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Abstract

The new necessary and sufficient conditions, formulated in terms of convergence of a
certain sequence of operators involving the resolvent of the negative of the controllability
operator, are found for deterministic linear stationary control systems to be completely
and approximately controllable, respectively. These conditions are applied to study the Sp-
controllability (that is a property of attaining for the time 7" an arbitrarily small neighborhood
of each point in the state space with a probability arbitrarily near to one) and the Cyp-
controllability (that is the Sp-controllability fortified with some uniformity) of stochastic
systems. It is shown that a partially observable linear stationary control system with an
additive Gaussian white noise disturbance is Sp-controllable (Cr-controllable) for each T > 0
if and only if its deterministic part is approximately (completely) controllable for each time
T>0.

1 Introduction

In this paper we present some new results concerning theory of controllability for deterministic
as well as for stochastic systems.

Theory of controllability originates from the famous work (Kalman, 1960) where the con-
cept of complete controllability was defined for finite dimensional deterministic linear systems
and the rank condition for them was proved. The natural extension of the concept of complete
controllability to infinite dimensional systems is too strong for many of them. Therefore, the
concept of approximate controllability was defined as a weakened version of the complete con-
trollability. A discussion of the concepts of controllability for deterministic systems the reader
can find in (Curtain and Zwart, 1995; Bensoussan et al., 1993; Zabczyk, 1992; Curtain and
Pritchard, 1978; Balakrishnan, 1976). Recently, the new necessary and sufficient conditions
for the complete and approximate controllabilities were obtained in (Bashirov and Mahmudov,
1998). These conditions are called the resolvent conditions and they are discussed in this paper.

“The results presented in this report are in the main obtained in (Bashirov and Kerimov, 1997; Bashirov and
Mahmudov, 1998)
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The natural extension of the complete and approximate controllability concepts to stochastic
control systems has no meaning. Therefore, there is a need in further weakening of these concepts
in order to extend them to stochastic control systems. Some attempts in this direction are made
in (Synahara et al., 1974). In (Bashirov and Hajiyev, 1983 and 1984) an approach based on
separation was suggested to define and to study the controllability of stochastic systems and
in (Bashirov, 1996; Bashirov and Kerimov, 1997) the concepts of Sp- and Cp-controllability
were defined for stochastic systems. Briefly, an Sp-controllable stochastic control system can
attain for the time T an arbitrarily small neighborhood of each point in the state space with
probability arbitrarily near to one. The Cp-controllability is the Sp-controllability fortified with
some uniformity. In this paper we discuss the S7- and Cr-controllabilities as well.

2 Notation

In this paper X and Y are real separable Hilbert spaces. R¥ denotes the k-dimensional real
Euclidean space. As usual, R' = R. The closure of the set D is denoted by D. The space of
all linear bounded operators from X to Y is denoted by £(X,Y’). The brief notation £(X) =
L(X, X) is used as well. A* denotes the adjoint of the operator A. The trace of the operator A
is denoted by tr A. If A € £(X) is self-adjoint and (h, Ah) > 0 (respectively, (h, Ah) > c||h]|?,
where ¢ =const.> 0) for all h € X, then we write A > 0 (respectively, A > 0), where (-,-) is
an inner product and ||-|| is a norm. For A > 0, the square root of A is denoted by A'/2. The
symbol I denotes an identity operator. A zero operator, a zero vector and the number zero are
denoted by 0 being clear which is meant from the context.

Always it is supposed that two time moments are given. The initial time moment is identified
with zero and it is fixed. The terminal one is denoted by 7' (7" > 0) and it is considered as
variable. L9(0,7T; X) denotes the space of equivalence classes of all Lebesque measurable and
square integrable with respect to the Lebesgue measure functions from [0,7] to X. As usual,
we use the brief notation L2(0,7') = L2(0,T;R). The notation Az is used for the triangular set
{(t,s) : 0< s <t<T}. Bo(Ar,L(X,Y)) denotes the space of all £L(X,Y)-valued functions on
Ar that are strongly measurable and square integrable with respect to the Lebesgue measure
on AT.

All integrals of vector-valued functions are considered in the Bochner sense. For probability,
for expectation and for conditional expectation, the notations P, E and E(- |- ) are used, respec-
tively. cov (x,y) is the covariance operator of the random variables  and y. The brief notation
cov z=cov (z,z) is used as well. The integrals of operator-valued functions (except stochastic
integrals) are in the strong Bochner sense.

3 Main definitions

Consider a deterministic or stochastic control system on the finite time interval [0,7] with
T > 0. Let 2% be its (random or not) state value at time T corresponding to the control u taken
from the set of admissible controls U,q. If the considered control system is stochastic, then by
Fi we denote the smallest o-algebra generated by the observations on the time interval [0, T]
corresponding to the control w. Suppose that X is the state space. Introduce the set

D(T) = {at : u € Uaa}- (1)

Definition 1. Given T > 0, a deterministic control system will be called
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(a) %-controllable if D(T') = X;
(b)  D%-controllable if D(T) = X.

