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The objective of this paper is to determine a closed formula for the solution of a continuous time
AutoRegressive Moving Average (ARMA) Representation. The importance of the above formula
is that it gives rise to the solution of analysis, synthesis and design problems.
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1. Introduction.

Consider the nonhomogeneous system of
linear algebraic and differential equations
described in matrix form by :

Alp) y(t) = B(o) ult) (L1).
where p:=d/dt denotes the differential operator

ie. p y(t)=dy(t)/dt, A(p)=Aj+Ap+--+Ag"

€R[p]""" with rankp A(p)=r, B(p)=B+Bp+- -

(p)
+B R, y(£):(0—+®)—R" is the output of

the system and u(t):(O—,-f-m)—-’{Rm is the input of
the system, a piecewise sufficiently differentiable
function. Following the terminology of Willems
(1991) we call the set of equations (1.1) an
ARMA representation (AutoRegressive Moving
Average representation) of B (behaviour), where B
is the solution space of equations (1.1) defined by

B= Wy(Bf) (1.2a)
with
Bf = {(y(t), u(t)) : (0—+wm) — R'xR™ |
(ARMA) is satisfied Vt€(0—+w)}
and

FRSRT R mo(y(), u(t)) = v()
(1.2b)
In case where A(,o):pE—AE[R[p]rxr and

B(p)=BER"™™ then the ARMA representation
(1.1) is the known generalized state space
representation

E d+5t)- = A x(t) + Bu(t) (1.3)
while in case where det{E]#0, (1.3) is the known
state space representation. For a survey of
singular systems of the form (1.3) see Lewis
(1986).

ARMA representations of the form (1.1)
find numerous applications in analysis of circuits

Ty

{Newcomb 1981), neural networks (DeClaris et al
1984), economics (the Leontieff model, see
Luenberger 1977), power systems (Stott 1979)
e.t.c.  Analytic solutions of the ARMA
representation (1.3) has been derived by many
different techniques (Luenberger 1977, Campbell
et al 1977, Campbell 1980, Yip & Sincovec 1981,
Cobb 1980, 1982) while the numerical solution of
the same system has been treated by Gear (1971),
Brayton et al (1972), Sincovec et al (1981) and
others. Following similar lines with Vardulakis
(1991) we produce a closed formula for the
solution of the general ARMA representation (1.1)
in terms of the fundamental matrix Hy of the

matrix A(s)_1 (which can be easily calculated
according to Fragulis et al (1991)), and the finite
and infinite Jordan pairs of A(s). More specifically
in section 3 and 4 we derive a closed formula for
the homogeneous and forced response respectively
of the ARMA representation (1.1} while in section
5 we derive a closed formula for the whole
response of (1.1).

2. Problem formuiation.
Consider the Autoregressive Moving Average
Representation (ARMA-—Representation) :
A(p) ¥(t) = B(p) u(t) (2.1)
where p denotes the differential operator,

A(p)=Ag+A p+- - - +A R,
with det[A(p)]#0 (2.2a)
B(p)=By+Bp+- - - +BsPSE[R[P]rxm’ (2.2b)

y(t) ¢ (0—4@) — R" is the "output" of the
ARMA representation and u(t) : (0—,+mo) — R™
is the "input" of the ARMA representation, where
{H; i€ll} be the fundamental matrix sequence at
infinity of A(s)—l which is easily implemented

(Fragulis at al 1991) and (CE[Rrxn, JE[Rnxn,
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BER™™™), (cme!Rr"", JmeIR""", BmelR"”) be its

finite and infinite Jordan pairs respectively :

-1 q 1
AT (9)=H, U4 - +H s +H +H ——+

T
1 -1
B_+ C(sl,—7)” B
(2.3)

1 —
+H_y— - -=C_(I,—s )

PROBLEM Based on the equations

(2.1)—2.3) find out an easily implemented closed
formula solution for the ARMA-—representation

(2.1).
3. Closed formula for the solution of the
AR-—tepresentation A(p)ypm(t)=0-

From Vardulakis (1991) we
Yhom(t) to be the following

obtain

In case where q<<A:1r

Yhom(t)=— WL, S0 *

(H- 0 1
qr

H- HA
Q-

y(0-)
y( 1)(0_)

q—1

- A, yla v (0-) |

+0ed 9B 19728, . Bl

- 0 y(0-)

AR U (3.1a)

|
- A (q-1)(g— J
gLy (0=)

