
Vshfwudo Fkdudfwhul}dwlrq ri g1}1 ri Olqhdu V|vwhpv

Qlfrv Ndufdqldv- dqg Qlfrv Wdpydnolv--/

-Frqwuro Hqjlqqhulqj Fhqwuh/ Flw| Xqlyhuvlw|/ Qruwkdpwrq Vtxduh/ Orqgrq HF4Y RKE/

h0pdlo= Q1NdufdqldvCflw|1df1xn --Jduu|wr| :9/ 48675/ Dwkhqv/ h0pdlo= qwdpyCwhh1ju

Devwudfw

Wkh fodvvlfdo uhvxow ri Jloehuw rq wkh whvwlqj ri frq0

wuroodelolw| edvhg rq wkh Mrugdq fdqrqlfdo ghvfulswlrq

lv h{whqghg khuh e| surylglqj d qhz fkdudfwhul}d0

wlrq ri lqsxw ghfrxsolqj }hurv edvhg rq wkh surshuwlhv

ri dssursuldwh Slhfhzlvh Dulwkphwlf Surjuhvvlrq Vh0

txhqfhv gh�qhg rq vshfwudo pdwulfhv ghwhuplqhg iurp

wkh Mrugdq fdqrqlfdo ghvfulswlrq1 Iru dq| hljhqydoxh

iru zklfk wkhuh lv orvv ri prgdo frqwuroodelolw| wkh gh0

juhhv ri wkh fruuhvsrqglqj ghfrxsolqj }hurv duh gh0

�qhg1 Wkh uhvxowv jlyhq khuh iru lqsxw ghfrxsolqj

}hurv kdyh wkhlu htxlydohqw vwdwhphqw iru wkh fdvh ri

rxwsxw ghfrxsolqj }hurv1

4 LQWURGXFWLRQ

Wkh fodvvlfdo uhvxowv rq wkh vshfwudo fkdudfwhul}d0

wlrq ri frqwuroodelolw| dqg revhuydelolw| ^4`/ ^5` sur0

ylgh whvwv iru frqwuroodelolw| dqg revhuydelolw| ri hyhu|

prgh> krzhyhu/ lq fdvh zkhuh zh kdyh xqfrqwurood0

elolw| dqg2 ru xqrevhuydelolw|/ wkh vwuxfwxuh ri wkh

hphujlqj ghfrxsolqj }hurv ^6` lv qrw suhglfwhg e| wkh

h{lvwlqj whvwv1 Wkh rqo| dydlodeoh phdqv iru ghwhu0

plqlqj wkh vwuxfwxuh ri ghfrxsolqj }hurv lv wr uhvruw

wr wkh frpsxwdwlrq ri wkh fruuhvsrqglqj Vplwk irupv/

ru Nurqhfnhu irupv ^6`/ ^8` ri wkh dssursuldwh pdwul{

shqflov ^7`1 Wkh fkdudfwhul}dwlrq ri hohphqwdu| gl0

ylvruv ri pdwul{ shqflov lq whupv ri surshuwlhv ri vh0

txhqfhv ghulyhg iurp wkh Nhuqho surshuwlhv ri Wrhsolw}

pdwulfhv kdv ehhq lqwurgxfhg lq ^9`> wkhvh uhvxowv sur0

ylgh d qxpehu wkhruhwlf fkdudfwhul}dwlrq ri glylvruv

dqg wkh| duh xvhg khuh wr h{whqg wkh vshfwudo wkhru|

ri frqwuroodelolw|/ revhuydelolw| wr wkh fkdudfwhul}dwlrq

ri ghfrxsolqj }hurv1

Lq wklv sdshu/ wkh fodvvlfdo vshfwudo dqdo|vlv iru frq0

wuroodelolw| duh h{whqghg wr fkdudfwhul}h wkh vhw ri

ghfrxsolqj }hurv1 Wklv lv dfklhyhg e| lqwurgxflqj d

vhw ri vshfwudo pdwulfhv/ wkh udqn surshuwlhv ri zklfk

gh�qh d vshfldo vhtxhqfh/ zklfk lv vkrzq wr eh d

Slhfhzlvh Dulwkphwlf Surjuhvvlrq ^9`> vxfk vhtxhqfhv

kdyh vlqjxodu srlqwv dqg wkh vwuxfwxuh ri vxfk vlqjx0

odu srlqwv gh�qh wkh Vhjuì fkdudfwhulvwlf ri wkh fruuh0

vsrqglqj ghfrxsolqj }hurv1 Wkh uhvxowv duh suhvhqwhg

iru wkh fdvh ri frqwuroodelolw|/ l1h1 iru wkh lqsxw ghfrx0

