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Abstract. In this paper we propose an energy ow resetting control architecture as a means
for achieving enhanced energy dissipation in combustion systems. The overall framework
is based on a hybrid controller architecture wherein the closed-loop dynamical system is
characterized by impulsive di�erential equations. The proposed framework is used to design
high-performance hybrid controllers for suppressing thermoacoustic oscillations in combus-
tion chambers by e�ciently dissipating modal system energy.
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1. INTRODUCTION

Engineering applications involving steam and gas tur-
bines and jet and ramjet engines for power generation and
propulsion technology involve combustion processes. Due
to the inherent coupling between several intricate phys-
ical phenomena in these processes involving acoustics,
thermodynamics, uid mechanics, and chemical kinetics,
the dynamic behavior of combustion systems is character-
ized by highly complex nonlinear models (see [1] and the
references therein). The unstable dynamic coupling be-
tween heat release in combustion processes generated by
reacting mixtures releasing chemical energy and unsteady
motions in the combustor develop acoustic pressure and
velocity oscillations which can severely impact operating
conditions and system performance [1]. These pressure
oscillations, known as thermoacoustic instabilities, often
lead to high vibration levels causing mechanical failures,
high levels of acoustic noise, high burn rates, and even
component melting.

In [2] a novel class of controllers, called resetting virtual
absorbers, were proposed for vibration control of lossless
structural systems. The key idea of resetting control is
to achieve enhanced energy dissipation between intercon-
nected systems. Speci�cally, if a dissipative or lossless
plant is at a high energy level, and a dissipative feed-
back controller at a low energy level is attached to it,
then energy will generally tend to ow from the plant
into the controller, decreasing the plant energy and in-
creasing the controller energy [3]. Of course, emulated
energy, and not physical energy, is accumulated by the
controller. Conversely, if the attached controller is at a
high energy level and the plant is at a low energy level,
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then energy can ow from the controller to the plant,
since a controller can generate real, physical energy to
e�ect the required energy ow. Hence, if and when the
controller states coincide with a high emulated energy
level, then we can reset these states to remove the emu-
lated energy so that the emulated energy is not returned
to the plant. Since active energy ow resetting control for
interconnected systems gives rise to discontinuous closed-
loop motions, impulsive di�erential equations [4{6] pro-
vide the mathematical foundation for analyzing hybrid
resetting controllers. Motivated by the results of [2], the
authors in [5,6] develop a general framework for feedback
systems possessing discontinuous motions by addressing
stability, dissipativity, feedback interconnections, and op-
timality of nonlinear impulsive dynamical systems. The
results in [5, 6] provide a general analysis and synthesis
framework for hybrid feedback control systems in that
they apply to nonlinear dynamical systems with abstract
energy notions for which a physical system energy inter-
pretation is not necessary.

Utilizing the time-averaged combustion model developed
in [1] for capturing thermoacoustic instabilities, in this
paper we develop active energy ow resetting controllers
to mitigate combustion induced pressure instabilities in
combustion systems. The hybrid resetting controller can
be viewed as a specialized technique for severing the cou-
pling between the acoustics and unsteady combustion to
e�ectively enhance the removal of energy in the combus-
tor. In particular, signi�cant modal energy dissipation is
achieved via the hybrid resetting controller to suppress
thermoacoustic oscillations. The proposed framework is
used to design two kinds of hybrid resetting controllers;
namely, time-dependent and input/state-dependent re-
setting controllers. The overall framework demonstrates
that hybrid resetting controllers provide an extremely ef-
�cient mechanism for dissipating energy in combustion
processes.



