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Two-dimensional discrete.systems have enjoyed a great deel of
research interest over the past several years D],|}O].This has be
motivated,on the one hand by a number of applications of 2-D model
in various areas of science and engineering and,on the other hangd,
interesting ahd difficult theoretical problems posed by such syste
[1], [10] .Recently,meny results have teen presented on controllabil
end so called minimum energy control problem for verious kinds of
2-D dystems [2 - 9] and [11 - 12].It is well knowm [1], [10] ,that
minimum enerzy control problems are strongly related to various ty
of controllability of 2-D systems.

In the papers 2], [3],[5]s and{ﬁ?] locel controllability and =
nimum energy control problems for different kinds of regular finit
dimensional 2-D systems have been extensively considered using the
classical methods of linear algebra.lioreover,in the publications [
[7],[8] and[ﬁ] some results concerning controllability and minimun
energy control problems for singular 2-D systems have been formule
Finally,the paper [4] conteins controllability conditions and the
lution of minimum energy control problem for infinite-dimensional
systems defined in general Banach spaces.

The mein purpose of this paper is to present a complete solui
of the minimum energy control problem for the general linear 2-D :
tems with constant coefficients,defined in infinite-dimenszional I

bert spaces.The obtained results are generzlizations of the resul

given in the pzpers [3] end [12]to infinite-dimensional case,




where z(i,;;) € X ig the locsl state , X is a Hilbert spzce ,
u(;,j) € U is the control , U is & Hilbert space ,
@qj)e 7ZxZ , Z is the set of non-negative integers ,

Ay s k=0,1,2, are linear and bounded operators from X to §
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operator from U to X .

Boundary conditions for the bstract equation /1/ are given by
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vhere Xj, and X, 2Te Known elements of the Hiltert space X .
3imilarly as in finite-dimensionzt case [ﬂ],[}@ , let us @
1,] i
so called transition operator i as follows :
.0,0 h : - .
A = I , identity operstor on the Eilberd spsecs X8
5 i-1,3-1 i,i=-1 o i=1,] . . -
A = Aga + A4 + Aoi for i, j=0%8
Atrd =0 o Dor L0 @F <O .
T 1 : 3 + me+ +he transition onerator -_‘.l’j a4
It should be pointed out ,thet the Trznsitlon ojerator 4 is
linear and bounded operztor from the spece X to the space X . 1
transition operztor is used to derive the compzct form of the sol
tion of the abstfact difference equation /1/ .For simplicity olf

tations,we may assume without loss of generzlity,that the bounds
conditions /2/ are zero.

Using the method presented in the paper [3] we may prove,th
solution of the equation /1/ with zero boundary conditions /2/ B
the following form :

]3:1-’1 q_—.j-,{

x(;,ﬁ) = :>> :>— Ai_p_1’j—q_1Bu(p,q) /3l

p=0 g=0
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ince,in the sequel we gnall CONSL4BY c=—u SYySLEA S 1/ Ll & glive

finite rectzngle [(0,0), (= s)] sthen it is

solution /3/ in a more convenient and compact form .In order to do

e

o0s3ible to express the

that,let us introduce the following notations :

Vo, = UK ge X U /47

TS
rs-times
Vv  is the Hilbert space of all possible input sequences u(?,j)EIJ

for (i,j)e [@,O), (r,s)) X

D=T-4 =51

o = > > aTPT1 5y (p,0) /5/

5=0 =0

1

:+ V —»X is the bounded linear operator and U, is the inpud

Vipg rs

sequence defined as follows
= {u@no), B150) o5 e s i (140) 5o wes(@=10) 4 w0, 5 & (T sens
I u(in),...,u r-1,1),...,u@,j), Py ) e u@,j),_”
...,u(r-uj),...,u@,s-o,u@,s-o,...,u@-1,s-1)} /6/

Therefore,tyking into account the equality /3/ the solution o:

the equation /1/ can be expressed in the following very simple for

K(S s) K mI's p g /1/
However,it should be stressed,that formula /7/ represents the solu
tion of the equation /1/ for fixed point (;,s) and zero boundary c
ditions.