In case where q>4cir

ypon® =83 D0 8D )r,, . s(e)1,)x
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(1) (g-
yt b (0-) N

yta-b(0—)

(3.1b)
797!, 39728, ., BIx

y(0-)
y( 1)(0_)

- A (q-U (0—
qd LY (0-)

The above solution wil be free of
impulsive terms in case where the coefficients of
the impulse terms in (3.1) are equal to zero or
equivalently when the initial conditions {y(0),
y(U(0), ..., y{a D (0)} of the system (2.1) belong
to the following space H;,

In case where q<cA;r

In case where 9>4d,

y(0-)

Ly (o)
Hlo.:

y\q-l)(o_)




A A --A. A y(0-)
0 Al q,—1* -Aq——l () (o
x 0 0 .‘:A(Alr—2 q—2 y (0-) =0

0 0 A A A (q-1)(g—
ol (0-)

(3.2b)
or equivalently

Hy, =1 y'V(0) (i=0,1,...g-1) :

q, q-i+k—1

¥ ) [H-A- (i+j-k) 0] =0,
isk  j=0 7 (©)

k=1,2,..,€1r] (3.3)

Definition 1. Hj, is called the admissible initial

condition space of (2.1) under zero inputs. O

If {y(0), y'V (0),...,y 9471 (0)} belongs to
H;, then the solution of the homogeneous system

(2.1) will be, according to (3.1), the following

Ypog(t)=Ce’ 9B, 19728, Bx

A, 000 y(0-)
(1 (0-
x “}q—l KRk (0-) (3.4)

(q-1) (00—
A A Aq y (0—)

4. Closed formula for the forced response of
the ARMA-representation A(p)yg,,(t)=

B(p)u(t)-

In this section we examine the forced
response of the system (2.1). Taking Laplace
transforms in (2.1) and assuming zero initial
conditions {y (1) (0)=0, , i=0,1,..,g—1} we obtain

A(8) Fgop(s) = B(s) i(s) — 5" Iy 80y, ey L]
B, 0::-0 u(0-)
N 1?,5_1 Bs ees 0 ul D (0~) o
B, 1;;2 By | [ utsD(0-)
gfor(s) = g'flor(s) - 9?“(5) =
(4.1)
=AY (6)B(s)] i(s)—A @) s A e 1]

B, 0-:--0 u(0-)

s
5 s-1 By 0 ul 1 (0-)
B1 B2"'Bs u(s-l)(o_)

where glfor(s)::[:[yfor(t)] and u(s):=Llu(t)] (£

denotes the Laplace transform). It is known from
Vardulakis (1991) that

Fho.(8) = A™(s) B(s) i(s) =

(4.2)
Im
=(C C_1¥®| *'n |i(s) + Clal, 1) Qi)
arts)

{.8T ® @® ® ® ®

Lo 0 --- By By +++ Bg.yBg-
¢ RArtIFeI(artldem (4

Q:=[I°BB,+J%'BBy_j+- - - +IBB +BBjJe R
(4.5)
and (CER™™JER™ " BeR™), (cm""", Jm""",

Bm# xr) be the finite and infinite Jordan pair of

A(s). Consider now the second term f{%or(s) of
(4.1)

~o . —1 s—1 —2
Yfgor(s) =A (s)[s Iry ss

I, o L)%

(4.62)
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£ 0 u(0-)
-0 ul 1) (0-)
B, By--- By uls -1 (0—)
After some manipulations of (4.6a) we obtain that
: q,+s—1, _q,+s—2
y?or(s)z[sqr I, sIr Lyl ]x
H- 0 T
dr 0
H- H- B 0 -~ 0
qr—1 ar s
x . BS-I BS -0 x
~ ~ cH- |1 - .
s-qr S—Qr+1 .qr . . . .
B, B, --- Bg
_H—S-f-l H—s H() ]
u(0-)
(1 (Q- e
ul b (0-) +[s IIr! . ZIr,. I
uts-1) (0_)
H, H_,-- H_,
x Hyy Hy -H,y o,
BS g---0 U(O—)
| B B0 | w0 |
B, By---Bg uts -1 (0=)
= y3L(s) + y33.(s) (4.6b)
We have also that
Hy Hygypor H,
- -1 =2 CH.
Y%Sr(s) =[s 1Ir,s I, I_{—s—x H }.I-z
s 0 --- 0 U(O—)
«| Bs-1 Bs *- 0 ul ) (0-) _
B, BQ"'BS uls -1 (0—=)