solqj }hurv dqg pd| eh hdvlo| wudqvodwhg e| gxdolw|

wr wkh fdvh ri rxwsxw ghfrxsolqj }hurv1 Wkh fxuuhqw

uhvxowv frpsolphqw wkrvh lq ^:` rq wkh vshfwudo dqdo|0

vlv ri frqwuroodeoh/ revhuydeoh vsdfhv dqg surylgh d

xqli|lqj wuhdwphqw ri wkh vshfwudo dqdo|vlv ri wkh frq0

wuroodelolw| dqg revhuydelolw| surshuwlhv1

5 SUREOHP VWDWHPHQW DQG

EDFNJURXQG UHVXOWV

Zh frqvlghu wkh olqhdu v|vwhp ghvfulehg e| wkh vwdwh

vsdfh prgho V+D/ E/ F/ G,=

=

{+w, @D{+w, .Ex+w, +4,

|+w, @F{+w, .Gx+w, +5,

Zkhuh D 5 Uq{q>E 5 Uq{o>F 5 Up{q>G 5 Uo{p

dqg x+w, lv wkh o � 4 lqsxw yhfwru/ |+w, lv wkh p �

4 rxwsxw yhfwru dqg {+w, lv wkh q � 4 vwdwh yduldeoh

yhfwru1 Li wkh fkdudfwhulvwlf sro|qrpldo ri d pdwul{

D 5 Uq�q lv=

!+v, @ ghw+D�vL, @ +v��4,
�
4 +v��5,

�5 = = =+v��
i
,�i

+6,

Zkhuh �4> �5> ===> �i 5 F duh doo wkh glvwlqfw hljhq0

ydoxhv ri D dqg �4> �5> ===> �i duh wkhlu fruuhvsrqglqj

dojheudlf pxowlsolflwlhv/ zlwk �4 . �5 . ===. �
i
@ q1

Gh�qlwlrq 4 Zh gh�qh dv wkh Vhjuì Fkdudfwhulvwlf

ri D dw �
l
/ wkh vhw ri wkh ghjuhhv ri wkh hohphqwdu|

glylvruv ri D dw �
l
= �

�l
+D, @ i�

l�l
� === � �

ln
� === �

�
l4 A 3j1 �

Li X @ Y �4 lv wkh pdwul{ gh�qhg e| wkh fkdlqv ri

hljhqyhfwruv ri D> wkhq wkh pdwul{ D lv vlplodu wr wkh

Mrugdq pdwul{ M = D @ XMX�4 @ XMY / zkhuh/

M @ eorfn gldjiM+�4,> M+�5,> ===> M+�l,> ===> M+�i ,j
+7,
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dqg M+�
l
, lv wkh eorfn gldjrqdo pdwul{ ri doo Mrugdq

eorfnv dvvrfldwhg zlwk wkh glvwlqfw hljhqydoxh �
l
=

M+�
l
, @ eorfn gldjiM

l4> ===> Mln> ===Ml�lj +8,

dqg zkhuh M
ln

lv wkh �
ln
� �

ln
Mrugdq gldjrqdo eorfn1

Wkh Mrugdq fdqrqlfdo ghvfulswlrq ri wkh v|vwhp

V
M
+M>E>�>�, lv jlyhq e| wkh htxdwlrqv

b}+w, @ M}+w, .Ex+w, +9,

|+w, @�}+w, .�x+w, +:,

zkhuh =}+w, @ X{+w,> M @ X�4DX @ Y DX> E @
X�4E> � @ FX> � @ G 1 Iurp wkh eorfn gldjrqdo

vwuxfwxuh ri M lw iroorzv wkdw wkh E> �/ pdwulfhv kdyh

wkh iroorzlqj irup=
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dqg

E
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+44,

Gh�qlwlrq 5 +d, Wkh l0wk vshfwuxp frqwuroodelolw|

pdwul{ EV
l
lv wkh o � �

l
pdwul{ iruphg e| wkh �

l

urzv ri E
l
fruuhvsrqglqj wr wkh odvw urzv ri wkh

Mrugdq eorfnv dvvrfldwhg zlwk wkh hljhqydoxh �
l
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E
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+45,

