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Abstract— In this paper, the stability conditions of second-  under the hypothesis 0 < 71 < 7». Here, 71 represents the
order systems including a single-delay or two delays are connective delay (due to the transport lag from the supply
considered. Such a model is frequently encountered in to the burning plane of the flame), and - represents the

combustion systems. The stability analysis are vital for . . . L
the safe operation of such systems. For the single-delayprc’pagat'on delay (velocity perturbations). Our objective

model, complete stability criteria are proposed:; for the two- N this paper is to find the stability condition of (1).
delay model, necessary conditions, sufficient conditions and
necessary and sufficient conditions are obtained.
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Il. THE SINGLE-DELAY CASE

dual-locus diagram

I. INTRODUCTION

In recent years, there are more and more applica
tions involving the stability analysis of low-order systems
including delay(s), apart from the stability analysis of
general time-delay systems using time-domain approaches
[1], [2], which in general only offers sufficient conditions
and hence no clear information about how far away from
the necessity these conditions are. However, thereis a great
need from engineering of such information. For example,
the control of combustion systems [3], [4] relies on the
stability analysis of a second-order system including two
delays and a mass-spring-damper system controlled over
communication networks [5], [6] relies on the stability
analysis of a second-order system including one delay. Itis
crucia to understand the stability region of such systems
so that the instability can be avoided.

Complete stability criteria were given in [6] for the
mass-spring-damper system controlled over communica-
tion networks, where the control gain is assumed to be
negative. In this paper, the result in [6] is extended to a
more general case which allows the control gain to be
positive as well. Hence, it can be used to analyze the
stability of combustion systems [4], which can be modeled
(linearized) as the following general second-order linear
systems including two delays:

Ho(s) = s* +2Cas +a® + ke ™™ + ke ™™ =0 (1)
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The single-delay case, e.g. when k2 = 0 without loss of
generality, was considered in [6] for negative gain k1 using
dual-locus diagram. Here, we extend the results obtained
there to the case of k1 € (—o0, +0).

When k5 = 0, the system (1) becomes

24+ 2Cas +a? + ke *T = 0. 2
The stability of (2) is equivalent to that of
14+ G(s)e™™ =0,

where
ky

Gls) = s2+2Cas+a?’
The magnitude response of G(s) is
|1
\/(a2 —w?)2 4 4{204%12.
For0< (< % the peak of |G (jw)| is

Gw)| =

) k
G(jw)), = — 2

C2¢azy/1- (2
at wp = ay/1 = 2¢% for ¢ > —, the peak of |G(jw)| is

, k1

G, =

a w, = 0. In other words, the magnitude response has two

kinds of shapes, as shown in Figure 1. In one case (0 <

(< \/%), there is one peak and in the other case (¢ > %)

the magnitude response is monotonically decreasing. It is

worth noting that the step response has a pesk if ( < 1,

which should not be confused with the case of frequency
responses.

According to the well-known small-gain theorem, the
system (2) is delay-independently stable when |G(jw)|, <
1. This provides two stability conditions: (i) k1| < o? if
¢ > %; (ii) |k1] < 2¢a?\/1-C2if 0 < ¢ < % In
these cases, the magnitude curves do not intersect with
the straight line ”1” shown in Figure 1 (a) and (b) and
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Fig. 1. The magnitude response of G(s)

hence the system is delay-independently stable. Naturally,
another two cases are: the magnitude curve intersects
with the straight line twice at w4 and then at wp (this
only happens when 0 < ¢ < %@) or only once at wc.
The stability criteria for these two cases will be analyzed
below:

Case L. |k1| > a?

The magnitude curve starts above ‘1’, see Figure 1 (a)
and (b), and there is only one intersection at

wcza\/l—QCQ—f—\/4(4—4C2+k'%/044, (3)
which is the positive solution of |G(jw)| =1, i.e. of
(@® —w?)? +4%%w? = k3.