2. HYBRID RESETTING CONTROLLERS

In this section we apply the theory of impulsive di�er-
ential equations [4] to the analysis and design of hybrid
resetting controllers. We consider a continuous-time non-
linear plant of the form

_xp(t) = fp(xp(t)) +Gp(xp(t))u(t); x(0) = x0; (1)

y(t) = hp(xp(t)); (2)

where t � 0, xp(t) 2 R
np , u(t) 2 R

m , y(t) 2 R
l , fp :

R
np ! R

np is Lipschitz continuous and satis�es fp(0) =

0, Gp : Rnp ! R
np�m, and hp : Rnp ! R

l and satis�es
hp(0) = 0. Furthermore, we consider a hybrid resetting
controller of the form

_xc(t)= fcc(xc(t)) +Gcc(xc(t))y(t); xc(0) = xc0;

(t; xc(t); y(t)) 62 Sc; (3)

�xc(t)=fdc(xc(t))+Gdc(xc(t))y(t); (t; xc(t); y(t))2Sc;(4)

u(t)= hcc(xc(t)); (5)

where t � 0, xc(t) 2 R
nc , fcc : R

nc ! R
nc is Lipschitz

continuous and satis�es fcc(0) = 0, Gcc : R
nc ! R

nc�l,
fdc : Rnc ! R

nc is continuous and satis�es fdc(0) = 0,

Gdc : R
nc ! R

nc�l, hcc : R
nc ! R

m and satis�es hcc(0)

= 0, and Sc � [0;1)�Rnc �Rl is the resetting set. Here,
we assume that u(�) is restricted to the class of admissible

inputs consisting of measurable functions u(t) 2 U for all
t � 0, where the constraint set U is given with 0 2 U .
We refer to the di�erential equation (3) as the continuous-
time controller dynamics, and we refer to the di�erence
equation (4) as the resetting control law. Hence, a hybrid
resetting dynamic controller consists of three elements;
namely, a continuous-time di�erential equation, which
governs the controller states between resetting events; a
di�erence equation, which governs the way the controller
states are instantaneously changed when a resetting event
occurs; and a criterion for determining when the con-
troller states are to be reset.

The closed-loop system (1){(5) is given by

_x(t) = fc(x(t)); (t; x(t)) 62 S; (6)

�x(t) = fd(x(t)); (t; x(t)) 2 S; (7)

where

fc(x) ,

�
fp(xp) +Gp(xp)hcc(xc)

fcc(xc) +Gcc(xc)hp(xp)

�
; (8)

fd(x) ,

�
0

fdc(xc) +Gdc(xc)hp(xp)

�
; (9)

x ,

�
xp

xc

�
2 Rn ; n = np + nc; (10)

and S , f(t; x) : (t; xc; hp(xp)) 2 Scg. Note that the
closed-loop system (6), (7) has the form of an impulsive
di�erential equation [4{6]. However, while the closed-
loop state vector consists of the plant states and con-
troller states, it is clear from (9) that only those states
associated with the controller are reset.

Next, we present a key stability result from [5,6] on feed-
back interconnections of dissipative impulsive dynamical
systems used later in the paper. For this result, we view
(1), (2) and (3){(5) as separate interconnected subsys-

tems with inputs u and uc , y and outputs y and yc ,
�u, respectively. Now, a time-dependent resetting con-

troller with input uc = y and output yc = �u can be writ-
ten as (3){(5) with Sc de�ned as Sc , T �R

nc �U , where

T , ft1; t2; : : :g and 0 < t1 < t2 < : : : are prescribed re-

setting times. Alternatively, a state-dependent resetting

controller with input uc = y and output yc = �u can be

written as (3){(5) with Sc de�ned as Sc , [0;1) � Zc,

where Zc , Zcxc � U and Zcxc � R
nc . More generally,

an input/state-dependent resetting controller with input
uc = y and output yc = �u can be written as (3){(5) with

Sc de�ned as Sc , [0;1)�Zcxc�Zcuc , where Zcuc � U .

For the following de�nition let k 2 N[t;t̂) , fk : t � tk <

t̂g, where tk denotes the resetting times of the hybrid
controller (3){(5).