= C sl ug0-) (47a)

where
s—1

10 =10 159

B, 0---0 u(0-)
. (1) (0~
x ?S'l BS (.) u (0 ) (4.7b)
B, B, -+ By uls-1(g—)

Combining now (4.1), (4.2), (4.6) and (4.7) and
after some manipulations, we obtain the Laplace

transform of the forced response of the
ARMA—representation (2.1)
u(s)
- su(s)
onr(s) = [C C(l)] ‘I’ (D . -
sqr+sﬁ(s)
0

u(0)
O TORINC [

+ C(sIn—J)—l Q u(s) —C [sIn—J]_l ug(0—) +

H~ 0 0
. q;
—1 —2 H- H- 0
+[sqr Ir’ sqr Ir,. ’Ir] . qr 1 q ) x
ST TS
u(0-)
b (0_)
By By By
0 BO u(s'l)(o_)
00 Bg By* - Bs-1 Bs
‘_u(qr+s—1)(0_)<
1
L)
= Ygorlt) = [Hg Hogp Ho He 1
T
] 1 r u(t) q
S-1 S 0 .
: (s-1)(y
B, B, < |4 ) |,
B, B,
0 B,
: : ((ir+s)
.0 0 --BgBy--Bg B (t)]




t
— _ e free I
+f Ce'](t T)ﬂ u(r)dr —CeJtuS(O—)+ u(0-) th A—T
0 ull)(0-) tpe ARM
By By -+ By X
e D, £ D, s« 0 By w5 -1 (09) jpcase ™
H, 0 -0 0 0 -- BgBj---Bs.Bs y(t) -
r
H- H-~ -« 0 . (H~
x q —1 q x ~
A . u(qr+s_1)(0-) H‘}r
: - ; |Tar
By  Hy o-Hg =0 (4.10) ]
(0-) 5. Closed formula for the solution of the , L
b ARMA-—representation A(p)y(t)=B(p)u(t). ;
ul ) (0-) In this section we examine the whole
B,B, -- B, : response of the system (2.1). Taking Laplace S \Hl
0 B ’ . transforms in (2.1) we obtain i
0 (s-1)(p- - —1 -2 {
. u (0-) A(s) y(s) = [sq I, s I, .., L]x E
. . . . * L “
0 0 -- BgBy---Bs-Bg ' Aq 0- 0 y(0-) ,
: o Age Agrer 0 y (1) (0-) z
_u(qr+s—l )(0_) |

- . . . i . "J J1
(4.8) Ay Aycec A [ ylatb(o) 4Ce

where u (1) (t), i=0,1,..,f1r+s, denotes the i—th + B(s) u(s) — [ss—llr, ss_2Ir, O
ordinary derivative of u(t) and {2, ug(0—) defined B, 0---017 u(0-) i
. . . ~|B
in (4.5) and (4.7) respectively, or equivalently o| Bsg Bg =0 ul 1) (0-) - e §
. N
s s () : . - o
nyr(t) = 20 JZI H‘l BJ u (t) + BI B2 s BS u § (O—)
= = B
~ ~ -1 -1 -2 SN
a, . y(s) == A" (o) V1, VI, ., Lx i
y (J+1) J(t—) N —— L
+ 3% X H;B:u (t) + Ce Qu(r)dr — - 1y
i=1j=0 ] 0 yhom(s) e
- R A 0++-0 0— [
T “ o F
— H.B. e 1 -
0 ug(0 )+i=0 1=i+1j=o[ 15 x l}q'l Aq ) O yt (0 + gL

NICESY (o—)} sy (a9)

A, Ay - Aq yla-1(0=)

It can be easily seen from the above that, 1 1 1 (5'51_)2
the forced response of the ARMA—representation  + [A "(s)B(s)] u(s) — A (s)[ss I,s" 1,
(2.1) will be free of impulses iff the input initial
-~ —
conditions {u(0—),ut ! (0—),..., u(qr+s—1)(0_)} Yior (s)
satisfy the following constraints : B, 0---0 u(0-)
cae (1) (0-
[H- 0 -0 1] | Bs- By oo 0 ut B0
Ar . Tl
H;1 . H(A1 0 |, . . ..
r . r. B1 B2"'Bs uls-b(0—)
H1 H2 Ha where y(s):=L[y(t)] and u(s):=L[u(t)]. It is easily
r

seen from (5.1) and sections 3, 4 that the whole
response of the system will be equal to the sum of
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the free response and the forced response of the
ARMA—representation (2.1). Thus the solution of
the ARMA—representation (2.1) will be equal to :

