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Abstract. An approach to purpose-oriented design of the complex dynamic systems based on
presentation of the system as a structural oriented graph is considered. The arcs of this graph are
described by a pair of structural functions, which reflect an internal structure of a system based on its
decomposition with use of amplifiers and integrators. The method of design is based on the use of
structural criteria formulated in the form of structural functions.
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1. INTRODUCTION

 An important stage in development of complex dynamic
systems, determining their functioning efficiency, is the
design of the structure and parameters of controllers. In
practice, the most popular approach to the structural
design of control systems, is based on experience
accumulated by developers, designing similar systems.
However, this approach is justified only for such
dynamic systems, the controlling elements of which
have rather simple structure, and which in the process
of their development do not undergo any significant
modifications.

At present, it is possible to point out two main
approaches of describing the problems and methods of
analysis and design of complex dynamic systems [1]:
 1) based on the use of classical operator-frequency
methods;
 2) based on the use of equations in state space.
 
 Each of these methods in the theory of graphs
corresponds to graphic representation of the system in

the form of oriented graph of signals, as well as oriented
graph of signals and states.
 
The advantage of the first approach is its simplicity and
obviousness, as well as the possibility of description of
multivariable control systems both at the level of
subsystems, elements and links between them, and at
the level of the system as a whole, what has caused its
broad application in engineering practice. The second
approach reflects most completely the internal structure
of a dynamic system.

It is topical to develop a formalised approach to the
choice of structures of complex dynamic systems that
would unite advantages of both forms of description of
the systems and would allow to form a structure of the
system in compliance with selected criteria. In order to
solve this problem, a method of presentation of the
structures of dynamic systems in the form of structural
functions is proposed. They include information about
the internal structure of dynamic system which can be
represented as some composition of amplifiers and
integrators. The corresponding criteria of structural
design for modal control systems are considered.



2. PROBLEM STATEMENT OF MODAL CONTROL
WITH USE OF GRAPH THEORY

Suppose that the dynamic properties of a system are
described by linear differential equations and can be
represented by appropriate oriented graph of signals
and states. It is supposed also that required dynamic
properties of the system are ensured by the given
distribution of roots of characteristic polynomial of the
closed–loop system D(s) on a complex plane, that
means a fulfilment of condition:

D(s) = D*(s),           (1)

where D(s) = sn + dn-1 s
n-1 +... + d0;

D*(s) = sn + dn-1*s n-1 +... + d0*.

In accordance with [2], let us consider a structure of
controlling part of a system as acceptable if it provides
the fulfilment of the following conditions of design:
1) mathematical correctness of design problem;
2) structural stability of a system;
3) the given order of astatism;
4) physical feasibility of controller.

Then, it is possible to formulate a problem of structural
design. Let us suppose that the structure of invariable
part of a system, satisfying the condition of full
controllability, the set of correcting elements of
controlling part, and the restrictions imposed on the
means of connection of the mentioned parts are
specified. This all allows to construct the algebra of
structures which inductively describes a set of possible
structures S of controller for investigated problem.

It is necessary to organise a choice of possible
structures from a set Sd, where Sd∈S, in order to satisfy
to the given conditions of quality, formulated by
equation (1).

In order to obtain the solution of (1), i.e. to provide the
equality of coefficients di = di* for identical degrees s i

of polynomials D(s) and D*(s), a set of non-linear
algebraic equations can be written:

di *= fi (α1,α2,…,αr),   i = 0,1,2..., n-1,          (2)

where α1,α2,…,αr are the varied parameters of
controlling part. As a result of solving the equations (2)
at the stage of parametrical design, the unknown
parameters α1,α2,…,αr of the controller can be
determined. An exact form of the equations of design is
a priori unknown and determined by selected structure.

The correct design also supposes, that the designed
structure should correspond to a criterion of minimum

complexity of controlling part of a system. Taking into
account (2), this criterion can be written as follows:

nrmin,r ≥=         .           (3)

Let us introduce the following definitions. Let W and V
be finite sets, elements of which are called as arcs and
nodes, accordingly. The directed pseudo-graph is a
function VVVW ×=→ 2:ϕ , that maps a set of arcs to

Dekart product of the set of nodes. Let { }1,0: →Wl  be

a mapping, indicating weights of the arcs. It is assigned
in correspondence with a type of dynamic element. If w
is an amplifier, then l(w) = 0; if w is an integrator, then
l(w) = 1. Let k: { }0\RW →  be a mapping in a group of

real numbers by multiplication. The meaning of the
mapping on an arc Ww∈  is called as an amplification
factor of an arc.

