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Abstract. An dfident implementetion of the operation ax+by, on which the construction

of seoond order digitd filters and complex numbers multipliers is besed, is presented The
guartitiesx and y ae 2's complement numbers in serid form. The numbers a and b ae
congant coeffidents in Canonicd Signed Digit form (CSD) while the reault is obtained in &
rid 2s complement form. The proposed scheme operates in pipdine mode with 100% hard-
wae dfidency, namdy, no dgn extendon words between successve daa words ae re
quired. The implementation is besed on merging of two serid multipliers, which yidds sg

nificant hardware reduction.
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1. INTRODUCTION

The computation of the expresson ax +by, where a
and b ae congant numbers is esentid for many
gpplications such as digitd filters of condant coeffi-
dents and complex multipliers of condant  coeffi-
cients. An obvious implementation of this expresson
contans two seid/padld multipliers. The sdection
of the gpproprigte multiplier afects the effidency of
the resting drcuit. The said/padld multiplier [5],
is the mogt prevdent architecture for implementing
srid multiplications, but has the serious disadvan
tage tha additiond ide cydes are needed for every
multiplication to be completed. It requires the inta-
leaving of zero words between successve data words.
Thus, the operationd effidency of the drcuit drops to
50%. The sydolic serid multiplier presented by R. F.
Lyon in [4] operaes with 100% efficency but trur
caes the result and has increesed laency and hard
ware conplexity. Another serid scheme presented in
[ diminates this laency a the expense of dgnifi-
cantly increesed dircuit complexity producing the full
reallt with 50% effidency. An dtemndive architecture
presented in [3], produces the full product with no
latency, operaes with 100% efficiency but requires
extra hardware and is not systolic. According to this

architecture, the leest and mogt Sgnificat parts of the
result are generated in two overlgpped stages.

In this pgper, we merge two said/pardld multipliers
and present a new desgn for the implementation of
ax+by, whee x, y ae two's complemat num-
bers, and a , b ae condant numbers in CSD form.
This desgn is besed on the sid/padld pipdine
achitecture but it operates with 100% dficiency.
Findly, we exploit the oecid features of CSD repre
sentation and convet the aove scheme in syddic
form.

Soedificdly, in Section 2 we presat an d-
garithm for the multiplication of two's complement
with CSD numbers. A detailed design of the dirauit is
given in Setion 3. Fndly, a compaison is given
between the proposed scheme and a circuit conssted
of two sepaae serid multipliers for two's comple
ment numbers.

2. DESCRIPTION OF THE ALGORITHM

Let us condder the multiplication of a twd's com:
plement number X
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with acongant coefficient @ in CSD form, whichis

m-1
a=g ax', a =0,+1- @)
i=0
The multiplication can be expressed as
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The tem P is the patid product corresponding to
the @ codfidet digt. At the bit levd, the patid
products can be replaced by the next relation

x,a =-5 +(x; As)m, ©

and - x,.3 =-5+(X,,A5)q ©

where 5, and 5 represent the absolute velue and the
dgn of g dgt repectivdy. Spedficdly, the vdue
of § isassumedto be 1 for a <0 and O otherwise.
The symbol A represents the XOR operator. The
results of the inveson and the XOR opeaor ae
usd as aithmeic quartities in the aithmetic expres
sons In (5) and (6) the quantity x,As implies the
inverson of X;» if a is negive and the fadtor g
expresses the patid product dimingion, if a s
zero. Using these equations the patid product can be
rewritten asfollows

R=-52"- & 50 +F Y
o
where
P = (%A 5) 2+ & (x, As)a 2 ®
=0
It holdis thet

n-2 . .
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§ +5 =a, adthus p canbewritten as
P=-axX"l+s+P". ©

This rdation implies that the patid products can be
manipulated as postive quartities by inverting the

bits of X, when a, is negative, except for the MSB
thet is inveted when a; is postive, and by adding the
quartity - a, >2"*+s . By goplying (9) in (3) we d>
tan

P=-Ba " +S+H P © (10
i=0 i=0
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where S= g s Q'
i=0
By replacing the fird teem of  (10) with its equivdent
in two's complement form, we obtain
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which is the product in two's complement form. This
eguation implies that for the implementation of the
above two's complement multiplication, the number
XX, 5 XX Properly weighted, must be added in
veted or not whether a is podtive or negdive re-
spectively. Additiondly, the correction term

C=-ZW1+ga >er1+i +2n—l+S (12)
i=0

thet depends only on a must beinduded.