Now,let us concentrate on the controllability problem for 2
system /1/..It is well known [}O],that for infinite-dimensional ca
it is necessary to introduce two different notions of controllabil
exact controllability and approximate controllability.

Definition 1. Dynamical system /1/ is said to be exacily co

trollable in a given rectangle Bp,o),(;,s)] if for each x, €X ,th
exists a sequence of controls urséi vrs such that
K@,S) =XI‘S /8/

Definition 2. Dynamical system /1/ is said to be epproximat

controllable in & given rectangle [(0,0) ; (r,s):] if for every £>0 anc

) i uch tkh
each x, €X ,there exists a sequence of controls U‘rse vrs suc
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In other words,epproximate controllabilify means,that we cal

steer our 2-D system to every neighbourhcod of the arbitrary pain

= e X,
T3

ii/ The image of the operator W,. is the whole space X ,i.e. Tl
iii/ The selfadjoint controllasbility operstor WrSW;S has bounded
inverse.
Theorem 2, The following stzfements are equiavlent :

i/ 2+D system /1/ is approximetely controllable in rectanzle[@h@

=

ii/ The imzgze of the operator Trg is ecerywhere dense in the spilj

L ) 41 m3 - PR 1 L B T T8 - ot pni £ P s
In the proofs of the Theorems 1 2ad 2 the methods of functid
oy - . * P ~ad
anzlysis are extensively used.
Esie -] » ar F - TF = Fa 9 A pan i RN
Corollary 1, If the spnices X and U are finite-dimensicnzl,td

exact controllability is equiv=lent to approximzte controllabilif
in every rectangle .

Severcl computable conditions for controllability of 2-D syl
/1/ in finite-~dimensionzl case are formulated and proved in p],ﬁ
5], (10]anda [12].

Yow,let us consider the minimum energy control problem for X4
system /1/.VWe generally assume,that our 2-D system is exactly com
trollable in & given rectangle &p,O),(?,si}.We want to steer 2-D4
tem /1/ from the zero boundary conditions /2/ to the desired fina
state x 4€X ,using controls u. € V,.gsSince generally,there exisi
different such controls,we shall look for one,which minimizes the

following performace index
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J(urs) = <(n a) u@ G> ers !urs> /10/

v
rs

Now,we shall give the explicite solution to our minimum enerz;
control problem for 2-D system /1/ .

Theorem 3., Let us assume,thet 2-D system /1/ is exactly contirs

able in = prescribed rectangle KQ,O),(;,siland that xpg€ X is giver

Then,the control sequence

u®(z, q) = @I'—p-ﬂ - q—'f)*v'lrs“is)q . AR (p,q)e[(d,o),(r,sD /11/

transfers dynamical system /1/ to the desired final state x, €X ,:
minimizes +the performence index /10/ .Moreover,the minimum value ¢

/10/ is given by the following formulsa
w ¥
J(Prs) er Trs'lrs xrs /12/

Remark 1. The solution of minimum control problem given in th
Theorem 3 extends to the case of infinite-dimensional 2-D systems -
previous results concerning finite-dimensional cases [2],[3],Ef],ﬂ
[10] ,and [12].

Remark 2. It should be stressed,that the assumption aboutl ex
controllability is essential in our congiderations,.Without this as
ption,Theorem 3 is no longer true. How ver,under the weaker assump
about approximzte controllability,we construct the sequence of con
trolswhich minimizes /10/ and steer 2-D system to the arbitrary ne
bourhood of the given final state x,4€ £L.

Remark 3. The method of proof for Theorem 3 is similar to tho
which are valid for finite-dimensional czses [2],[3],[7],(8],[19],
However,it should be mentioned,that it is necessary also to use so
general theorems taken from the functional analysis.

Remark 4. It shonild be pointed out,that there are mzny possi
extensions of the presented results.We may consider more generel
quadratic performznce index or to introduce 2-D infinite-dimension
systems with variable coefficients[?].The next possibility is to ¢

sider the so called straightline controllability end to reformulet

our minimum energy control problem [3].
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