De�nition 2.1. A hybrid resetting controller Gc of the

form (3){(5) with uc , y and yc , �u is exponentially

passive if there exists a continuous nonnegative-de�nite
function Vs : R

n ! R, called a storage function, and a
scalar " > 0 such that the dissipation inequality

e
"T
Vs(xc(T )) � e

"t0Vs(xc(t0)) +

Z
T

t0

2e"tuTc (t)yc(t)dt

+
X

k2N[t0;T )

2e"tkuTc (tk)yc(tk); (11)

is satis�ed for all t0, T � 0, and where xc(t), t � t0, is

the solution to (3){(5) with uc 2 R
l and xc(t0) = xc0.

A hybrid resetting controller Gc of the form (3){(5) is
passive if the dissipation inequality (11) is satis�ed with
" = 0.

For the statement of the following theorem recall the
standard de�nitions of passivity and zero-state observ-
ability of a nonlinear dynamical system given by (1), (2).
Furthermore, we assume all storage functions associated
with the plant and the controller are positive de�nite.
See [5] for further details.

Theorem 2.1 [5]. Consider the closed-loop system
consisting of the nonlinear dynamical system G given
by (1), (2) and the nonlinear hybrid resetting controller
Gc given by (3){(5). If Sc = T � R

nc � U or Sc =
[0;1)� Zcxc � Zcuc and G and Gc are passive, then the
closed-loop system (6), (7) is Lyapunov stable. If, alter-
natively, Sc = T � Rnc �U or Sc = [0;1)�Zcxc �Zcuc
and G and Gc are exponentially passive, then the closed-
loop system (1), (2) is asymptotically stable. Finally, if
Sc = [0;1) � Zcxc � Zcuc , G is passive and zero-state
observable, Gc is exponentially passive, rank[Gcc(0)] = l,
and Assumption 3.1 of [5] holds, then the closed-loop sys-
tem (6), (7) is asymptotically stable.

3. STATE SPACE MODELING OF COMBUS-
TION PROCESSES

In order to develop a state space model for combustion
processes that capture the coupling between unsteady
combustion and acoustics, we consider the mass, momen-
tum, and energy conservation equations for a two phase
mixture in a combustor. Speci�cally, the conservation
equations are given by [1]

@�

@t
+ vg � rp = W ; (12)

�
@vg

@t
+ �vg � rvg +rp = F ; (13)

@p

@t
+ pr � vg + vg � rp = P ; (14)

where � is the local density of the mixture, vg is the lo-
cal velocity of the gas phase, p is the local pressure, 
is the mixture ratio of speci�c heats, W represents the
mass conversion rate of condensed phases to gases per



unit volume, F is the force interaction between the gas
and condensed phases, and P is the sum of heat release
associated with chemical reactions and energy transfer
between the gas-liquid phase. In this formulation we as-
sume that droplets are dispersed in the gas, which implies
that, if pl and pg are the local pressures of the liquid and
gas phase, respectively, pl << pg, p �= pg and hence ([1])

p = � �RTg, where �R is the gas constant for the mixture
and Tg is the temperature of the gas.

The framework for analyzing combustion instabilities is
based on the conservation equations (12), (13), and (14)
for total mass, momentum, and energy, with the energy
equation written with the pressure as the dependent vari-

able. Writing all dependent variables as sums of mean �(�)
and uctuating (�)0 parts given by

p(r1; r2; r3; t) = �p+ p
0(r1; r2; r3; t); (15)

�(r1; r2; r3; t) = ��(r1; r2; r3) + �
0(r1; r2; r3; t); (16)

vg(r1; r2; r3; t) = �vg(r1; r2; r3) + v
0

g(r1; r2; r3; t); (17)

Tg(r1; r2; r3; t) = �Tg(r1; r2; r3) + T
0

g(r1; r2; r3; t); (18)

where (r1; r2; r3) represent generalized coordinates, and
assuming that the average values �p; ��; �vg; �Tg do not vary
with time and the average pressure �p is uniform inside
the combustion chamber, a second-order approximation
of (12), (13), (14), and p = � �RTg yields

r2
p
0 �

1

�a2
@
2
p
0

@t2
= '; n̂ � rp0 = �#; (19)

where �a ,
q

�p
��
is the local average sound velocity in-

side the combustor, n̂ is the outward normal vector of the
combustor chamber surface, and ' and # are nonlinear
terms containing all physical processes of acoustic mo-
tions, mean ow, and combustion under conditions with
no external forcing [1].

