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Abstract

The purpose of this paper is 1o design. analyze
and simulate a roadway controller for a single auto-
mated traffic lane that achieves desired traffic den-
sities along the lane. A macrosropic traffic flow
model that is modified for automated highway sys-
tem (AHS) operation is used for contro} design and
analysis. We have shown that the proposed road-
way controller guarantees exponential convergence
of the traffic density at each section of the lane
to the desired density. Simulation results are used
to illustrate the effectiveness of the proposed con-
troller and the significant benefits AHS may bring
to traffic flow.

1. Introduction

Urban freeway congestion is a growing problem
that is demanding the attention of transportation
authorities around the world. Solutions to this
problem are actively sought not only to ensure
shorter and more reliable travel times, but also to
diminish its adverse effects on pollution and wasted
fuel consumption.

A rudimentary approach to the congestion prob-
lem involves proper on-ramp metering at freeway
entrance ramps to regulate the flow of incoming
traffic to a freeway [5, 14, 15, 16, 19, 1]. Advisory
message boards placed at various points along the
freeway, advising freeway users about speed lim-
its, traffic conditions and alternative routes have
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also been used as a means of controlling congestion.
Current research on automated highway systems
(AHS) which propose microscopic control through
vehicle following or platooning [5, 14. 15, 16, 19, 1]
or macroscopic control to homogenize traffic den-
sity [20. 3] allow a more sophisticated solution to
this problem.

The goal of the macroscopic control approach is
to prevent congestion or at least avoid its ampli-
fication caused by traffic inhomogeneities. This is
addressed by seeking control strategies that help to
achieve a homogeneous traffic density profile [20, 3].
However, due to the strong coupling and the nonlin-
ear dynamics associated with the traffic flow model,
no theoretical analysis of the efficacy of such con-
trollers can be found in the literature. Rather, the
validity of any such proposed control scheme is only
Justified through a simulation study or by experi-
mental results on a particular freeway. The design
of a theory supported macroscopic controller is an
1ssue that is yet to be addressed.

In this paper we provide a solution that addresses
the above concerns. More specifically, we propose a
roadway traffic controller that operates on a macro-
scopic level to homogenize traffic density of a con-
gested freeway. We support the analysis and design
of our scheme using the theory of nonlinear integra-
tor backstepping that has been developed recently.
Simulations show that our proposed method dras-
tically reduces congestion and helps to achieve a
smooth traffic flow on a congested freeway.

This paper is organized as follows. In Sections 2
and 3, a discrete traffic flow model is presented and
the problem statement is given. In Section 4, the
details pertaining to the design and analysis of the
proposed roadway controller are given. Simulation
results which show the benefits of our scheme are
presented in Section 5. Conclusions and future re-




search directions are given in Section 6.

" 2. Traffic Flow Model

The analogy between traffic low and fluid dynam-
ics formed the basis for the first traffic flow model
proposed by Lighthill and Witham [10]. Their
model which had traffic density as its only state
variable showed poor transient behavior. Payne
[17, 18], Cremer and May [4] proposed several mod-
ifications to overcome this problem. A more so-
phisticated model was proposed by Papageorgiou
in [11, 12, 13] which has been tested and validated
using real traffic data from the Boulevard Periph-
erique in Paris. However, Karaaslan, Varaiya and
Walrand [9] demonstrated several shortcomings of
Papageorgiou’s model, and proposed a more realis-
tic model. This model forms the basis of our control
design and its description follows below.

Consider a single freeway lane which is subdivided
into N sections with lengths L;, (7 = 1,2,.... N} as
shown in Figure 1.

Section i Section N

Section 1

Figure 1: A freeway system subdivided into sections

The space and time discretized traffic flow model
for a segment of the lane involves the following vari-
ables:

ki(n) := Density in section 7 at time n7’ (in
veh/km/lane), where n =1,2,....
vi{n) = Space mean speed of vehicles in
section 7 at time nT (in km/h).
gi{(n) = Traflic volume entering section 7 + 1
at time nT" (in veh/h).
ri(n) := On-ramp traflic volume for
section 7 (in veh/h).
si(n) = Off-ramp traffic volume for
section i {in veh/h).
L, := Length of the i—th section (in km).
T ;= Time discretization step size (in h).
veh := Number of vehicles.
h := Hours.
km = Kilometers.

