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Abstract. The results of the present paper extend the nonlinear small-gain theorem to the
case of “local input-to-output practical stability”. The criterion which must be satisfied by
the gain functions can give results for a wide class of systems, since it can be applied to gain
functions that cannot be overbounded by any linear function in a neighborhood of zero.
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1. INTRODUCTION

Input-to-state stability (ISS), first introduced by
Sontag in [4], combines the idea of bounded input
bounded state stability (BIBS) together with decay of
states under zero input and provides a way of
expressing the dependence of the state of nonlinear
systems on the magnitude of the input.

The notion of nonlinear gains, introduced by ISS, was
the basis for the derivation in [2] and [6] of two
nonlinear small-gain  theorems for feedback
interconnected systems. These small gain theorems
referred to ISS and some extensions of ISS, like
input-to-output practical stability (10pS) ([2]), and
have been used for the derivation of stabilization and
robust control results ([1],[2],[6]). The sufficient
condition involved in these small gain theorems
requires that an appropriate composition of the gain
functions of the two subsystems must be smaller than
the identity function.

In [7], a small-gain theorem for locally ISS systems,
that involved a more relaxed condition, was
established. More specifically, the aforementioned
composition of the gain functions was now required
to be smaller than the identity function plus a
constant, thus resulting to the local input-to-state
practical stability for the interconnection. Hence, the
property of asymptotic stability under zero input is
lost. The results of [7] are extended in the present
paper for the case of local input-to-output practical

stability. Thus the small-gain theorem, introduced
here, can be applied to systems interconnected
through their output vectors. The advantage of the
proposed condition, like the corresponding of [7], is
that it can give results for a wider class of systems,
since it can be satisfied even by gain functions that
cannot be overbounded by any linear function in a
neighborhood of zero.

1.1 Notations and Facts
« |x denotes the usual Euclidean norm of the

vector x M ".
+  For any measurable function u:0*~ O ", ||u||tO

denotes the ess—sup{|u(t)|,t2t0} and |ul| denotes
the ess-sup{|u(t)|,t > d .

« For any measurable function u:0°~ O ", and
for any time 0<t;, u'l denotes the truncation

L = EU(t), tD[o,t_l]
00, otherwise

o Let f:0°-0*g-10 "
(fog)(s):= f(g(s)). 0= 0.

« A function a:0%- O * is of class-K, if it is

Then,

continuous (CO), vanishing at zero and strictly
increasing. By K, we denote the subclass of K



consisting of all functions a OK with a(s) — +eo
as s - +oo,

« Afunction gO0%0 X0
for each fixed t[0 * the function B(CX) is of

is of class- KL , if

class- K and for each fixed s * the function
B(s,0) is decreasing and lim f(s,t) = 0.
to o0
e Weak triangular inequality [2]: For any function

y of class-K, any p>0, a=0 and b=0 we
have:

ya+b) <1+ p@)+fa+ oy @

2. STABILITY CONCEPTS

In the sequel, the concept of (&,9d) -input-to-output
practical stability ((&,9) -10OpS) is introduced. This

property constitutes a local version of the input-to-
output practical stability proposed in [2].

Definition 2.1. The system
x=f(x,u), y =h(x,u) )
with x@ ", um@ ™ and ym ¥, is said to be
(&,9) -input-to-output practically stable, if there
exist a class- KL function B, a class-K function
Yy, called the gain, a nonnegative constant d and
strictly positive real numbers J, € such that, for each
initial state x(0), with [x(0)|<d, and for each
measurable input function u()y, with |u|<e, the
state x and the output y of the system exist for each
t =0 and the output satisfies the condition
[ye|= B, (x(@t) + vy (jul) +d. O 0 3)
When y =x in (3), the system is called (&,9) -input-
to-state practically stable ((&,d) -(1SpS)). Whenever
(3) holds with d =0, input-to-output practical

stability coincides with the concept of input-to-output
stability.