If k; is positive, i.e. if k; > o2 , then (2) is delay-
dependently stable if

2Cawe
weT1 + arctan ——7%
af — we

Since there is only one intersection w¢, there is only one
delay interval so that the system is stable. If &, is negative,
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Fig. 2. The dua-locus diagram of the single-delay system

i.eif k; < —a?,then (2) isaways unstable because there
is no phase margin left for the delay term.
Cae2:0< (< % and a? > |ki| > 2¢a?\/1 — (2
The magnitude curve starts above ‘1’ but the peak stays
below 71”7, see Figure 1(a). There are two intersections
with the straight line ‘1¢ at

wa = a\/l —2¢2 — \/4§4 — 42 + k2 /at

and

wpRB :a\/1—2C2+\/4C4—4C2+k'%/044,
which are the positive solutions of |G(jw)| =1, i.e. of
(@ —w?)? +4¢%a°W® = K2,

The dual-locus diagram in this case, Li(s) = G(s) and
Lo(s) = e™#, is shown in Figure 2 for w = 0 ~ +o0. A
similar dual-locus diagram was used in [7], but here we
can recover the phase angle (equal to the phase difference
between the two loci) in the Nyquist plot. The locus L,
starts inside the locus L, and moves outside of Ly at wy
then movesinside L at wp. For positive k1, Ly (the solid
one) starts on the positive real axis; for negativek, L1 (the
dashed one) starts on the negative real axis. The stability
will be analyzed below according to the sign of k:

(i) k1 is positive

When L arrives a w = w4, the phase difference ¢ 4
(between Ly and Ls) is

2Caw 4
a? —w?

¢a = — arctan — (waT1)-

There exists a unique nonnegative integer i such that the
phase difference ¢4 biased by 2iw belongs to (—m, ),
i.e.,

—T < P4+ 2im < 7. )

A different ¢ is called a different cycle, which starts above
the negative real axis and ends below the negative real axis
(i.e. the negative real axis is split). When ¢ = 0, the above



inequality includes the principle half cycle —m < ¢4 < 0.
According to the Nyquist criteria, the system (2) is stable
if and only if the phase difference ¢ 5 between L; and Lo,
when L, arrivesat w = wp, is fill in the same cycle, i.e,,

2
-1 < = arctan% — (wpT1) + 2im.  (5)
a? —wy

Otherwise, the Nyquist plot encircles the point (—1,0),
which implies the instability. The inequalities (4) and (5)
together provide the following delay intervals to guarantee
the system stability:

Caw 1 2¢aw
> A2 )y <711 < (2im 47 —arctan — 32
—w? wB a? — w2

(2im — 7 — arctan
w A a

), (6

where i =0, 1,2, -- - till the right side is no longer larger
than the left.

(ii) k1 is negative

In this case, due to the negativeness of k1, there is an
extra phase shift —, i.e,

2Caw 4

P} — (waT1).

Due to this extra phase shift, the principle cycle (corre-
sponding to ¢ = 0) becomes (—m, —37) and hence there
exists a unique nonnegative integer i such that the biased
phase shift, ¢4 + 2im, satisfies

=31 < ¢pa+ 2im < —. @)

¢a = —m — arctan

The system (2) is stable if and only if the phase difference
¢p between L; and Lo, when Ly arrivesat w = wp, IS
gtill in the same cycle, i.e,

2Cawp

PeR— (wpT1) + 2im.  (8)

—3m < —m — arctan

The inequalities (7) and (8) together provide the following
delay intervals to guarantee the system stability:

1 2Caw 1 2Caw
—_(2im — arctan A ) < 1] < —— (2w + 27 — arctan B,
w A a? — wi wp a? — W2B

wherei =0,1,2,--- till the right side is no longer larger
than the left. This condition, although in different form, is
equivalent to that obtained in [6].

In summary, the following three lemmas hold:

Lemma 1. The system (2) is always unstable if — £ > 1.
See region Ry in Figure 3.

Lemma 2. The system (2) is delay-independently stable,
seeregion R in Figure 3, if one of the following conditions
hold:

(i) [ki| < 02 if ¢ > L

(i) k1] < 2¢a?y/1 - C2if0< (¢ < J%.
Lemma 3. The system (2) is delay-dependently stable if
one of the following conditions hold:

(i)0<§<\/i§and1>—%22( 1—(2. See
region Rp in Figure 3. The delay intervals guaranteeing
the stability are given in (9);

(iHo<¢ <_% and —1 < —j— < —2¢y/1—-C2 See
region Rg in Figure 3. The delay intervals guaranteeing
the stability are given in (6);
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Fig. 3. The stability regions of the single-delay system

(iii) *% <-land0 <7 < i(ﬂ — arctan —igg‘:g)
with we given in (3). See region R in Figure 3.

[1l. MAIN RESULTS
A. Sufficient conditions
The system (1) can be reformulated as

14+ M(s)e™™ =0

where
iy + ke 32T

M(s) = .
(s) 52 + 2Cas + a?

Since |e=*(™=™)| = 1 for any w € (—o0, +00), M(s)
has the following upper envelope

|k1| + |k2]

M.(s) = ¥———"—.
(s) 52+ 2¢as + a?