The modified freeway traffic flow model given in [9]
is in the following form:

qgi(n) = aki(n)v;(n)
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+(1 — a}kipi(n)viga(n)  (2.1)

—E‘_[Qi—l(") — gi(n)

+ri(n) — si(n))
T
vi(n) + —{Ve[ki(n)] — vi(n)}
T ka(m)
Ek;(n)«i—n' 17,_1( )
x [V vim (n)vi(n) — vi(n)]

u(n)T
—T—Liwi(n)

kifn+ 1)~ ki(n) +

(2.2)

vi(n + 1)

(2.3)

where

) = |

Here a.p. o, K. T Jt1. ia are positive constants with
0 < a <1, and kja, is the maximum possible den-
sity. The variable V,[k;(-)] in equation (2.3) rep-
resents the density dependent equilibrium speed.
In a manual operating environment with homoge-
neous traffic conditions, this relationship has been
characterized in {12, 13] as

] [ m
Velki) = vy (1— <k<kl ) )
jam

where [ > 0 and m > 1 are real-valued parameters
and vy is the free speed that can be estimated from
traffic data.

The term w;(n) in equation (2.3) under manual
operation depends on the downstream density and
can be expressed as

if kig1(n) > ki(n)

otherwise;

—f
Ll T
H2

(2.4)

ki (n) — ki(n)
ki(n) + &

where the positive constant k 1s introduced to pre-

vent abnormal growth of the velocity for section ¢

when its deusity is very low.

Typical parameter values associated with the above

model can be found in [9].

(2.5)

w;(n) =

Boundary conditions

We assume that the traffic flow rate entering sec-
tion 1 during the time period nT and {n + 1)7T is
qo(n). In addition, we also assume that

:’,—‘:(L:% — (1~ a)kl(n)]
ko(n) = - (2.6)
vo(n) = wvi(n) (2.7)
kvei(n) = kn(n) (2.8)
unvy1{n) = wvn(n) Vn. (2.9)




The physical meaning of each term of equation (2.3)
which influences the mean speed of a section can be
interpreted as follows [11, 9].

The second term L{V,[ki(n)] — vi(n)} is the re-
laxation term which accounts for the evolution of
the mean speed v;(n) towards its density dependent
equilibrium speed V,[k;(n})] with a time constant 7.
The dependence of V,[k;(n}] on the density is in-
fluenced by the environment in which the traffic
flow is operating. For manual operation, this rela-
tionship is governed by (2.4) as reported in [12, 13].
For a fully automated highway system (AHS) oper-
ating under homogeneous heavy traffic conditions,
the adopted safety policy for vehicles defines this
relationship. For instance, if the desired safety dis-
tance between two vehicles Sy is made to depend
on the equilibrium velocity V. as /

Sa = p(Ve)

then the density-equilibrium speed relationship can
be characterized by,

(2.10)

where ¢~ 1(-) is the inverse function of ¢(:), i.e.,
z = ! (y) satisfies the equation ¢(r) = y.
The third term L 2=t 0 (n)[/vi_y ()i (n) —

Lik,(n)+x
v;(n)] in equation (2.3) is the convection term. It
represents the influence of the incoming traffic on
the mean speed evolution in segment. i.
The last term —ﬂr'—’lLlluw(n) in equation (2.3) is the
anticipation term. It reflects the effect of down-
stream traffic density on the mean speed evolution
in section i at sampling time nT. For instance, if
the density downstream is lower, this term reflects
the tendency of human drivers to increase vehicle
speed.
For an automated highway system (AHS), the an-
ticipation term is no longer under human control.
It depends on the control law used by AHS to con-
trol traffic flow.
The dynamics of an automated highway system are
described by (2.1), (2.2), (2.3), but the adopted
safety policy that defines the equilibrium speed-
density relationship (2.10) replaces (2.4). Further-
more, the designed control law u{n) replaces the
last term in (2.3). The complete behaviour is gov-
erned by these equations repeated below for conve-
nience.

ak;(n)vi(n)
+(1 = o)k (n)vigr(n)

gi(n) =
(2.11)
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T

kiin+1) = ki(n)+ L_,-[(Ii—l(”) = qi(n)
+ri(n) — si(n)) (2.12)
win41) = )+ {Velki()] - ()
LR e
x[v/vi-1(n)vi(n) — vi(n)]
—u;(n) (2.13)
Ve(ks) = ¢! (,%) (2.14)

Here o,k , T are positive constants with 0 < a <1
and ¢~ !(-) is the inverse function of the adopted

safety policy o(+).