To control combustion instabilities appropriate external
forces are needed to inuence the unsteady mass, mo-
mentum, and energy in the combustion chamber. Hence,
control forces are included in the conservation equations
by modifying the nonhomogeneous terms of (12), (13),
and (14) to include control input terms of the form Wc,
Fc, and Pc, respectively. The speci�c forms of Wc, Fc,
and Pc depend on the type of control actuation used. In
this case, (19) becomes

r2
p
0(r1; r2; r3; t) �

1

�a2
@
2
p
0(r1; r2; r3; t)

@t2
=

'(r1; r2; r3; t) + 'c(r1; r2; r3; t); (20)

n̂�rp0(r1; r2; r3; t)=�#(r1; r2; r3; t)�#c(r1; r2; r3; t);(21)

where

'c , r � F
0

c �
1

�a2
@P 0c
@t

; #c , �F
0

c � n̂; (22)

represent external inputs due to control actuation. Since
the input terms in (20), (21) are treated as small pertur-
bations to the acoustic �eld, the solution for the unsteady
pressure �eld p0(r1; r2; r3; t) can be approximated by

p
0(r1; r2; r3; t) = �p

1X
i;j;k=0

�ijk(t) ijk(r1; r2; r3); (23)

where  ijk are the normal modes of the system forming
a complete set of orthogonal basis functions satisfying

0 = r2
 ijk(r1; r2; r3) + k

2
ijk
 ijk(r1; r2; r3); (24)

0 = n̂ � r ijk(r1; r2; r3); i; j; k = 0; 1; 2; : : : ; (25)

where kijk , i; j; k = 0; 1; 2; : : :, are the wave numbers de-

�ned by kijk ,
!ijk

�a
, and !ijk , i; j; k = 0; 1; 2; : : :, are the

natural frequencies. Now, using a Galerkin decomposi-
tion it follows from (20), (23), and (24) that

��ijk + !
2
ijk
�ijk = Fijk + uijk ; (26)

where

Fijk , �
�a2

�pE2
ijk

�Z
Vm

' ijkdV +

I
Sm

# ijkdS

�
; (27)

uijk , �
�a2

�pE2
ijk

�Z
Vm

'c ijkdV +

I
Sm

#c ijkdS

�
;(28)

E
2
ijk
,

Z
Vm

 
2
ijk

dV; (29)

where Vm is any arbitrary material volume within the
continuum, Sm is the surface that encloses Vm, and dV
and dS are the in�nitesimal volume and surface elements,
respectively.

Finally, using a one-dimensional combustor model whose
geometry is such that the longitudinal modes are decou-
pled from the transverse modes, it follows that the index
i is the only index in the triple i; j; k that applies. Fur-
thermore, we substitute x for the generalized coordinates

(r1; r2; r3) so that V =
R
L

0
Ac(x)dx, where Ac(x) repre-

sents the cross sectional area of the combustor and L is
the combustor length. In this case, (26) becomes

��i(t) + !
2
i
�i(t) +

1X
p=1

(dip _�p(t) + eip�p(t))

+

1X
p=1

1X
q=1

(aipq _�p(t) _�q(t) + bipq�p(t)�q(t)) = ui(t); (30)

where the constants dip, eip, aipq , and bipq depend on the
unperturbed mode shapes and natural frequencies of the
combustor [1] and the control input to the ith mode is
given by

ui(t) =
�a2

�pE2
i

mX
a=1

ûa(t) i(x): (31)