Let WwVv ji ∈∈ , . A sequence ...wvwv ⋅⋅⋅⋅ 2211

11 ++ ⋅⋅⋅ nnn vwv...  is called as directed path from node

1v  to node 2+nv , if for every i = 1,2..., n,

).,()( 1+= iii vvwϕ  If all nodes of directed path are

pairwise different, it is a path. A path, which begins and
finishes in the same node, is a loop. A set of the loops
that do not cross themselves in any nodes ,. are called
as a factor.

Then, in correspondence with [3], the characteristic
polynomial D(s) can be calculated according to oriented
graph of signals and states as follows:
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m* and m* are minimum and maximum weights of the
factor in oriented graph of a system, accordingly.

Transforming (4), in general case (when m* = n, and m* =
0) we will get:

D(s) = (1 + z0) s
n + z1s

n-1 +... + zjs
n-j +... + zn,          (5)

where zj is a sum of values of all factors whose weight is
equal to j.



It follows from the last expression that the order of
characteristic polynomial D(s) of closed-loop system is
determined by maximum weight m* of the factors of
oriented graph of signals and states. Here the value of
the coefficient di of polynomial D(s) is determined by
values of factors, whose weights are equal to (i-n).

Let us pass from such abstract concept, as a factor, to
its concrete formation – the loops of oriented graph. For
this purpose let us consider the following definitions. A
loop will be called constant loop, if it does not contain
arcs with varied coefficients, i.e. the loop is formed only
by arcs of invariable part of a system. A loop is called
as varied loop, if it contains at least one arc with varied
coefficients of the controlling part of the system from a
set of parameters { }rααα ,...,, 21 .

Taking into account the last statement and equations
(4) and (5) the necessary condition of solvability of a
set of equations (2) can be formulated as follows. For
solvability of a set of equations (2) it is necessary that
the indicated oriented graph of a system should contain
at least one varied loop varθ  of weight il =)( varθ  for

all i = 1,2..., n.

It is obvious that for correct solving the set of
equations (2) it is necessary that oriented graph of
signals and states of a system should not contain the
loops whose weight is equal to zero (that form factors
whose weight is equal to zero), otherwise the number of
equations of design grows up to (n+1).

It is obvious that for the structural stability of a system
concerning absence of lacunas (zero coefficients by
some degrees of s) in a characteristic polynomial of
closed-loop system D(s) it is necessary that oriented
graph of a system contains at least one loop θ, weight
which is equal to ièl =)(  for all i=1,2,…,n, because it

follows from (4) that availability of at least one weight
loop of i leads to existence of weight factor i in the
initial graph.

Another important requirement to the structure of
multivariable controller is connected with required
accuracy of a system at stable operation modes. As it is
known, multivariable control system has the àstatism of
order η with regard to the vector of reference actions

1
)()( ×=

ni tgtg  if its transfer matrix by error )(sεΦ
is as follows [4]:

)(~)()( ssss ε
ν

ε Φ=Φ−Ι=Φ ,           (6)

where the value s=0 is not a pole for the elements of
matrix )(sεΦ . And, besides, 0≠Φ ε

~lim . A structural

criterion of astatic system supposes the presence of
integrators between a point of error measurement and a
point of disturbance action.

Thus, the required order of astatism ν (in a sense of (6))
is ensured, if all the elements Wij(s)  (i,j=1,2,…, n) of
transfer matrix W(s) of open-loop system have ν zeros,
i.e. ν last coefficients of polynomials Bij(s)
(denominators of Wij(s)) are equal to zero.

So, taking into account (6), the necessary and sufficient
condition of astatism of a system can be formulated as
follows: n-order system has an astatism of ν -order with
respect to a vector of reference actions

1
)()( ×=

ni tgtg , if and only if the subgraph of open-

loop system does not contain any factor with weights
from )1( +−νn up to n.

An additional restriction at design of a system imposes
a requirement of physical feasibility [3], which means,
that realisation of controlling part of a system must not
use the operations of "pure" differentiation. This
condition is executed automatically, if design of
controller structure is carried out at the oriented graph
of signals and states on the base of arcs - integrators
and arcs - amplifiers, because in this case the realisation
of transfer functions of correcting elements does not
use ope differentiating elements.