3. Problem Statement

Traffic congestion in urban freeways is caused by
adhoc velocities and headways that humans choose
when they operate their vehicles. Therefore, any
strategy that hopes to reduce congestion needs to
remove this human subjective element and replace
it with a method that directly controls the den-
sity and speed of vehicles by prescribing speed com-
mands to individual vehicles.

Assume that the roadway has the capability of mea-
suring mean speeds and traffic densities at each
section of a lane. The goal of traffic management
then is to assess the state of the traffic and pro-
vide appropriate speed commands to the vehicles
at various sections of the lane in order to main-
tain a desired traffic density profile which under the
current traffic conditions corresponds to some op-
timum traffic flow situation. A roadway controller
can be designed to perform this task. The speed
commands should be generated so that the desired
traffic flow rate can be achieved and the density
distribution along the lane leads to a homogeneous
traffic flow.

Consider a lane which is subdivided into N sections
with lengths L;, (i = 1,..., N) as shown in Figure
1. The traffic flow rate entering section 1 at sam-
pling time nT is go(n) veh/h. The desired traffic
density for section i of a single lane is assumed to
be kq,(n). Our objective is to choose a proper value
of u;(n) for section 7 such that the traffic density
of section i converges to the desired traffic density
kg (n) exponentially fast. 1.e.

ki(n) = kq,(n) as n = oo.




4. Roadway Traffic Density Controller

In this section, we propose a macroscopic road-
way traffic density controller for a single lane of a
freeway with no on-ramp/ off-ramp traffic so that
ri(n) = si(n) = 0. Our design uses integrator back-
stepping to realize the control law needed to track
a desired density profile. We shall repeatedly use
the following lemma for this purpose.

Lemma 4.1 Consider the following discrete time
system
z(n+ 1) = cz(n) + u(n),

where ¢ is a constant and |c] < 1.
Then u(n) — 0 exponentially implies z(n} — 0
erponentially.

Proof: The proof is trivial and is omitted.

Our control design consists of three steps.

Step 1

We begin our design by defining the tracking error
for section 7 as

Ei(n) := ki(n) — kg (n)
Then with (2.2) it follows that

Gn 1) = hn)+ laina(n) = ()]

kg, (n+ 1) (4.1)
ce&i(n) + ni(n)

where

n)] — kg, (n+1)

T
ni(n) = Zﬁ[qi-l(?l)—qz‘(
+ki(n) — ce&i(n)

From Lemma 4.1, we have &;{n) = 0 as n = o if
lce] < 1 and n;(n) — 0 as n = oc. The goal of our
next step is to choose the control input u;(n) that
guarantees 7;(n) — 0 as n = x.

Step 2

From the definition of 7;(n) and (2.1}, we have

Lzl[aki_l(n)m_ﬂﬂ)

+(1 = 2a)ki(n)vi(n)
—(1 = a)kip1(n)vig1(n)] — ke, (n + 1)
+ki(n) — ce&i(n) (4.3)

ni(n)

To simplify the notation, we define

T
L;

%(1 — 2a)k;(n) (4.15)

1

~L(1 - alkiga(n) (4.6)

H

k,-(n) — c5£,-(n) - kd|(n + 1) (47)

Note from (2.2) and (4.1) that the quantities a; (n+
1),bi{n + 1}.ci(n + 1),d;(n + 1) are available at
sampling time nT". To stress this fact, we define

ak;_1(n) (4,‘4)

a,(r)
bi(n) :
ci(n) :

di(n) :

iln+1)
dn+1)
ri(n + 1)
H{n+1)

(4.8)

[IRRINRI]]

KD &Fe

Substituting our definitions (4.4)-(4.7) in
equation(4.3) we obtain the compact form

ni(n) = ai(n)vi—1(n) + bi(n)vi(n)
+ei(n)vipr(n) + di(n) (4.9)

Then with (4.8) it follows that

a;(n)vi 1(n+1)+b(n)v,(n+l)
+éi(n)vigr(n+ 1)+ di(n)  (4.10)

We now consider the dynamics of this equation for
the entrance (i = 1), exit (i = N) and for the
intermediate sections (1 < ¢ < N) of the freeway
lane. Let us first define

nin+1) =

(m) + AVelks(n)] — ()}

I_kzl()
TR e v

x[\/ 1{(n)vi{n) —v;(n)]. (4.11)