It is clear that the D%- and D%-controllabilities are the well-known complete and approximate
controllabilities for deterministic control systems, respectively. Originally, the Df.-controllability
was introduced in (Kalman, 1960) as a concept for finite dimensional deterministic control
systems. The natural extension of this concept to infinite dimensional control systems is too
strong for many of them. Therefore, the D%-controllability was introduced as a weakened version
of the D%-controllability.

The natural extension of the complete and approximate controllability concepts to stochastic
control systems is meaningless. Therefore, there is a need in further weakening of these concepts
in order to extend them to stochastic control systems.

Given T'> 0, 0 < e < oo and 0 < p < 1, introduce the sets
S(T,e,p) = {h € X : 3u € Una P(|E(}|F}) —h|> >¢) <1-p} (2)
and
C(T,e,p) ={h € X : Ju € Upq h=Ez% and P(|E(z%|FL) — h|*> > &) <1—p}. (3)

The following definitions will be used as a step in discussing the main concepts of controllability
for stochastic control systems. Given 7' > 0, ¢ > 0 and 0 < p < 1, a stochastic control system
will be called

(a) St ,-controllable if S(T,e,p) = X;

(b) St . ,-controllable if S(Te,p) = X;

(c) . p-controllable if C(T',¢e,p) = X;
(d) Cf . ,-controllable if C(T,e,p) = X;

(e) S%,Eyp—controllable if0e S(T,e,p).

Geometrically, the 57, . -controllability ( %,Eyp—controllability) can be interpreted as follows.
If a control system with the initial state zo is S7, -controllable (S7. . -controllable), then with
probability not less than p it can pass from 1z for the time 7" into the y/e-neighborhood of an arbi-
trary point in the state space (in a set that is dense in the state space). The interpretation of the
Ct.p~ and O -controllabilities differs from the same of the 57, - and 7., -controllabilities
since among the controls, with the help of which the y/e-neighborhood of any point & is achieved,
there exists one with property that the expectation of the state at the time 7', corresponding
to this control, coincides with h. Obviously, a Cf . -controllable (C%yg,p—controllable) control
system is Sf.. -controllable (Sf.. -controllable), but the converse is not true.

Smaller ¢ is and larger p is for a control system, better controllable it is, i.e. it is possible
to hit into a smaller neighborhood with a higher probability. One can observe that for any
T > 0, all control systems are S7._ -, St -, Cf . - and C7 _ -controllable with ¢ > 0 and
p=0ore=o00and 0 <p <1ifweadmit co as a value for . At the same time it is clear
that a Df-controllable (Df-controllable) deterministic system is S - and Cf , ;-controllable
(8% .9,1- and Cf  ;-controllable) with parameters e = 0 and p = 1, since for deterministic systems,
D(T)=5(T,0,1)=C(T,0,1). Also, each kind of controllability, mentioned above, with a smaller
¢ and a greater p implies the same kind of controllability with a greater € and a smaller p.

Summarizing, we can give the following easy necessary and sufficient conditions for the Df.-
and D%-controllabilities.

Proposition 2. Given T > 0, for a deterministic control system, the following conditions
are equivalent:
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(a) the D%-controllability;
(b) the Sf.. ,-controllability for all € >0 and for all 0 <p < 1;
(c) the Cf . ,-controllability for all € > 0 and for all 0 < p < 1.

Proposition 3. Given T > 0, for a deterministic control system, the following conditions

are equivalent:

(a)  the D%-controllability,

(b)  the Sf.. ,-controllability for all € > 0 and for all 0 < p < 1;
(c) the Cf ,-controllability for all € > 0 and for all 0 <p < 1.

Excepting the limit values € = 0 and p = 1 from the above mentioned necessary and suffi-
cient conditions of the complete and approximate controllabilities, one can obtain the weakened
versions of these concepts. For a moment call a given stochastic control system to be

(a)  Sp-controllable if it is S, -controllable for all € >0 and for all 0 <p < 1;
(b)  St-controllable if it is Sf. . -controllable for all € >0 and for all 0 <p < 1;
(¢)  Cf-controllable if it is Cf. . -controllable for all € > 0 and for all 0 <p < 1;
(d) Cf-controllable if it is Cf. . -controllable for all € > 0 and for all 0 < p < 1.

The following proposition shows that the concepts of S%- and S$-controllabilities are equiv-
alent.

Proposition 4. Given T > 0, a stochastic control system is S3-controllable if and only if it
is ST-controllable.