Since in typical combustion devices pressure amplitude
and phase uctuations vary slowly with time, we ap-
ply the method of time-averaging to approximate the
second-order nonlinear dynamical system given by (30)
by a corresponding system of two �rst-order di�erential
equations. In this case, the pressure amplitudes �i(t),
i = 0; 1; 2; : : :, can be written in the form

�i(t) = Ai(t) sin(!it) +Bi(t) cos(!it); (32)

where Ai(t) and Bi(t) are assumed to be slowly time-
varying functions. Applying the method of averaging to
(30) over an interval � with ui(t) � 0 yields

_Ai(t) =
1

!i�

Z
t+�

t

Fi cos(!i�)d�; (33)

_Bi(t) = �
1

!i�

Z
t+�

t

Fi sin(!i�)d�: (34)

For longitudinal vibrational modes with � taken to be the
period of the fundamental mode, that is, � = 2�=!1, it
follows that !i = i!1 and

_Ai = �iAi + �iBi +
i�

2

i�1X
p=1

(ApAi�p �BpBi�p)

�i�

1X
p=1

(Ai+pAp +Bi+pBp); (35)

_Bi = �iBi � �iAi +
i�

2

i�1X
p=1

(ApBi�p +BpAi�p)



+i�
X
p=1

(Ai+pBp �Bi+pAp); (36)

where �i = � 1
2
dii represents a growth/decay constant,

�i = � 1
2
eii

!i
represents a frequency shift constant, and

� = ((+1)=8)!1. For details of this formulation see [1].

4. HYBRID RESETTING CONTROLLERS
FOR COMBUSTION CONTROL

In this section we apply the concepts of active energy ow
resetting control to the control of thermoacoustic insta-
bilities in combustion processes. To design hybrid reset-
ting controllers, we associate with the plant a positive-
de�nite, continuously di�erentiable function Vp(xp), sat-
isfying Vp(0) = 0, which we will refer to as the plant

energy. Furthermore, we associate with the controller
a positive-de�nite, continuously di�erentiable function
Vc(xc), satisfying Vc(0) = 0, which we refer to as the em-

ulated controller energy. Finally, we associate with the

closed-loop system the function V (x) , Vp(xp) + Vc(xc),
which we call the total energy.

4.1. Time-Dependent Resetting Controllers

To design hybrid resetting controllers for combustion sys-
tems we concentrate on a two-mode, nonlinear time-
averaged combustion model with nonlinearities present
due to the second-order gas dynamics. Furthermore, we
assume that actuation is provided by load speakers while
we measure pressure uctuations via pressure-type mi-
crophones. Now, using (35) and (36), a two-mode, time-
averaged combustion plant model is given by

_xp1(t)=�1xp1(t)+�1xp2(t)��(xp1(t)xp3(t)+xp2(t)xp4(t))

+us1(t); xp1(0) = xp10; t � 0; (37)

_xp2(t)=��1xp1(t) + �1xp2(t) + �(xp2(t)xp3(t)

�xp1(t)xp4(t)) + us2(t); xp2(0) = xp20; (38)

_xp3(t)=�2xp3(t)+�2xp4(t)+�(x
2
p1(t)�x

2
p2(t)) + us3(t);

xp3(0) = xp30; (39)

_xp4(t)=��2xp3(t) + �2xp4(t) + 2�xp1(t)xp2(t) + us4(t);

xp4(0) = xp40; (40)

where xp1 = A1, xp2 = B1, xp3 = A2, xp4 = B2,
�1; �2; �, �1; �2 2 R, and usi, i = 1; : : : ; 4, are added
control input signals. For the data parameters �1 = 5,
�2 = �55, �1 = 4, �2 = 32,  = 1:4, !1 = 1 rad

sec
, and

xp0 = [1 1 1 1]T, the open-loop (usi(t) � 0; i = 1; : : : ; 4)
dynamics (37){(40) result in a limit cycle instability.

