking reference. A controlled outputs z,
represents tracking errors, actuating commands and out-
puts that can be measured. The closed loop mapping
T,, : w — z is required to be contractive. A stabiliz-
ing feedback controller, K, to be designed, will use the
measured signal y and produces the control input .
A speed loop robust PID controller
1
Kpip (S):kp+kl; + kgs (13)

comply with a:

(a) closed loop robust stability for rotor inertia J varying
from 100% to 200%;

(b) reasonable speed tracking performance;
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Fig. 6. Linear Fractional Reprezentation for uncertain nonlinear
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(¢) bounding of the command input u,;

(d) current limiting i,.
The LM I-based controller design will be designed in three
steps: first, augmented the system by a Linear Fractional
Representation (LF'R); then, deducing of Linear Matrix
Inequalities (LM I's) that ensure the above specifications;
finally, is showing of the results by numerical simulation.

A. Construction of the LFR

The LFR model can be constructed systematically, start-
ing by the systems dynamic equations [1], [11]. It results in
a model like the form depicted in Fig. 6, where G (s) rep-
resents the nominal linear time-invariant system [4], [10].
The matrix A (J) contains rotor inertia uncertainties and
is connected to the nominal system via input w and output
z. It can be written

_Ba _Ke
dr_ K;La i 0 |z+
- J TN
dt 0 -1 0
0 Hewm
+ fﬁ w + 0 u, (14)
0 0
z=(Kr -B 0)a+(—-5; )w, (15)
u=19" - K.z, w="0byz, |64 <1, (16)
y=(0 1 0)az, (17)

where Jy is the rotor inertia nominal value and 6
represents the rotor inertia uncertainty such that J =
IN (14 65), x € RF*¥ is the state

v=(tq, w, [w )T, (18)
and
Ko =( ka®F, ky—kaZ, -k ). (19)

B. LMI Conditions

We can readily normalize the system above so that it can
be written as [11]:

de A B, By, x
z =\| C, D,, D, w (20)
Y Cy Dyw Dy u

As can be seen in [2], [10], it is possible to formulate the
synthesis conditions that ensure specifications (a) + (d),
as defined previously, in a set of LM constraints. The
LM condition that ensures a closed-loop robust a-stability
(every trajectory decays to zero at rate «, that is tlim

ez (t) = 0) is equivalent to 3Q >0, T > 0and Y = K,Q
such that:
AQ+ QAT + B,Y +YTBl +2aQ | - --
( TB, +C.Q + Dy.Y |-

3 2.1)"
0. 21
[ TDey+DLT—2T )~ (21)
The LM condition that ensures a bound umax on the com-
mand input u (¢) for every initial condition xg in the ellip-
soid

Eo = {X}XTQX < oo}

(U%WI Y )<0.

Yo' | Q
For every initial conditions that belong to the ellipsoid £g,
some bounds 2\, i =1, n,, can also be ensured for out-

puts z; = Cix with LM constraints:

(i) — C2Q (C1)" > 0,
C. Simulation

The numerical results are obtained with the M ATLAB.
We synthesized a controller that ensures speed reference
tracking for +5%—variations from its nominal value. It
is assumed a constant load torque of Tjq = 0.4 [N.m]
and it is required a velocity (angular speed) of w? =
1500 [rpm] = 507 [%%4]. This design provide the robust-
ness of the closed-loop system with respect to rotor inertia
uncertainties and so that the saturation bounds for current
(iq < i1 =10 [A]) and voltage (u. < uT?®* =5 [V]) are
not exceeded.

It is imposed a strong decay-rate by setting o = 72 and it
is found the controller k, = 1.7618, k; = 594.5767, k; =
1.4363e — 3. We plot in Fig. 7 responses of the closed loop
system of angular speed (w) and current (i,) when the load
inertia varies from 100% to 200% of its nominal value.

is:
(22)

(23)

i P
Zpaxy t = 1, n.

V. CONCLUSIONS

In this paper is to quantify the sub-optimal PID controller,
nested in two loop control design algorithm for a BLDC
motor in speed control applications with respect to robust-
ness of the system uncertainties. A robust PID controller
is obtained by means of the solution of an LM I feasibility
problem. The numerical results confirm the validity of the
proposed method in case of speed control and are extend-
able to positioning problems.

The synthesis of the PID gains is converted into a static
state-feedback controller synthesis on auxiliary system with
parameter uncertainties. The controller presented (via
LM1I's) shows excellent robustness characteristic. This
work demonstrates that state-feedback robust controller
via LM1I's is very efficient and flexible in practical prob-
lems.
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