Then. using equations (2.13) and (4.11), we have
f,(n) - ui(n) (412)

filn) =

viln+1) =
Casei: 1 <i< N.
L sing equations (4.10) and (4.12), we have
niln+1) = CnTh( n)+ (n)
—(ai(n)ui—1(n) + bi(n)ui(n)
+¢;(n)uiys(n)] (4.13)

= —cpmi(n) + [ai(n) fi-1(n) + bi(n) fi(n)
+¢i(n) fix1(n) + di(n)]. (4.14)




Therefore, if we choose the control signal u;(n),
1 <7< N to satisfy

a;(n)ui_1(n) + bj(n)ui(n) + & (n)uip1(n) = ei(n)
(4.15)

and choose ¢, so that |c,} < 1, then by application

of lemma 4.1 to equation (4.13) we have n;(n} — 0

as n — 00.

Case 1i: 1 = |.

Using boundary condition (2.7) in equation (4.10)

we have

(@i (n) + b1 (n))vna(n+1)
+21(n)va(n + 1) + dy(n)

mr+1) =

Substituting for a;(n) and b (n) from (4.8) and
(4.4)-(4.5) in this equation and using boundary
condition (2.6) with some manipulations it is easy
to show that

mn+1) = ecpym(n)+ei(n)
_ [2()”_ 1131(71,)111(71)
+é (n)uz(n)] (4.16)

where

er(n)y = —cymn)+ [20 — 151(1z)f1(n)
+é1(n) f2(n) + di(n)

(4.17)

+Lllqo(n + 1)] .

Therefore, if we choose control u;(n) to satisfy

bi(n)ui(n) + é1(n)uz(n) = er(n) (4.18)

«
200 — 1
then by application of lemma 4.1 to equation (4.16)
we have n;(n) = 0 as n = oc.
Case 1ii: i = N.
Using boundary condition (2.9) in {4.10) we have

an(n+1) = an(n)evoi(n+ 1)+ (by(n)
+en(n))on(n+ 1) +dn(n).

Substituting for by (n) and ¢y (n) from (4.8) and
(4.5)-(4.6) in this equation and using boundary
condition (2.8) we have

ov(n+1) = eypn(n) +en(n) —lay(n)un_1(n)

+ a by {(n)un(n) {4.19)

200 — 1

—epnn(n) + lan(n)fn-1(n)
+ 5 bn (n) v (n)
+dy (n)]. (4.20)

Therefore, if we choose control uy (n) to satisfy

5o le(")UN(n) =en(n)
(4.21)

then by application of lemma4.1 to equation (4.19)

we have ny(n) — 0 as n = .

Step 3

To obtain the control law w;(n),i = 1,2,....N

from equations (4.15), (4.18), and (4.21), we need

to solve the algebraic equation,

an(n)uy-1(n) +

Py (n)U (n) (4.22)

where

[s1(m)- wa(m
[el(n).ez(n). e .eN(n)]T

—cymi(n) + 2aa—
Fer(n)fa(m) + da(n) + T-go(n+ 1)
ci(n) = —eqmi(n) + ai(m) it () + Bi (W) i (n)
+ei(n)fiz1(n) +di(n) Vi=2,....N -1
“ e (n) +aw () fy 1 (n)

(%

to 15N(")fN(”) +dn(n)

en(n)

We define two constants p;, 5; where
pi = — (4.24)
3 ' , (4.25)

Substituting equations (4.24)-(4.25) to the tridiag-
onal mairix equation (4.22) yields

P(n)U(n) = E(n) (4.26)




where
P(n) =
?0"_7] by B85y 0 0
poby b Boabsy 0 - 6]
o} psbo b Azby 8} a
0 0 - - 0 o
0 5} n
o 0 AN—1bN
o 0 0 pNbN_1 20"_le

The uniqueness of the solution of (4.26) depends
on the non-singularity of P(n), which in turn can
be guaranteed if

bi(n) >8>0, forallin.

To ensure satisfaction of this condition we make the
following assumption for each section of a freeway
lane at any sampling time.