To design a stabilizing time-dependent resetting con-
troller for (37){(40) we �rst design a control law

us = �Ksxp + u, where Ks , diag[ks1; ks2; ks3; ks4],

xp , [xp1; xp2; xp3; xp4]
T, us , [us1; us2; us3; us4]

T, and

u , [u1; u2; u3; u4]
T, that renders the dynamical system

(37){(40) passive. In this case, (37){(40) are given by (1)
with

fp(xp)=

2
664
�1xp1 + �1xp2 � �(xp1xp3 + xp2xp4)� ks1xp1

��1xp1+�1xp2+�(xp2xp3�xp1xp4)�ks2xp2
�2xp3 + �2xp4 + �(x2p1 � x

2
p2)� ks3xp3

��2xp3 + �2xp4 + 2�xp1xp2 � ks4xp4

3
775;

(41)

Gp(xp) = I4: (42)

Now, with y = xp, ks1 = ks2 = �1, and ks3 = ks4 = 0,

it follows that (1), (2), with fp(xp) and Gp(xp) given
by (41), (42), and hp(xp) = xp, is passive with input u,
output y, and plant energy, or storage function, Vp(xp) =

x
2
p1+x

2
p2+x

2
p3+x

2
p4. Hence, V

0

p(xp)fp(xp) � 0, xp 2 R
4 .

Furthermore, (1), (2), with fp(xp) and Gp(xp) given by
(41), (42), and hp(xp) = xp, is zero-state observable.

To improve the performance of the above controller and
enhance energy dissipation, we use the exibility in u to
design a hybrid resetting controller. Speci�cally, consider
the hybrid controller emulating the plant structure given
by (3){(5), with Sc = T � R

nc � R
l , and

fcc(xc)=

2
664
�1xc1 + �1xc2 � �(xc1xc3 + xc2xc4)� kc1xc1

��1xc1+�1xc2+�(xc2xc3�xc1xc4)�kc2xc2
�2xc3 + �2xc4 + �(x2c1 � x

2
c2)� kc3xc3

��2xc3 + �2xc4 + 2�xc1xc2 � kc4xc4

3
775;

(43)

fdc(xc) =

2
664
�xc1
�xc2
�xc3
�xc4

3
775 ; Gcc(xc) = I4; Gdc(xc) = 0; (44)

hcc(xc) = �[ xc1; xc2; xc3; xc4]
T
; (45)

where kc1 > �1, kc2 > �1, kc3 > �2, and kc4 > �2.
It can be easily shown using Corollary 5.1 and Remark
5.3 of [5] that the hybrid resetting controller (3){(5), with
dynamics given by (43){(45), resetting set Sc = T �Rnc�
R
l , input y, and output �u, is exponentially passive with

emulated controller energy, or storage function, Vc(xc) =
x
2
c1 + x

2
c2 + x

2
c3 + x

2
c4. Hence, V

0

c (xc)fcc(xc) � �"Vc(xc),
xc 2 R

4 , where " = minf�1� kc1; �1� kc2; �2� kc3; �2�
kc4g. Furthermore, note that rank [Gcc(0)] = 4. Hence,
stability of the closed-loop system (1){(5) is guaranteed
by Theorem 2.1. Finally, we note that the total energy
of the closed-loop system (1){(5) is given by

V (x) = x
2
p1+x

2
p2+x

2
p3+x

2
p4+x

2
c1+x

2
c2+x

2
c3+x

2
c4: (46)

The e�ect of the resetting law (4) with fdc(xc) and
Gdc(xc) given by (44), is to cause all controller states to
be instantaneously reset to zero; that is, the resetting law
(4) implies Vc(xc +�xc) = 0. The closed-loop resetting
law is thus given by

�x = fd(x) = [ 0 0 0 0 �xc1 �xc2 �xc3 �xc4]
T
: (47)

Note that since

x+�x =
�
xp1 xp2 xp3 xp4 0 0 0 0

�T
; (48)

it follows that

V (x+�x) = Vp(xp); (49)

and
V (x +�x)� V (x) = �Vc(xc) � 0: (50)

Now, from (50) it follows that the resetting law (4)
causes the total energy to instantaneously decrease by
an amount equal to the accumulated controller energy.