In case where g<gAr

(a,~2)
I, 891, s(t)L]x

-

(5.2a)

2
A, -er A y(0-)
A

<A (1) (-
g2 yt 1 (0-) +

yta-b(o-)

t
+CeHy (0-)—ug(0-)+ fo ce’a u(rydr +

+ [Hg HegypHo Hy 1%
B, 0 1rult)
wl D (t)
B_, B, 0 :
: : (s-1)
Bl B2'. ) ! '
0 B, :
o |t
Lo 0 .- Bp Byr-- By By | (t):
H.- 0 0
~ qr
1 He 1 By ’
+[6(ql‘ )(t)Ir" ,6(t)Ir] L9 1 r ) )
H1 H2 Hard
u(0-)
w1 (02)
8, B, B,
0 B, uls-1)(0-)
0 0 ..-Bo Bl"BS'lBS
u(arts=l) g,

In case where q>4cir

=6 D, 8D, s =
H- 0 -+ 0
r
H. . H- 0
P P
Hl H2 ° Har
Aghy tAg .. A 1] y(0-)
~ (1) -
x 0 1}0 q—2 Aq y (0-) +
0 0 A e A A (q-1)(0—
0 q—a VY (0-)
t
+CeJt[yS(0—)—uS(0—)]+f ce’a u(rydr +
0
+[H Hg,pHy Ha | x
qr
- o~ u(t) .
BS 0 (1 (t)
u
B, B, 0 .
By By . +
B, B,
0 B,
. . ((ir+s)
L0 0 .+ By By-+- Bg.gBg " (t)]
q,~1) (q,~2)
+ [6( ), 60T ()., (4D x
H- 0 -0
qr
H- . H- 0
T x  (5.2b)
H, H, -+ H
u(0-)
uall) (0-)
Bo B1 .o BS .
<0 By uls-1)(0)
0 0 -- BgBy--Bs- Bs
Lu(qr+s—1 ) (0_) |
where
y(0-) = 3B, 197°B,.., Blx
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Aq 0---0 y{0-) A0 A1 . Aq_1 y(0-)
. (1) (p- oo (1) (0-
S | ZLLCE N IR EAp MR | LI
. (q-1) (0 . (q-1)
A1 A2 Aq y (0=) 0 o0 A0 y ()
(5.3) (5.4a)
and uy(0—), O defined in (4.7b) and (4.5) If g>4,
respectively. We define now the following q. 0 -0
admissible initial condition space H; . q,
H- H. -+ 0
I P S N
Definition 2. Consider the following space of : . <t
initial conditions : Hl H2 . H-
[ u(0-) A
a1 (0-) u(0-)
y(0-) . ul ) (0-)
Hy = yt 1 (0-) : uls-1)(0-) By By B
0 By x| uls-1(0)
a0 (0-) S |
E 0 0 -+ BgBy--BgBg
[ ul3rte (g o
H- 0 -- 0 wldrts=1) g
qr - N
- H- H- 0 H- 0 0
If a<q, T T P qr
. . .. H-~ H-~ 0
. . . — | a~1 "q, . (5.4b)
H, H, 'H&r : Tt
H1 H2 . Har
- ;
:1(1?—) Ay A, -Aar_l a1 (y)(O—)
u (0-) 0 A --A- _ yluo(o-)y |_
By By B, : He e e =0
0 B, 1 N ' ]
ut 1) ((- 0 0 --A A (q-1)(Q—
e (0- ) ey 00
g ... L. ' or equivalently
00 Bo By -+ -B1-1 B : y (D (0-) i=0,1,..., q—1
R . Hlu = i) ) ) :
_u(qr+l—l ) (0-) u(V)(0-) i=0,1,..,q +s—1
qr . '
[H - 0 ] I H; [ 3 B, o0
dr 0 i=k j=0
H- 1 H-
LAt A aritl
: : - Ajy (0—)] =0,
—{H- H- . ] x 1=0
“ar—q+l qraq+2 ar
H H q k=l,2,..,qr (5.5)
171 2 q |
H;, will be called the admissible instial condition

space of the ARMA—representation (2.1) for every

u(t).