3. NONLINEAR SMALL-GAIN THEOREM

Consider, now, the interconnected systems

Xp = f1(xq,y2,u1), y1 =h(xq,y2,u1)  (49)
X = f2(X2,¥1,U2), Y2 =ha(X2,y1,Up)  (4b)
where x; 0 ", @ ™Iy, K and  f;hy,

i =1,2 are locally Lipschitz in their arguments, with
f;(0,0,0)=0 and h;(0,0,0)=0. In addition, there
exists a unique locally Lipschitz function h, such
that the output y =(y,,y,) of the interconnection

the  form
small-gain

(4) can be
Y =h(xq,Xp,Uq,Up).
theorem is introduced:

expressed in
The following

Theorem 3.1 Suppose that the systems (4a) and (4b),
with inputs (uq,y,) and (uy,yp), respectively, are

(§,8)-1SS and (&,5)-10S, i=12 in the
following sense: there exist strictly positive constants
Ey; +&x 1O Ey; » €y, Oy, 1=12 such that for all

t>0
|X1(t)| < Ba (|X1(0)|,t) Y ("yz ") + V>L<11(||U1"),
for [x1(0) <8, Jus< &, [v2] < 8a
y10)] < By (|X1(0)|’t) ¥ (||y2 ||) W ("Ul")
for (@<, fusl < g, lyal < &2
|X2 (t)| < Be2 (|X2 (0)|,t) Y30 (")/1") + V%2 ("Uz ")
for [x,(0) <8z, Jual< g2, el < b
y2(0]< Bye (|X2 (0)|’t) ¥y (||y1||) ¥y ("“2")

for [x2(0)| <8y, Jua]< &2, vl < &2
Then, if there exist strictly positive constants A,T
and w and nonnegative constants d; and d,, such
that the conditions

@+ Ay )o@+ Ayl (s) <s +d
Yy1 Yy2 1% 0& € w (6)

@+ Ayys 0@+ Ayyi(s)<s +d, 7

d, +d - . A A A A
lA : <(5l::m|n{a), &1,%2,%/1,%/2} O

(52)

(Sb)

(5¢)

(5d)

and
Y %1*‘ 7) d%% Vi %1+ 7) %%< &=
min{dy1, &2, &1, 42}

are satisfied, then there can be found 9d, & such that
the system (4) with state X =(x1,x2), output

Yy =(y1,y2) and input U =(ug,up) is (&,9) -1SpS
and (&,0) -10pS. More specifically, let

B1(5):= L+ TR0 v+ 712 82(50)

B2(9:= 0+ A B (50 + 1o (@ + 11?2 B1(50)
@ ()= @a() + @2(5)

(8)

)
B (9) 1= Ba(50) + Vg 02(L+ T 1) g (5)

B2 (8) 1= Bia (8.0) + ia 02(1+ T1) @1 (5), (10)
B (S) 1= @u(9) + @2 (9)

d
=
g
=



(9= A AV +yi o @ AL A )

ry2(9):= (1+A‘l)[y;*z (9) +yy2 (L + A +A‘1)y31(s)]

ry (9= 1ya(9) +1y2 (9)
(1)

ra(s) 1= yya(9) + vx1 0 2(1+ T H)ryo(9),
N (8) 1= V2 (8) + Vo o 2(L+ T Hry(s), (12)

rx (8) :=ra(s) +1x2(s)

d]_ d2
lii=—, lpr=—=, L=l +I 13
T 2Ty L =
n:= v+ Dl ) mo: =y (@+ ), (13b)
n::nl+n2

Then, for any pair of strictly positive constants (&, 9)
satisfying

< min{ Extr Ex21 €yl syz} (14a)
@& (9) +ry(9 +1< g (14b)
G (Y+re(9+n<3 (14c)

and for each function a of class- K., there exist
functions By, B of class-KL, a function yz of

class- K and a positive constant fi, such that for each
initial state  X(0), with |X(0))<dJ, and each
measurable input T, with [U]|< e, the state X and
the output y of the system (4) exist for each t=0
and satisfy the conditions

%)< B (%) t) + v (lal) +6, o2 0 (152)

ly(l< 8 (R t) + vy lul) +1, 02 0 (15b)
with yy(s) :=ry(s) +a(s).