Proof. The sufficiency is obvious. For the necessity, suppose that a given stochastic control

system is S7._ -controllable for alle > 0 and 0 <p < 1. Let S(7' ¢, p) be the set (2) correspond-
ing to this system. We have S(T,e,p) = X for alle > 0 and 0 < p < 1, where X is the state
space. We have to show that the stronger condition S(7T,e,p) = X foralle >0and 0 <p <1
holds. Fix arbitrary g > 0, 0 < pp < 1 and h € X. Since S(T,e,p) = X for all ¢ > 0 and
0 < p < 1, there is hg € S(T,e0/4,po) such that ||hg — h||?> < eo/4. At the same time, since
ho € S(T,eo/4,po), there exists u € Uyq with

P{|E(zp|F}) — holl* > €0/4} <1~ po.

Hence, for this u € U,q, we have

P{||E(z%|FL) —h|?>e0} < P{|E(@%|FL) — holl + ||ho — k|| > o}
< P{||E(z}|F}) — holl + Veo/2 > Vo)
= P{|[E(%|F}) — hol® > e0/4}
< 1—po.

Thus, h € S(T,e0,pg). We obtain S(T, e, pg) = X for all g9 > 0 and for all 0 < pg < 1 that
proves the proposition.

Also, it will be shown (see Proposition 27) that for partially observable linear stationary con-
trol systems with an additive Gaussian white noise disturbance the concept of Cf-controllability
is equivalent to the concept of S%- or S%-controllability. So, we can define two basic and one
additional concepts of controllability for stochastic systems.

Definition 5. Given T > 0, a stochastic control system will be called

(a)  Sr-controllable if it is S -controllable (or, equivalently, S,
alle > 0 and for all 0 < p < 1;

(b)  Cr-controllable if it is Cf. . -controllable for all € > 0 and for all 0 <p < 1;

(¢)  S%-controllable if it is S%E’p—controllable for all e > 0 and for all 0 < p < 1.

Geometrically, the Sp-controllability can be interpreted as follows: an Sp-controllable con-
trol system can attain for the time 7" an arbitrarily small neighborhood of each point in the state

-controllable) for
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space with a probability arbitrarily near to one. The C'r-controllability is the S7-controllability
fortified with some uniformity. The S%-controllability is useful in discussing Sp- and Cp-
controllabilities.
In order to interprete the Sy-, Cr- and S%-controllabilities in (Mahmudov and Denker, 1999)
the sets
S(T) = ﬂS(T,e,p) and C(T) = ﬂC(T,e,p),

where the intersections are taken over all ¢ > 0 and all 0 < p < 1, are introduced. With these

sets a stochastic control system is
(a)  Sp-controllable if and only if S(T') = X
(b)  Cp-controllable if and only if C(T) = X;
(¢) S%-controllable if and only if 0 € S(T).
Then Proposition 4 easily follows from the fact that for any control system, S(T') is a closed set

in X and, hence, the conditions S(7T) = X and S(T') = X are equivalent. Also, Proposition 2
and Proposition 3 are consequences of the fact that for a deterministic control system

D(T) = S(T,0,1) = C(T,0,1) = () S(T,e,p) = (| C(T;e,p),
where the intersections are taken over all ¢ > 0 and all 0 < p < 1.

Finally, notice that the abbreviations D, S, C, ¢ and ¢ in the previously introduced control-
lability concepts mean deterministic, stochastic, combined, complete and approximate, respec-
tively.

4 Description of the system
We will examine the S7- and Cp-controllabilities of the partially observable linear control system

dz} = (Az} + Bug + fr)dt +dy, 0 <t <T, zf = xo, ()
€V = Ca dt + dipy, 0 <t < T, €4 =0,

where z, u and £ are the state, control and observation processes. Under the set U,q of addmis-
sible controls we consider the set of all controls u in the linear feedback form

t
Ut:ﬂt+/ Kt,sdfg, OStST, (5)
0

with @ € Ly(0,T;Y) and K € By(Ar, L(RF,Y)).

Throughout this paper we assume that A is a densely defined on X closed linear operator
generating a strongly continuous semigroup U, B € L(Y,X), C € L(X,RF), f € Ly(0,T; X),
xo is an X-valued Gaussian random variable, ¢ and 1 are X- and R¥-valued Wiener processes,
respectively, xg, ¢ and 1 are independent. We will use the notations

covzg = Py and covypy = Mt,

and assume that cov i, = It. If u € U,q, then under a solution of the equation in (4) it will be
meant its mild solution, i.e. the function

t ¢
xy :Utxg—l—/o Z/{t,s(Bus—i-fs)ds—i—/O U sdps, 0 <t <T.