3. STRUCTURAL GRAPH ON THE BASIS OF
STRUCTURAL FUNCTIONS

Let's introduce a structural oriented graph [Cp,Ep]. Here
Cp is a set of nodes, defining the set of controlling
actions )}(),...,({ 00

1 tutu n
, the set of reference actions

)}(),...,({ 00
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, the set of controlled variables
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 or coordinates of state

)}(),...,({ 00
1 txtx n of a system. The arc belonging to the

set of arcs Ep  and directed from the node i to the node j
corresponds to the pair of structural functions (Lij,Qij)
which are determined as follows:

Lij= lij,n lij,n-1... lij,k... lij,l lij,0;        (7)

Qij= qij,n qij,n-1... qij,k... qij,l qij,0.        (8)

Here the numbers lij,k in position number k  of the

structural function Lij ( Nl kij ∈,  - subset of integer

positive numbers), are equal to the number of direct
paths whose weight is equal to k  and that are contained
in the initial oriented graph of signals and states



between the node by number i and the node by number
j. A path of weight k  is a path which passes through k
consequently connected integrators. The number qij,k in
position number k  of the structural function Qij

( Nq kij ∈, ) is equal to the number of loops whose

weight is equal to k  (these loops are formed by means
of arcs that pass through k  consequently connected
integrators) and that are contained in the initial oriented
graph of signals and states between the node by
number i and the node by number j.

It was shown in [5] that the structure of any physically
feasible link can be described by the pair of structural
functions (L,Q) according to the form of its transfer
function. Thus, in general case, the structural functions
(L,Q) of the arc of structural oriented graph for the link
with transfer function:
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will look like:

L = 11... 10... 0;    Q = 11... 10,       (10)
where (n-m) lower-order digits of structural function L
and the least-order digit of structural function Q contain
zeroes.

It is possible to show, that if a coefficient bi in a
denominator of a transfer function (9) is equal to zero, it
means that its oriented graph of signals and states does
not contain a loop with a weight (n-i). Similarly, if a
coefficient aj in a numerator of a transfer function of (9)
is equal to zero, it means that its oriented graph of
signals and states does not contain a direct path with a
weight (n-j).

The advantage of the offered method of description of
the structures of linear systems is that the
transformations on a structural oriented graph can be
carried out with use of rather simple mathematical
operations. According to [5], for parallel connection of
n dynamic links with transfer functions Wi(s), which can
be described by structural functions (Li,Qj), the
equivalent structural functions (L,Q) are determined as
follows:

L = L1 + L2 +... + Ln;   Q = Q1 + Q2 +... + Qn.       (11)

The structural functions (L,Q) for consequent
connection of n dynamic links can be determined as
follows:

L = L1×L2× ... ×Ln;   Q = Q1 + Q2 +... + Qn.        (12)

If we have a reverse connection of a dynamic link,
having transfer function W1(s) and structural function
(L1,Q1), with a dynamic link, having transfer function
W2(s) and structural function (L2,Q2), then structural
functions (L,Q) of the equivalent arc of the structural
oriented graph are determined as follows:

L = L1; Q=Q1+Q2+L1×L2.        (13)

The offered operations of transformation of the
structure of the system with the aid of structural
functions can be used while analysing structural
properties of the system on the appropriate structural
oriented graph for determination of equivalent
structural functions of the closed loop system as a
whole.

4. REQUIREMENTS TO THE MODAL CONTROL
PRESENTED BY STRUCTURAL FUNCTIONS

Let a set of structural functions correspond to a
structure of controlling part of a system:

},...,2,1),{( ce
j
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j
ce NjQL =

where ;...... 0,,1,, jkjnjnj
j
ce llllL −=

;...... 0,,1,, jkjnjnj
j
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and Nce is a quantity of correcting elements. Then the
problem of the structural design of controlling part of a
system can be reduced to a search in the framework of
the given set of tolerable nodes of variable part of a
system using a set of structural functions )},{( j

ce
j
ce QL

that satisfy some sets of tolerable values L* and Q*,
which ensure the fulfilment of the given requirements to
tolerable structure of the system.

The solution of the problem of structural design in
considered statement because of the properties of
structural oriented graph is guaranteed in a class of
physically realised correcting elements. Taking into
consideration, that the structural oriented graph
completely reveals the internal structure of the system
described by initial oriented graph of signals and states,
the requirements to the accepted structure of modal
controller concerning structural oriented graph, taking
into account the earlier obtained results to oriented
graph of signals and states can be formulated as certain
restrictions to the type of appropriate structural
functions.

4.1. Structural Stability
In order to secure structural stability of a system, it is
necessary that in all positions, except the lowest of



equivalent structural function Qclosed of a closed-loop
system, there must be non-zero values, i.e the following
condition must be fulfilled:

)1(,...,2,0 +=≠ niallforq closed
i

       (14)

The equivalent structural function Qclosed is calculated
on the structural oriented graph of closed-loop system
as a sum of equivalent structural functions Qloops for all
its loops, i.e.

Qclosed = ∑
=

loopsN

j
jQ

1

 loops ,         (15)

where Nloops is total number of loops of a structural
oriented graph.