According to the result in the last section, M.(s) has a
peak value of

Mo |k1] + |2l
P ocaz/1- (2

for 0 < ¢ < \/% or a peak value of

|k1| + | k2|
Mo =""07—
for ¢ > -L. According to the small-gain theorem, the
following theorem holds:

Theorem 1. The system (1) is delay-independently stable
if one of the following conditions hold:
() k] + [ko] < @?if ¢ > 5

(i) ko] + [k2| < 2¢a?V/1-C2if 0 < (< 5.

These conditions can be depicted as shown in Figure 4.
The smaller the damping ratio, the smaller the stability
region. When ¢ > % the stability region does not
change.
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Fig. 4. The delay-independent stability region of (1)

B. Necessary conditions
Lemma 4. [8], [9] Consider the following quasipolyno-

mial
s) = Z Z higs™ e,
=1 =0

where 1 <7 < --- <7, 7»+7 > 0 and the main term
hor # 0 (corresponding to the largest =; and the highest
degree of s).

If H(s) is stable, then the derivative of H(s) wr.t s,
H'(s), is also a stable quasipolynomial.

Thislemmawill be used to derive a hecessary condition
for the combustion system (1). Denote

then the following result holds:

Theorem 2. The system given in (1) is unstable if
—kl( T2 —Tl) > o? T2 + 2Ca.

The system given in (1) is delay-dependently stable only
if one of the following conditions hold:

() Jka| < Betomle and 2(mla + 1) >
v/ a2 7'2 + 2Cars ;
(i) [k1| < 22t or(0C T am) — (a1 1)°

< \Ja?7Z T 2ar; and

and v2(mCa + 1) <
(|||) V2(mla +1) <

L*QCD‘ > —ky >

Tfa;ztll) Va3 +2Cam — (Cars + 1)2 and
2(Carat1)a 1 (o

” -L(2i7 — arctan %) <mn < (2T +

2((0&T2+1)@B ).
a?1o+2Ca—T2d%

(iv) ﬂ(TQCa +1) < /o272 + 2Cars and

e 7'2+2<0( < 71{:1 <
szi?tl) a2} +2¢ar — (Cars + 1)2 and
2((@7’2+1)wA

1 .
n -L (2im—m—arctan a272+2(a—72@§) <7 < 5o (2im+

27 — arctan

2(Cara+1)op .
T — arctan T T );
k1(7'2—7'1) 1

2(((}7’2-‘1-1)@@ )

arctan a2y +2Ca—Ta@7,

The above-mentioned @ 4, wp and w¢ are given below
when the corresponding conditions hold:

Hi(s) = (52 + 2Cas + a2)e™ + kye=*m=™) 4 by,
pa = L[ 0272 4+ 20am — 2(Cam +1)2(1 4 |1 - LTF 20 ki —n)”
waA = T T3 T2 T2 (CO[TQ i 1)2 4(C0472 + 1)4 )

1 a?72 +2Cary  kiti(me —T1)?
g = — 272 19 —92 12(1 — /1 — 2 172
BT\ CTET Cam = 2(¢am + DX \/ (Cary +1)2 4(Cary + 1) ),
N Lo 2Cam +1)2(1— 41 a?73 + 2Cam +k%722(7'2771)2 )
wo = T Oé 7-2 T2 Ty (COLTQ + 1)2 4((047‘2 + 1)4 .

Proof. Obviously, Hi(s) holds the same stability as bility criteria was given in the last section. Directly using

Hy(s). According to Lemma 4, if Hy(s) is stable, then
Hy(s) =

is also stable, which means the following quasipolynomial
is stable:

(254+2Ca+To (s> +2Cas+a®)+ ki (To—71)e )T

Hy(s) = 52—|—2(Ca+T )s—+( C—l—oz)a—i—kl( Tl)efs“.

T2

This is the single-delay system of which the complete sta-

those results with the following substitutions completes
the proof:

2Cx

3

Carma +1

—_——
V272 + 2Cam

T1
k ki1(1 - —
1 R ( 72>

a? +

Q!



k1 . ky(m2 —71)

a2 a?m+ 2«
2Cawc 2(Cars + Nwe
arctan — 5 arctan 5 )
o? — wg 0?1y + 200 — Towg

C. Necessary and sufficient conditions

Lemma 5. The argument of ki + kye 7«(™2=71) is mono-
tonically decreasing with respect to w : 0 — +oo iff
|k2| > |ki1|. Hence, so is the argument of M (jw) if
|ka| > k1.