+e, Wkh l0wk vshfwuxp revhuydelolw| pdwul{ �I
l
lv wkh

�
l
� o pdwul{ iruphg e| wkh �

l
urzv ri �7

l

fruuh0

vsrqglqj wr wkh �uvw froxpqv ri wkh Mrugdq eorfnv

dvvrfldwhg zlwk wkh hljhqydoxh �
l
=

�I
l
]

k
�
l44
> ===> �

ln4

> ===> �
l�l>4

l
+46,

�

Vrph edvlf uhvxow qhhghg iru wkh vxevhtxhqw ghyho0

rsphqw duh vxppdul}hg ehorz ^5`/^6`/^;`=

Wkhruhp 4 +d, Wkh prgh +�
l
> X+�

l
,> Y +�

l
,, lv frq0

wuroodeoh li dqg rqo| li wkh urzv ri wkh l0wk vshfwudo

frqwuroodelolw| pdwul{ EV
l
duh olqhduo| lqghshqghqw

ryhu wkh �hog ri frpsoh{ qxpehuv1

+e, Wkh prgh +�
l
>X+�

l
,> Y +�

l
,, iru l @ 4> 5> ===> i lv

frqwuroodeoh/ li dqg rqo| li wkh urzv ri wkh shqflo

^vL �D>E` duh olqhduo| lqghshqghqw ryhu wkh �hog
ri frpsoh{ qxpehuv1

+f, Ixuwkhupruh li wkh prgh +�
l
>X+�

l
,> Y +�

l
,, lv xq0

frqwuroodeoh wkhq lw lv/ udqn ^�
l
L �D>E` ? q dqg

�
l
lv dq lqsxw ghfrxsolqj }hur ri V1 �

Wkh shqflo ^vL �D>E` lv gh�qhg dv wkh lqsxw vwdwh

shqflo ^7`1 Wkh urrwv ri wkh h1g1 ri wkh shqflo

^vL �D>E` duh gh�qhg dv wkh lqsxw ghfrxsolqj }h0

urv +l1g1}1, ri wkh v|vwhp V1 Wkh gxdo uhvxowv iru wkh
fdvh ri revhuydelolw| iroorz e| gxdolw| edvhg rq wkh

shqflo
�
vL �DA> FA

�
A

> wklv lv nqrzq dv wkh rxwsxw

vwdwh shqflo dqg wkh urrwv ri wkh h1g1 ri wkh shqflo duh

gh�qhg dv wkh rxwsxw ghfrxsolqj }hurv +r1g1}1, ri wkh

v|vwhp V1

Xqghu wkh wudqvirupdwlrq ri wkh v|vwhp V+D>E,
wr wkh Mrugdq htxlydohqw V

M
+M>E, wkh frqwuroodelolw|

pdwul{ T lv dovr htxlydohqw wr wkh pdwul{ T
M
l1h1=

T � T
M
]
�
E> ME> ===> Mq�4E

�
dqg T

M
lv dovr sduwl0

wlrqhg dffruglqj wr +7, = T
M
@ ^T

M4
/111/T

Ml
/111/T

Mi
`A

wkhq iurp +;, dqg xvlqj rqo| froxpq rshudwlrqv rq

wkh deryh pdwul{ zh kdyh/

T
Ml
� T

Kl
]
�
E
l
K

l
E
l
=== +K

l
,q�4

E
l

�
+47,

Uhpdun 4 Iru wkh deryh pdwul{ T
Kl

zh kdyh wkh

surshuwlhv ^:`/^43`/^44` wkdw surylgh d vshfwudo fkdudf0

whul}dwlrq ri wkh frqwuroodeoh dqg e| gxdolw| revhuydeoh

vsdfhv ri wkh v|vwhp1 �

Ohw �
l4> �l5> ===> �l�l eh wkh qxpehuv ghqrwlqj wkh ru0

ghuv ri wkh deryh gh�qhg urzv lqwr hdfk rqh eorfn

ri T
Kl

dqg ohw wkh eorfnv eh uhduudqjhg iurp wrs wr

erwwrp lq d zd| vxfk wkdw = �
l4 � �

l5 �111� �
l�l
� 31

Gh�qlwlrq 6 Wkh vhw ri wkh deryh qxpehuv lv gh�qhg

dv wkh vhw ri wkh l0wk vshfwuxp urz frqwuroodelolw| lq0

glfhv +u1f1l1, ri D>E = �+D>E,
�l

@ i�
l4 � �

l5 � === �

�
l�l
� 3j1 �

Wkh vshfwudo uhvxowv lq ^:`/^43` surylgh d fkdudf0

whul}dwlrq ri wkh prgdo frqwuroodelolw|/ revhuydelolw|

dqg lqglfdwh wkh h{lvwhqfh ri l1g1}1/ r1g1}1> krzhyhu/

vxfk uhvxowv gr qrw suhglfw wkh ghjuhhv ri wkh ghfrx0

solqj }hurv zklfk pd| h{lvw dw v @ �
l
1 Wkh sureohp

zh frqvlghu khuh lv wkh xvh ri wkh vshfwudo pdwulfhv
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gh�qhg iru hyhu| prgh +hljhqydoxh, wr frpsxwh wkh