4.2. The required order of astatism
The required order of astatism in multivariable control
system can also be determined with the aid of structural
functions Q. The closed-loop system of order n has
astatism of order ν , if in all the equivalent structural

functions open
ijQ between the i-th input nodes and the j-

th output nodes of structural subgraph of open-loop
system, the higher order positions, beginning with
position number  (n -ν +2) up to position number (n + 1)
are equal to zero, and the position number (n-ν +1) is
not equal to zero, that is the following condition should
be provided:
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4.3. The condition of mathematical correctness
The necessary condition of mathematical correctness of
the problem of design can be taken into account
directly according to the form of equivalent structural
function Qvar, that contains information about variable
loops of a system and can be calculated similarly to (15)
as the sum of all equivalent structural functions var

jQ  of

variable loops of a structural oriented graph, that is

∑
=

=
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1

varvar
M

j
jQQ ,         (17)

where Mvar is a total quantity of variable loops.

It is obvious, that in this case a condition, similar to
(14), should be fulfilled for Qvar that means the necessity
of the presence of non-zero elements in all the positions
except the lower-order one. Here the total quantity of
varied loops, determined as a sum of values of all

positions var
iq , should not be less than the order of

characteristic equation of the closed-loop system.
Therefore, the necessary condition of mathematical
correctness of a design problem of a structure of modal
controller with use of a structural oriented graph can be
presented as follows

∑ ≥+=≠ .0);1(,...,2,0 varvar
ii qniallforq       (18)

Let us unite a set of numbers  lj,k  and qj,k that form a set
of structural functions of the controlling
part { }ce

j
ce

j
ce NjQL ,...,2,1),( = , to the vector of variable

parameters g = (g1, g2,...,gr)
T. Then, taking into account

the above mentioned, the design of the structure of
modal control system by the method of structural
functions can be solved with relation to the variable
parameters g1, g2,..., gr of the following set of equations
of structural design:

),1(,...,1),,...,,( 21
var* +== nigggvq rii

       (19)

where 
*var

iq  is the value of i-th position of a desirable

structural function 
*varQ , that is formed with account

of expressions (15), (16) and (18). Solving the set of
equations (19) in order to ensure the criterion of
minimum complexity, it is also necessary to take into
account the fulfilment of the condition (3).

5. EXAMPLE

Let's consider an example of structure design of astatic
modal controller for gas-turbine engine. The controlled
plant is described by the following system of linear
differential equations:







=+

=−+

,ubxax

;ubxaxa
dt

dx

111212

22212111
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where x1 - a frequency of rotation of turbo-
compressor; x2 - a temperature of gas before the
turbine; u1 - a square area of a cut of the jet nozzle; u2 -
fuel flow rate in the combustion chamber.

In correspondence with above-stated, design of a
structure of the correcting part of a system can be
realised as a search for values of a set of the structural
functions between a set of input possible nodes {ε1, ε2}
and a set of output possible nodes {u1, u2} (fig.1), that
is to determine the values of structural functions:
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Taking into account the requirement of astatism ( 1=ν ),
the structure of a controller will correspond to a
criterion of minimum complexity, if the order of transfer
functions )(sW ce

u jiε
 of correcting elements is not more

than one, that is their search is limited to a following set

{ }.,j,i;srsr,sr,
jiujiujiu 210 010 =+ εεε  Hence, it

follows, that all the equivalent structural functions look
like 00=ce

u ji
Q ε

, and a set of possible values for all the

structural numbers 1,2, ijij
ce
u llL

ji
=ε  (where i,j = 1,2) will

have the following form: {00, 10, 11}, because in the
case, if 01=ce

u ji
L ε

 the condition of astatism in the

system is violated.

With account of (18), Qvar can be calculated from the
following expression:
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As a result of solution of a system (20), it is possible to
obtain three variants of a structure of the modal
controller meeting the requirements to possible
structure, which with respect to the input vector

T
, )( 21 εε=ε and output vector T

u,uu )( 21=  can be

described by the following matrix numbers:
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to which the following transfer functions correspond:
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Fig.1. Structural graph of control system

6. CONCLUSIONS

In this paper a formalised method of describing the
structures of complex dynamic systems, based on
representation of a structure of system as a structural
oriented graph is offered. The arcs of oriented graph are
described by a pair of structural functions, which reflect
an internal structure of a system based on its
decomposition with use of amplifiers and integrators. It
is shown that the requirements to the structure of
designed system can be formulated as the requirements
to appropriate structural functions. On the base of
using such approach, it is possible to develop high-
effective procedures of purpose-oriented, formalised
design and analysis of the structure of complex
dynamic systems. In the future, in order to solve this
task, an evolutionary approach based on use of genetic
algorithms is planned to develop.
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