Assumption 4.1 Traffic Flow Controllability

There exists a small positive constant §* such that

ki(n) + %[al\tl—_l(n)ri_l(n)
+ (1 = 20)k;(n)v;i(n)

— (1= a)kipi(n)vigi(n)]
> 4" >0 Vin

kiin+1) =

Remark 4.1 If assumption ({.1) is violated. it
tmplies quantitatively that the solution to equation
(4.26) 1s not unique. It also implics qualitatively
that the density at the next sampling instant is not
sufficient to warrant control action. Hence if this
condition occurs. then the control law for this sec-
tion can be switched off. The requirement in as-
sumption (4.1) is therefore intuitively reasonable
for applying control.

Our design is summarized in the following theorem.

Theorem 4.1 Assume that the lraffic flow con-
trollability stated in Assumption f.1 1s satisfied for
each section at any sampling tume. Then there ex-
wsts a control input ui(n) which satisfies

P(n)U{(n) = E(n) (4.28)
where P(n). U(n) and E(n) are defined in Step
3. and furthermore, drives the traffic density k;(n)
for section i. i = 1.2.....N to the desired traffic
density kq, (n) erponentially fast.

Theorem 4.1 provides the control strategy needed
for tracking of a desired density profile. Accord-
ing to this theorem, if the velocity command that
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is sent to vehicles in each section i of the lane at
sampling time (n 4 1)7T 1s chosen as

Ucommand =~ [ 71 ] — U (71)}
T k,_

{
otln) )
Li ki(n) + &
x[Voior(m)vi(n) = vi(n)] = ui(n)
where u;(n) is chosen as (4.28), then the traffic den-

sity at section i converges to the desired traffic den-
sity k4, exponentially.

n)

5. Simulation Studies

Consider a long segment of freeway with only one
lane which is divided into 12 sections. The length
of each section is 500m. The initial traffic volume
entering section 1 is assumed to be 1500 veh/h.
Initial density and mean speed of each section are
as follows:

e The initial denqity for soriions | to 12 are:
18. 18. . 18,520 52, 52, 18, 18, 18, 18
z*eh/km/lane respect,lwly.

e The 1nitial velocity for sections 1 to 12 are:
81. 81, 81. 81, 81, 29, 29, 29, 81, &1, 81, 81
km/h respectively.

Three cases are considered. In the first case, we
show in Figures 2 and 3 the situation when no con-
trol 1s applied. From these figures we see the prop-
agation of congestion upstream due to the initial
traffic congestion in sections 6 — 8 which eventually
causes a traffic jam.

In the second case. we use our proposed controller
to achieve a desired traffic density of 23 veh/km.
As evidenced by our simulation results shown in
Figures 4-7. the initial congested conditions are
quickly dampened out by our controller and traf-
fic flow 1s regulated to achieve the desired traffic
densities,

In the third case. we assume that the input traffic
flow rate in section 1 increases exponentially from
1500 veh/h to 2000 veh/h as shown in Figure &.
We set the desired traffic density for this case to
23 veh/km. From our simulation results shown in
Figure 9 we see that the desired traffic density is
exponentially achieved.

6. Conclusion

In this paper. we presented the theory and de-
sign of a macroscopic traffic controller to track a
desired density profile.  Our simulations demon-

strated the effectiveness of our controller in re-




ducing traffic congestion and exponentially track-
ing desired densities. However, due to the highly
nonlinear and strong coupling characteristics of the
freeway model, computation of the control required
for density tracking is not straightforward. First,
it needs density and velocity data of all sections of
the freeway. The cost of data acquisition for this
purpose increases with the freeway length and can
be substantial. Second, computation of the control
involves a recursive type algebraic equation formed
by (4.15), (4.18) and (4.21) which leads to a large
scale matrix equation (4.26) that must be solved.
The solution of this equation yields the control that
must be applied for all sections of the freeway un-
der consideration. Computational costs associated
with solving such large scale systems can be consid-
erable and should be avoided for quick and effective
control. Due to these concerns, it is desirable to
move from a centralized controller to a decentral-
ized one. Such a controller should apply control on
a particular section based only on the information
from its neighboring sections. Furthermore, any
computations necessary in determining this control
should not be unnecessarily costly. The design of
decentralized controllers that achieve these objec-
tives is a topic of current research.
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Figure 2: Density Profile without control
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Figure 3: Velocity Profile without control
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Figure 5: Velocity Profile:  desired density is
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Figure 6: Density in each section: desired density is
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Figure 7: Velocity in each section: desired density is
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Figure 8: Increasing Entrance Flow Rate
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