Proof. Denote the argument of kq + koe 7<(™2=71) by ¢,
and 2 — 7 by A, then
—ko sin Aw
k1 + kocos Aw’
Differentiate ¢, with respect to w, we have
dp. . k1kg cos Aw + k3
dw (k1 + ko cos Aw)? + k2 sin? Aw’

Since A =75, — 11 > 0, %‘fgoifmdonlyif

¢e(w) = arctan

kiks cos Aw + k2 > 0,
which is equivalent to
k2| > k1] .

It is easy to check that the other part of the argument of
M (jw) is aways monotonically decreasing for w : 0 —
+00. Hence, so isthe argument of M (jw). This completes
the proof.

O

This condition can be depicted as the shadowed area
shown in Figure 5. If this condition is satisfied, then the
Nyquist curve of k; + kee 7“2 encircles the origin for
indefinite times. In the sequel, we will analyze the stability
when this condition is met. Another important condition is
that if |k1 + k2| < o? or not. Using these two conditions,
the shadowed areais split into 4 regions (Ryy, Ra, Rg and
Rc) asshownin Figure 5. The typical dual-locus diagrams
with L (s) = M(s) and La(s) = e™*are shown in Figure
6 for these regions. When ks > 0, the locus starts on
the positive real axis; when k2 < 0, the locus starts on the
negativereal axis. If |k + ko| < o2, thelocus startsinside
of the unit cycle; if |k1 + k2| > o2, thelocus starts outside
of the unit cycle. All locus approaches the origin when
w — +o0. Hence, the locus intersects with the unit cycle
for finite times: odd times if |k; + k2| > o2 or even times
if |k1 + k2| < o2. Denote the first outgoing (w.r.t. the unit
cycle) crossing frequency by w; and the rest ingoing and
outgoing frequencies by wo, - - - we,—1 and wo,.. The locus
crosses the unit cycle for » rounds. If |k1 + k2| > o2, the
first crossing is ingoing and the corresponding crossing

Fig. 5. The stability regions of (1). The dotted box is the delay-
independent stability region (see Figure 4)

Fig. 6. Dual-locus diagrams of (1) when |kz| > |k1]

frequency is denoted by wo. Apparently, these frequencies
are the ordered positive solutions of the equation

|M(jw)| =1,
i.e. of
k? 4+ 2k1ky cos Aw + k2 = (a? — w?)? + 42w

Bearing in mind, when the conditions given in Theorem
1 are satisfied there will be no crossing. The locus L,
remains inside of the locus L.

If thereis no delay 71 (i.e. 71 = 0), then the system is
stable if and only if the locus does not encircle the point
(—1,0). In other words, the crossings at wo; 1 and wo; are
in the same cycle ¢;. When 7, # 0, the phase shift due to
71 should be considered. Using the similar arguments in
the previous section, the following results can be obtained.

Theorem 3. When |k2| > |k1], the system (1) is unstable
for any delays 7 > 0 and 75 > 0 if k; + ky < —a?. See
region Ry in Figure 5.

Theorem 4. When |k3| > |k1], the system (1) is (delay-
dependently) stable if one of the following conditions hold:
) 0> ki + ko> —a? and



thereexistsa c; > 0 for each: =1, 2, - -, r such that

2¢0wz;—1
PO ><T1<W'
2i—1 21

(2¢im+¢e (wei—1)—arctan
W2i—1
See region Ry, in Figure 5;
(i) 0 < k1 + k2 < ® and
there existsa c; > 0 for eachi =1, 2, -- -, r such that
20awgi—1

32
«@ Wai—1

(2¢;m =T+ e (wa;—1)—arctan ) <7 <

W2i—1

See region Ry in Figure 5;
(i) k1 + ko > o? and
0<n < wlo(ﬂ + ¢e(wp) — arctan %) and

there existsa ¢; > 0 for each i =1, 2, ~[-)~, r such that

2Cauwo;
(2¢;m—m+ e (wa;—1)—arctan %
wW2i-1 =Wy

See region Re in Figure 5.

The axis k1/a? in Figure 5 has been cut into four
pieces corresponding to the four regions. This is exactly
the results given in lemmas 1-3. Hence, one might expect
that the four regions shown in Figure 5 can be extended,
at least, to the axis k;/a?. However, we haven't found
solid evidence to support this.

IV. CONCLUSION

In this paper, the stability of combustion systems mod-
eled as a second-order including one or two delays are
analyzed. When there is only one delay, the complete sta-
bility criteria have been given; when there are two delays
in the model, necessary conditions, sufficient conditions
and necessary and sufficient conditions are obtained.
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