Proof: The proof follows with a few modifications of
some basic steps that have appeared in [2], [3], [5],
[6] and [7].

setting [y, = |uz| =[y1] =[uz| =0 in (5). it follows,

with the use of (9) and (10), that for all & for which
(14b,c) are satisfied, the condition

5<% (16)
as well as the implication ~
[X(0)| <30 [y(0% g (17)

are also satisfied. Since the functions f;,h;,i=12 in
(4) are supposed to be locally Lipschitz, (16) and
(17) imply that for each initial condition X(0), with
X(0)| <5, and any measurable function U, with
[o]< e, with (¢,8) satisfying (14), there exists a
strictly positive number T, such that the interval

[0,T) is the maximum interval inside which the state

and the output of the system (4) are uniquely defined
and satisfy the conditions (see also [2], [6])

X(t) <&, [v(t) <a, OO [oT) (18)

o)

Oyii= Yy ("u,T ") , i=12. Then, from (5) and the
causality of the system (4), it is implied that

Ol Balpl0h)vaoF ) o
v2(t)|< By2 (|X2 (0)|t) *Vy2 (”)&T “) * 02

Let yuii=Va,  Vyii= Vi, Uxi:=yx“i(

(19)
From (19), it follows with the application of (1) and
(6) that

|v1 || B (x(0).0) +
Yy1 al + A_l)z By2 (% (O)LO)%*

palles ) Moy, +

+@+ )7y | +@+2)Fdy 4oy
Taking into account (9), (11), (13a) and the definition
of oy, itis directly implied by (20) that

iz aaliiol) = salfl) o e

Working in a similar way, the following inequality is
deduced

“yZT H < @yo [x(0)) + 1y (”UT “) th (22

Combining (21) and (22) and taking into account (9),
(11), (13a) and (14b), it is concluded that, for all
(€,0) satisfying (14), for all initial conditions

[X(0)| < & and input functions |T] < ¢, the following
holds:

“VTHS%(If<0>|)+ry(||a||)+| <

@ (9)+ry(9+1<q
Using now (5a), (21) and (22), it is implied that
|X1(t)| < B (%(0). ) +

pa(@, (50 +r,, (7]} +12) +
Applying (1) it is proved that for all T >0

1 ()] < B (%(0)]0) +
a2+ T ()

ralear ™, (o))«
yxl((1+ T)|2)+lel o [0,7)

(24)



Working similarly for x,, choosing 7 in such a way

that (8) is satisfied and using the definitions of (10),
(12), (13b) and the condition (14c), it follows that

%] < @ (%(@)) + vz Il) +n <

o (0)+rz(d+n< g
Conditions (23) and (26) imply that [X(T)|<&, and
|V(T)| < & . Hence, there exists T, >0, such that the
state and the output of the system (4) exist, are
uniquely defined and, in addition, |x(t)|<d, and
|y(t) <& forall t,suchthat T<t<T +T;. Then,

it follows by contradiction that condition (18) is
satisfied with T being infinite ([2], [6]).

(26)

The proof continues by showing first that the system
(4) has the following property ([6]):

Property I: For all J, € that satisfy (14) and for all
strictly positive constants n and m, if the
conditions

[X(0)| <9, [u]<e (27a)

and
max{ g (X)) + ry (), @ (R + 15 ()} <m
(27Db)

are satisfied, then, there exists T >0, that depends
only on n and m, such that

Yo <n+rpap +1, 0= T (28)

Proof of Property I: From (5b), (26) and (27b) it
follows that for all ty =20, t; 20

|Y2 (t)| < Byo(M+n,ty) +yyo @h"to @*
O'yz, ()= ti+ to

(29)

|y1(t)| < Bpa(m+n,ty) + Vy1@y2 ||t1+to Q’*

oy1, OB 2t tg

Combining (29) with (30), it is implied with the use
of (1), (6), (11) and (13a) that

|y1(t)| < Byr(m+n,ty) +
pal@s 72 B menty)+
@+ )yl +@ea™) g +

(30)