o
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It is easily seen from (5.3) that under the above
set of initial conditions, the solution (5.3) of the
ARMA-—representation (2.1) will be free of
impulses. This is the reason we call these
conditions admissible. Under the above initial
conditions the solution of the ARMA—
representation (2.1) will be the following

y(t)= C &' [y (0-) — u (0-)] +

t
+ j; CeJ(t_T)ﬂ u(r)dr +

+[H H_S,,l...Ho...Har] x

- 2 u(t) 7
s O (1) (t)
u
Bs-l Bs‘ 0 :
: u(s-l)(t)
B, By
By By
0 B,
. : . ((ir-f-s)
Lo 0 ---BgBy-+Bg. Bg " (t) ]
(5.6a)

or equivalently

y(t) = C & [y,(0=) — u(0—)]+
t
+ f CeJ(t—T)Q u(r)dr +
0

(kD)

S S
+ i{Jo j);‘,i H; B (t) +
‘ir S A
+3 jz:lo H; B, W) (5.6m)

6. Conclusions

A closed formula is given for the solution
of an ARMA representation, of the form
A(p)y(t)=B(p)u(t), in terms of the fundamental

matrix Hyp of A(s)—-l which are easily

implemented (Fragulis et al 1990) and the finite
and infinite Jordan pairs of A(s). The above
closed formula of the solution is very important
for various analysis, synthesis and design problems
because it is easily implemented.

REFERENCES
] BRAYTON R. K., GUSTAVSON F.G.
and HACHTEL G.D., 1972,, A new efficient
algorithm for solving differential—algebraic

systems using implicit backward differentiation
formulae., Proc. IEEE, Vol. 60, No. 1, pp.98—114.
[2] CAMPBELL S.L., MEYER C.D. and
ROSE N.J., 1976, Applications of the Draszin
inverse to linear systems of differential equations
with singular coefficients., SIAM J. Appl. Math.,
Vol. 10, pp.542—-551.

[3] CAMPBELL S.L., 1980, Singular Systems
of Differential Equations, San Francisco : Pitman,
1980.

f4] COBB J. D, 1980, Descriptor Variable
and Generalized Singularly Perturbed Sysiems : A
Geometric Approach, Ph.D. Thesis, Department
of Electrical Engineering, University of Illinois,
1980.

[5] COBB J. D., 1982, On the solution of
linear differential equations with singular
coefficients. J. Diff. Eq., Vol. 46, pp.310—323.

(6] DECLARIS N. and RINDOS A., 1984,
Semistate analysis of neural networks in Apysia
Californica, Proc. 27th MSCS, pp.686—689,
Morgantown, WV

[7 FRAGULIS G., MERTZIOS B. G. and
VARDULAKIS A.l, 1991, Computation of the
inverse of a polynomial matrix and evaluation of
its Laurent expansion, Int. J. Control, Vol.53,
No.2, pp.431—443.

(8] GEAR C.W.,, 1971, Simultaneous
numerical solution of differential—algebraic
equations. IFEE Trans. Circuit Theory, Vol
CT—18, pp.89—95.

9] LEWIS F. L., 1986, A survey of linear
singular systems., Circuit Systems Signal Process,
Vol.5, No.1, pp.3—36.

[10] LUENBERGER D. G., 1977, Dynamic
equations in descriptor form, IEEE Trans. Auto.
Control, Vol. AC—22, pp.312—321.

[11] NEWCOMB R.W., 1981, The semistate
description of nonlinear time—variable circuits.,
IEEE Trans. Circuit Systems, Vol.28, No.l,
pp.62—71

[12] SINCOVEC R.V., ERISMAN AM, YIP
E.L. and EPTON M.A. 1981, Analysis of
descriptor systems using numerical algorithms.
IEEE Trans. Auto. Control, Vol. AC—26, No.l,
pp.139—147.

[13] STOTT B., 1979, Power system dynamic
response calculations, Proc. IEEE, Vol.67, No.2,
pp.219—247, February 1979.

[14] VARDULAKIS A.IG., 1991, Linear
Multivariable Control : Algebraic Analysis and
Synthesis Methods, John Willey & Sons,
Chichester.

[15) YIP E.L. and SINCOVEC R.F., 1981,
Solvability. controllability and observability of
continuous descriptor systems. IEEE Trans. Auto.
Control, Vol. AC—26, No.3, pp.702—707.

[16] WILLEMS J. C., 1991, Paradigms and
puzzles in the theory of dynamical systems, IEEE
Trans. Auto. Control, Vol. AC—36, pp.259—294.

163



	156.pdf
	157.pdf
	158.pdf
	159.pdf
	160.pdf
	161.pdf
	162.pdf
	163.pdf