We apply (11) for the computation of ax+by and we

obtain the following resuit

ax+by=C, + ng[Pi* (x,a)+ P’ (x,b)] 2 13

i=0

where pP(x,a), P'(x,b) represent P for ax, bx
respectivey, and
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where Sp= é (Sa "'Sq)>Qi and S, S, correpond to
i=0
a, and by coefficient bitsrespectively.
By mylrg tm rdmm 2n-1:2n+m.1+fgl- 2n_1+i |n
i=0

(14) we obtain
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According to this eguation, this correction term is
dmog the same as previoudy. In the empty pos-
tions, where both coeffident bits are zero, the corre-
sponding digit of the correction term is 1. In the pos-
tions where only one of the codffident hits is zero,
the correction term digit is 0. In the postions, where
both coeffident bits are non-zero, the correction term

dgt is 1. In the later case, the next position to the



left is dways empty and conssquently, the corre
sponding correction tem digit is 1. These consscu

tivedigits11 can be replaced by OL.

3.CIRCUIT IMPLEMENTATION

Fird, a dnge said-padld multiplier, which oper-
aes with 100% effidency, is presented. Next, two
such muttipliers are merged in order the expresson
ax+by to be implemented. A multiplier for the coef-
fidet 010101 is shown in Fg. 1. The multiplier ©
dfident enters the drauit saidly through the X in
put while the multipicand ertes in padld form
through the lines a . The leest dgnificant part of the

result is obtained from the upper output line P . The

mogt sgnificant part of the result is dotained from the
lower output line p,. Empty mutiplier cells namey

odls without Full-Adder, correspond to zero coeffi-
cient bits For the 100% operationd dficiency of the
cdrauit, a double shift regiger is used. When the com-
putetion of the leest dgnificatt pat of the result is
completed, the sum and cary outputs of eech mu-
tiplier cdl ae loaded into a double <hift regigter.
Thus, the double regiser contans the most Sgnifi-
cant pat of the product in carry-save form, and feeds
a sgid adde, which produce the find result in 2's
complement form. A cortrdl sgnd R activates the
switches for loading when the LSB of a new X enters
thedircuit.

Delay 2-input
. P, :
4@* Element :D_' Multiplexer L

Least significant
part of the result

. Most significant
U part of the result

Fig.1. A srid/pardlld multiplier for the coefficient oo101 operating with 100% efficiency

In the above stheme, the correction teem given by
(12) is incorporated. The pat S is added by inverting
the X input and initidizing the cary input of eech
Full-Adder that corresponds to a negaive coefficient
bit with ‘1. The terms that remain are added when
the mog ggnificant pat of the product is loaded in
carysave fom into the <hift regiges This is
achieved, by exploting the dday dements of the
cary shift regiger that are not used for cary loading.
Soedficdly, for every sequence of k empty cdls, the
coresponding dday dements of the cary shift regis
ter ae not used for loading except the right mod,
where the cary of the next rignt nonempty cdl is
loaded. For the addition of the corresponding se
guence of k hits of the correction term, which are dl
‘1, thefollowing expresson is applied

5 5
a2+c=cx+3cx (16)
i=0 i=0

where ¢ is the cary loaded a the rightmost postion.
According to the above equation, the carry ¢ must be

exended leftwards and inverted. The term cx¢ is
added a the next left podtion of the sequence, which
is tnused. The term 2" is added by inverting the last
bit of R and using its non-inverted velue &s the in-
tid vadue for the cary of the said adder thet pro-
duces the p . The term - 2™ is added by entering
syidly a ‘1 into the Ieft end of the cary hift regis-
ter.

Two multiplies like the one desribed
ebove are merged for the implementetion of ax+by.

This is shown in Fig2 for the coeffidents a = 010101
axd b=100101. As shown in the figure, the reslit of
the merging is a dnge multipier as the one de
scribed above with different cdls that correspond to
two nonzero coffident digits of the same order.
Thexe cdls indude two Full-Adders and conse
quently the combingtiond dday of the drcuit is dou
bled. These cdls are efared as “double cdls’ for the
regt of the explanation.
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Fig. 2. Theimplementation of ax+by for a = 010101 and b=100101.