a+AHh, Oe 2ty t,
Choosing t; in such a way that
Bu(mnty) +yy(@+ A2 Bom+nty) <

_n
41+27h

and using (9), (21) and (27b), condition (31) implies
that

|y1(t)|s%+(l+/\)_1m +rg(JT) +1y, 0= 26+ tg

In a similar way, it can be inductively shown that for
all k ON®

] <@ mergdah v, o

O& 2kt tg
Choosing k; ON Yinsuch a way that

(1+A)_k1ms%

condition (32) implies that, forT~1 =2t1ky +tg, the
following condition holds

il Tora(ah e T @9

In a similar way, it can be shown that there exists
T, >0 such that

2T+ +1, 02 T, (3

From (33) and (34) it follows that (28) is satisfied for
T= max{fl,fz}. Hence, the proof of Property | has
been completed.

Using Property | and combining results of [3], [5]
and [6], condition (15b) can be proved. More

specifically, consider any function a of class- K,
and a function 4 of class-K,, such that
@ (a(s)) <a(s),0 0. Then (15b) is satisfied with

By (LY determined by ([3], [6])

!
Bs.:= g LI P(aa (A0d P
S /2

mﬁ O 0, 0

where

g(s,b,t):= min{q&;(s),
inf{t,um (t):m>max{g; (s) +ry (b), & (s) +rx (b)}}}

and

Br-t), t>o
wm(t):za+of)t) :o’

m>0

The family of mappings {Tm}m>0:(D+)D—> g o
is defined by the relation ([5], [6])

2 1. m
Tm(fl)i=ﬁ {sz(S)dSﬂ”ﬁ
n

where
T (n):=inf{T >0:(14),(27) O (28)}



Since (15b) is satisfied, condition (15a) is proved
with the following steps ([4]). Using (5a), it follows
that for all initial conditions |[X(0)<&, input

functions |U]|< & and forall t =0, it holds that
0] < Ba(bar2)er2)+ s , e

2

Moreover, condition (15b) implies that
[v81,, <15"],, = By (%011 2) + y 1) +1 38)
From (35) and (36), it follows with the use of (1) that

Iy (1) < Bxl(|xl(t/2)|,t/2)+
yxyl(z(1+ 1 @(|>z(0)|,t/2)) ¥
vh2@s Ty (i) +

va(@+on) +yi (), o= o
Using again (1), (5a) and (15b), it is shown that

Xy (t/2)|< Ba (RO t72)+
v 2+ v g (R0)0)) +
v (2@s Ty (i) +

vl o+ v, oe o
Substituting (37) in (38), it follows that for all
[X(0)| <& and [ <&, the following holds

)| < ﬁx1(2(1+ r_l)(BX1(|)_((O)|,t 12)+

vh(2a+ 7 By(|i(0)|,0))), t/25+

vh(20+ T (x| t12))+

Bafbaa+ T4y (2+ Ty o)) + (o)) o+
via(2+ Ty (i) + vallo) +

Ba(@+ o+ ono)+yi(a+n), oz o

Following a similar procedure for the state variable
X, it is proved that (15a) is satisfied for

Be(s.0):=
Babet+ 1 )(ﬁxl( A)rvalear g (60)) s
Vx1(2(1+r )ﬁv )

BoB2(+ T )(sz( )+ vhlaa+ 1 ﬁy(s,o))),%%+
yx2(2(1+r )[5y %)

(35)

v (9= va2+ THy(s)) + Rl +

Bafoa+ a2+ Ty 6) + () o
va(20+ THy5(9) + 12 (9)

BB+ Ty 20+ Ty5(9) + v (s)) o

and

A= Bxl((l +1)yh(a+ r)l),o) +ya(@+on) +

Bez ((1+ D)y(+ r)l),O) +yh(@+0))
|

Remark 1: The sufficient condition involved in the
small-gain theorems established in [2] and [6], for the
case of local input-to-output stability, has the form

@+ A)yyy 0@+ Ayyo(s) < s%
@+A)yys o @+ Ayy(s) <sg
Obviously, this condition coincides with (5), when

d; =d, =0. The form of the sufficient condition (5)

was first introduced in [7] for the case of local ISpS.
The presence of the constant d at the right hand side
of (5) is responsible for loosing the asymptotic
stability property of the interconnection.

O € w
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