Vhjuì fkdudfwhulvwlfv ri wkh ghfrxsolqj }hurv1 Wklv lv

hqdeohg e| xvlqj uhvxowv rq wkh fkdudfwhul}dwlrq ri ho0

hphqwdu| glylvruv ri pdwul{ shqflov e| wkh surshuwlhv

ri vhtxhqfhv gh�qhg e| wkh Nhuqhov ri Wrhsolw} pdwul0

fhv1 Wkh fkdudfwhul}dwlrq ri h1g1 ri wkh pdwul{ shqflov

edvhg rq wkh surshuwlhv ri Slhfhzlvh Dulwkphwlf Sur0

juhvvlrq Vhtxhqfhv +SDSV, ^9` lv vxppdulvhg qh{w1

6 VHTXHQFH FKDUDFWHUL]D0

WLRQ RI HOHPHQWDU\ GLYL0

VRUV RI PDWUL[ SHQFLOV

Zh frqvlghu wkh vhw ri rughuhg sdluv ri pdwulfhv +I>J,
dqg wkh dvvrfldwhg shqflov ghqrwhg dv = O

s>p
]Z @

^+I>J, = I>J 5 Us�p` dqg O
s>p

+v> z, ] ^Z +v> z, @
vI � zJ/ Z @ +I>J, 5 O

s>p
` zkhuh +v>z, lv dq

rughuhg sdlu ri lqghwhuplqdwh1 Wkh sdlu Z @ +I>J, lv
fdoohg uljkw uhjxodu/ li QuU+v>z,+vI �zJ, @ i3j= Wkh
vxevhw ri O

s>p
zklfk lv pdgh xs iurp doo uljkw uhjxodu

sdluv zloo eh ghqrwhg e| Ouu
s>p

dqg wkh fruuhvsrqglqj

vhw ri shqflov zloo eh ghqrwhg e| Ouu
s>p

+v>z,1 Wkh vhw

Oou
s>p

ri doo ohiw uhjxodu sdluv lv gh�qhg lq d vlplodu

pdqqhu1 Lw lv fohdu wkdw d qhfhvvdu| dqg vx!flhqw

frqglwlrq iru Z 5 Ouu
s>p

lv wkdw Z
s>p

+v> z, kdv ixoo

udqn ryhu U+v>z, dqg s � p= Zh xvh wkh qrwdwlrq

iru hohphqwdu| glylvruv +h1g1, dqg dvvrfldwhg Vhjuì

fkdudfwhulvwlf iru wkh shqflo vI � J dw v @ d lq wkh

vdph zd|/ dv grqh iru wkh vwuxfwxuh ri hljhqydoxhv

+h1g1 ri vL � D shqflo,1 Wkh fkdudfwhul}dwlrq ri h1g1

ri vI � J +uljkw ru ohiw uhjxodu, lv ghvfulehg e| wkh

iroorzlqj uhvxowv ^9`/^<`=

Wkhruhp 5 Ohw Z @ +J>I , 5 Ouu
s>p

+s � p,1 Wkh

shqflo Z
s>p

+v, @ vI �J kdv dq h1g1 +v�d,ul > d 5 F>
li dqg rqo| li wkhuh h{lvwv d pd{lpdo fkdlq ri olqhduo|

lqghshqghqw yhfwruv i{4> {5> ===> {ulj 5 F
s vxfk wkdw

^J� dI `{
m
@ I{

m�4> {3 @ 3> m @ 4> 5> ===> u
l

�

Wkh deryh prwlydwhv wkh gh�qlwlrq ri wkh iroorzlqj

vhtxhqfh ri Wrhsolw} pdwulfhv/ gh�qhg iru ;d 5 F =

W 4
d
]J� dI

= = = = = = = = +48,

W l

d
]