A dday rearangement [236] based on a smple
greph property is gpplied for the internd  pipelining
of the double cdls. According to this property, if we
congder dl lines that are intersected by a cut across a
graph, we can remove one dday demet from dl
lines that have the same direction and insat a dday
demat into the remaning lines with the opposte
drection. The realting drouit is shown in FHg. 3.
The cut for the double cdl is dso shown in this fig
ure The result of the rearangement is a dday de
ment to be removed from the sum line and the shift
regigers, and a new one to be inserted into lines X, Y,

the contrdl 9gnd R and between the sum line that
connects the two Full Adders. The loading of the sum
and cary lests two consecutive cydes, in order the
timing gap caused by the removed dday dements to
be covered. Addtiondly, the insation of a dday
dement into the sum line that connects the two Full-
Adders in the dowble cdls has as consquence the
need for an extra dock cyde in order the carry of the
upper Full-Adder to be loaded into the shift regider.
Thus, a zero bit must be irserted between the daa
words thet enter through X and Y lines
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Fg. 3. Thedrcuit of Fig.2 with the dday rearrangemert.



The correction term as given by (15) is bescdly the
same a6 that for the Sngle multiplier. Therefore, they
are incorporated in the drcuit in the same way. The
only difference is in the double cdls where the cor-
regponding correction term digit is 1, while the corre
soonding digit of the next left empty odl is 0. Thus
the carry hit that comes from the adjacent right empty
cdl mugt be added with the cary of the double cdl.

In Table 1, the proposed scheme is conpared from
the agpect of hadwae complexity aganst other
schemes where two separae multipiers for constant
coeffidents are used. For the computation of the
hardware complexity, we have asumed the average
case, where the number of the non-zero bits in a CSD

Thaefore a Hdf-Adder must be inserted as shown in
Fig. 3.

Ancther consquence of the previoudy described
trandformation is the decrease in the broadceding of
lines X, Y and R Further reduction of this broadcag-
ing can be achieved by agplying the previoudy men
tioned graph propety for the empty cdls Thus the
drauit istransformed into asystalic form.

number is }m, where m is the length of the number.
3

Consequently, the empty cdls in the merged scheme

ae 4. Hdf of them are ajacent to 1, double
9 9
cdls

Table 1. Comparison of the proposed scheme with schemes where separate multipliers are used

Hardware complexity per bit

Multiplication scheme (intrarsisiors) Efficdency
Two sid/padld multipliers for condant coeffidents in 2'g 5%
complement form FA+3DE+ 35W =64 0
Two sarid/parale multipliers of Fig. 1 2eni D e Dgy=109 100%
3 3 3
2 1 24 35 _
Proposed merged scheme —FA+=HA+—SWN +—DE+NAND=68  100%
3 9 9 9

FA: Full-Adder (24 trandgors), HA: Haf Adder (10 trandstors), DE: Dynamic Dday Element (8 trangstors),

SW: Switch (6 trandgtors) [7]

According to this table, the CSD representation sigr
nificantly reduces the hadware complexity. Thus
the second stheme of the table has dmog the same
hardware complexity in spite of the double shift reg
iger overhead. Furthermore, the merging technique
yidds a dgnificant hardware reduction, because only
one double hift regiger and one aum line ae in
duded in the drauit and therefore the number of de
lay dements is dgnificantly reduced. Another impor-
tant advantage of the proposed scheme is that every
three odls on average, a dday demeant is irserted in
X, Yad R lines Thus, the broadcading of these lines
islimited to three cdls

4. CONCLUSION

In this paper, two serid-padld multipliers for con
dat coefficients, which operae with 100% ffi-
cdency, ae maged for the implementation of
ax+by. This technigue combined with the represen
taion of the coefficdents in CSD form, reduces sg
nificantly the hardware complexity. Moreover, the
reulting circuit opaaes in pipdine mode with 100%
effidency. The aove achitectures have been deve-
oped in the context of a project tha concens the
hadware implementation of digitd filtes All cir-
cuits presented in this pgper ae extensvdy vaified
through smuation.
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