To illustrate the dynamic behaviour of the closed-loop
system, let �1 = 5, �2 = �55, ks1 = �1, ks2 = �1,
ks3 = 0, ks4 = 0, kc1 = �1 + 0:1, kc2 = �1 + 0:1,
kc3 = 0, kc4 = 0, and T = f2; 4; 6; : : :g, so that the
controller resets periodically with a period of 2 seconds.
The response of the controlled system (1), (2) with the
hybrid resetting controller (3){(5) and initial condition

x0 = [1 1 1 1 0 0 0 0]T is shown in Figure 1. Note that
the control force versus time is discontinuous at the reset-
ting times. A comparison of the plant energy, emulated
control energy, and total energy is given in Figure 2.
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Figure 1: Time-dependent resetting controller: Output and

control e�ort versus time
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Figure 2: Time-dependent resetting controller: Plant, con-

troller, and total energy

In this example the resetting times were chosen arbitrar-
ily. However, with the same choice of controller parame-
ters we can choose a resetting time to achieve �nite-time
stabilization. Speci�cally, in this case the resetting time
would correspond to the time at which all of the energy of
the plant is drawn to the controller. This resetting time
can be obtained from the energy history of the closed-loop
system without resetting. In particular, the time instant
when the plant and controller interchange energies such
that plant energy is at zero will correspond to the reset-
ting time that achieves �nite-time stabilization. For this
example, �nite-time stability is achieved by choosing the
resetting instant at t = 1:6223 sec.

4.2. Input/State-Dependent Resetting Control-

lers

In this subsection we describe the mathematical setting
and design of an input/state-dependent resetting con-
troller. We consider the plant and hybrid resetting con-
troller as described in Subsection 4.1 with Sc = [0;1)�
Zcxc �Zcy, where

Zcxc �Zcy , f(xc; y) : fdc(xc) 6= 0 and

V
0

c (xc)[fcc(xc) +Gcc(xc)y] � 0g:(51)

(Note that since uc = y, Zcuc = Zcy.) The resetting set
(51) is thus de�ned to be the set of all controller state
and input points that represent non-increasing controller
energy while the controller is in the loop, except for state
points that satisfy fdc(xc) = 0. As mentioned in Re-
mark 2.7 of [5], the states xc that satisfy fdc(xc) = 0
are states that do not change under the action of the
resetting law, and thus we need to exclude these states
from the resetting set to ensure that the Assumption A2
of [5] is not violated. Furthermore, since the hybrid re-
setting controller given in Subsection 4.1 is exponentially
passive for Sc = [0;1) � R

nc � R
l , it follows that the

hybrid resetting controller is exponentially passive for
Sc = [0;1) � Zcxc � Zcy. Hence, asymptotic stability

of the closed-loop system (1){(5) is guaranteed by Theo-
rem 2.1.

To illustrate the dynamic behaviour of the closed-loop
system we again choose �1 = 5, �2 = �55, ks1 = �1,
ks2 = �1, ks3 = 0, ks4 = 0, kc1 = �1+0:1, kc2 = �1+0:1,
kc3 = 0, and kc4 = 0, with initial condition x0 =
[1 1 1 1 0 0 0 0]T. The response of the controlled system
(1), (2), with dynamics (41), (42), and hp(xp) = xp, and
the input/state-dependent resetting controller given by
(3){(5) with dynamics (43){(45) and resetting set (51) is
given in Figure 3. The total energy, plant energy, and em-
ulated controller energy versus time are shown in Figure
4. Note that the proposed input/state-dependent reset-
ting controller achieves �nite-time stabilization.
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Figure 3: Input/state-dependent resetting controller: Out-

put and control e�ort versus time
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Figure 4: Input/state-dependent resetting controller: Plant,
controller, and total energy
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