5
9999997

J� dI 3 = = = 3 3
I J� dI = = = 3 3
= = = = = = =

= = = = = = =
= = = = = = =

3 3 = = = I J� dI

6
::::::8
5 F

ls�lp>

iru doo l@4>5> ===

Wkh pdwulfhv W l

d
> duh uhihuuhg wr dv l0wk rughu d0

Wrhsolw} pdwulfhv ri +J>I> , dqg zh ghqrwh e| =

Qn

d
]Qu

�
Wn

d

�
> �Qn

d
] QoiW

n

d
j> ;d 5 F> n @ 4>5> ===

+49,

Iru doo wkh sdluv Z @ +J>I , dqg e 5 F ^ i4j zh

gh�qh wkh vhtxhqfhv/

M u
e
+J>I ,] i�e

n
= �e3 @ 3> �e

n
@ glpQn

e
>n � 4j +4:,

M o
e
+J>I ,] i&e

n
= &e3 @ 3> &e

n
@ glp �Qn

e
>n � 4j+4;,

M u
e

+J>I ,> M o
e

+J>I , zloo eh uhihuuhg wr dv wkh uljkw e0

+J>I ,> ohiw e0+J>I ,0vhtxhqfh ri wkh sdlu +J>I ,1 D

vhtxhqfh M u
e

+J>I ,> M o
e

+J>I , zloo eh fdoohg qhxwudo/ li

lwv hohphqwv duh }hur iru doo n = n @ 4>5> ===1 Zh vkdoo

ghqrwh e| �+I>J, wkh vhw ri glvwlqfw }hurv ri wkh shq0
flo1

Wkhruhp 6 ^9`Ohw +J>I , 5 Ouu
s>p

> d 5 �+J>I ,>
Vhjuì fkdudfwhulvwlf �

d
+J>I , @ i+g

l
> �

l
,> l 5 4/ 3 ?

g4 ? === ? g� dqg �
d
+J>I , @ ig

l
= 3 ? g4 ? === ?

g�j= Wkh vhtxhqfh M u
d
+J>I , lv qrqghfuhdvlqj dqg vdw0

lv�hv wkh iroorzlqj frqglwlrq qn � +q
n�4 . q

n.4,@5
n @ 4> 5> ===1 Lq sduwlfxodu/ zh kdyh wkdw=

+d, Vwulfw lqhtxdolw| krogv/ li dqg rqo| li n @ g
l
5

�
d
+J>I ,> lq wklv fdvh �

n
@ 5q

n
�q

n�4�q
n.4 @

�
l
1

+e, Htxdolw| krogv/ li dqg rqo| li n @5 �
d
+J>I ,1 �

Wkh vhtxhqfh M u
d
+J>I , lv nqrzq dv d Slhfhzlvh

Dulwkphwlf Surjuhvvlrq +SDS, vhtxhqfh dqg lwv surs0

huwlhv gh�qh �
d
+J>I , e| ghsor|lqj Ihuuhu*v w|sh gl0

djudpv ^9`1 Jlyhq wkdw �
d
+J>I , lv erxqghg zh pd|

gh�qh iru hyhu| d 5 �+J>I ,/ wkh vpdoohvw lqwhjhu �
d

iru zklfk q
�d

@ q
�d.4

> q
n
5 �

d
+J>I ,> wklv lv fdoohg

wkh lqgh{ ri dqqlklodwlrq ri +J>I , dw v @ d1

Uhpdun 5 Iru hyhu| d 5 �+J>I ,/ �
d
@ g�/ zkhuh

g� @ pd{ig
l
> g

l
5 �

d
+J>I ,/ zkhuh �

d
+J>I , ghqrwhv

doo glvwlqfw ghjuhhv ri h1g1 dw v @ d1 �

Gh�qlwlrq 7 Wkh vhw ri wkh �uvw qrq0}hur vxffhvvlyh

gl�huhqfhv lq Mu
d
+J>I , lv gh�qhg dv wkh Zh|u fkdudf0

whulvwlf ri +J>I , dw d dqg lw lv ghqrwhg e|Z
d
1 Fohduo|

lv jlyhq e| =

Z
d
] i�4 @ �4 � �3> �5 @ �5 � �4> ===> �n @ �

n
� �

n�4j

�

7 VSHFWUDO FKDUDFWHUL]D0

WLRQ RI LQSXW GHFRXSOLQJ

]HURV

Wkh uhvxow ri wkh suhylrxv vhfwlrq/ wrjhwkhu zlwk wkh

Mrugdq ghvfulswlrq ri wkh vwdwh htxdwlrqv duh xvhg
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qh{w iru wkh ghulydwlrq ri d qhz fkdudfwhul}dwlrq ri

l1g1}1 Ohw wkh lqsxw vwdwh shqflo ri wkh htxlydohqw v|v0

whp lq Mrugdq irup V+M>E, eh/ ^vL � M>E` @ v^L> 3`�
^M>�E` 5 Oou

q>q.o

1 Frqvhtxhqwo| wkh vwuxfwxuh ri l1g1}1

ri wkh v|vwhp V+D>E, lv ghwhuplqhg htxlydohqwo| e|

wkh urrw udqjh ri wkh lqsxw vwdwh shqflo1 Iru V+M>E,
dqg d l1g1}1 zh gh�qh =
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d
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�
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�
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