327



Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999

One can associate two control systems with the system (4). The first of them is the deter-
ministic control system

d
%y]g:Ay;’—i-th—i—ft, 0<t<T, yj=1yo=Euy, (6)

with the admissible controls v taken from V,q = Lo(0,7;Y). The second one is the partially
observable stochastic control system

dz{’ = (Az)’ + Bw) dt +dpy, 0 <t <T, 2§ = 2y = o — Exy, (M)
dny =CzPdt +dipy, 0 <t <T, ny =0,

where w is a control from the set of admissible controls Wyq consisting of all controls in the form
t
wy = /0 Kt,s d'r/gja t> 05 (8)

with K € By(Ar,L(R*,Y)). The same mild sense will be applied to the solutions of the
equations in (6) and (7).

5 D% and D%-controllabilities: the resolvent conditions

In this section the necessary and sufficient conditions in terms of convergence of operators will
be obtained for the system (6) on V,q to be D$- and D$-controllable.
With the systems (4), (6) and (7), one can associate the operator-valued function

T
Or = / UBBU* ds, T > 0, (9)
0

which is called a controllability operator. For T > 0, the operator Qp is nonnegative (Qp > 0)
and, hence, R(\, —Qr) = (M + Qr)~! is well-defined bounded linear operator for all A > 0 and
for all 7> 0. If @ > 0, then R(\,— Q) is defined for A = 0 as well. The operator R(\,—Qr)
is called the resolvent of —Qp. This resolvent will be used to represent the optimal control in
the linear regulator problem of minimizing the functional

T
T(w) = g = Bl + 1 [ ol (10)

where 4" is a state process defined by (6), v is a control taken from V,q = L3(0,7;Y) and T > 0,
h € X and X > 0 are parameters.

Lemma 6. Given T > 0, h € X and X\ > 0, there exists a unique optimal control v* at
which the functional (10) takes its minimum value on V,q. Furthermore,

v} = =B'Up_ RO\, —Qr){Uryo — h+g), a.e. t € [0,T], (11)
and \

where R(\, —Qr) is the resolvent of —Qr and

T
9:/0 Ur_ frdt.
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Proof. The existence and uniqueness of the optimal control v* follows from the general
results about linear regulator problems, see for example (Curtain and Pritchard, 1978). We will
prove the formulae (11) and (12). Computing the variation of the functional (10), one can easily

obtain \
o = =AB U (i — ), ae t€[0,T]. (13)

Substituting this in (6) and using (9), we obtain

T
y%k = UTyo-i-/O Ur_i(Bv} + fy)dt

e A
= Uryo+g— A" /0 UTftBB*U%,t(y% — h) dt
= Uryo+g—A"'Qr (y%A — h)-

Hence,
’U>\ ’U>\
Ayr = AMUryo +g) — Qr (yT - h)a

which implies
A
(AL + Qr)yr = MUryo + g) + Qrh

and, consequently,

A

yh = MM+ Q) YUryo + g9) + M 4+ Qp) LA + Qp — M)k
AR\, —Qr)(Uryo + g — h) + h.

Thus, the equality (12) holds. Substituting (12) in (13), we obtain the equality (11). Lemma is

proved.
Theorem 7. Given T > 0, the following statements are equivalent:
(a) the control system (6) on Vaq is DS-controllable;
(b) Qr>0;
(c) R(A,—Qp) converges as A — 0 in uniform operator topology;
(d) R(\,—Qr) converges as A — 0 in strong operator topology;
(e)  R(A,—Qp) converges as A — 0 in weak operator topology;
(f)  AR(X, —Qp) converges to zero operator as A — 0 in uniform operator topology.
Proof. The equivalence (a) < (b) is well-known. For the implication (b) = (c), let Q7 > 0.
Then for all z € X and for all A > 0,

(z, (AT + Qr)z) > (A + k) ||z|1%,

where k£ > 0 is a constant. Therefore, for all A > 0,

_ -1 1 1
[ROA, =Qr)|| = [[(AT + Qr) || < RS T

We obtain that ||R(\, —Qr)|| is bounded with respect to A > 0. This implies

IR, —Qr) — Q7' = M+ Qr)~" — Q'

= 1Q;1(Qr — M — Qr) (AT + O7) 71|
QA AL + Q) 71|
k2.

IN N
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So, R(\,—Qr) converges uniformly to Q' as A — 0. The implications (c) = (d) = (e)
are obvious. The implication (e) = (f) follows from the boundedness of a weakly convergent
sequence of operators. For the implication (f) = (b), suppose

AR, —Q7)|| = A H(M n QT)*lH 0, A— 0.

Then \!/2 H()\I + QT)_I/ZH — 0 as A — 0. For sufficiently small Ao > 0, we can write

AT + Q)72 <

Sl

So, for all z € X, we have

12 = [ + Q1) 2) (Mg 2 (NI + O7)/)a|?
1.
5% 2Ol + 0r) e

IN

% (A (ol + Qr)z,z),

which implies
(25" ol + Qr)z,z) > 2|z

and, consequently,
(Qra,x) > Xofll”.

Thus, Q7 > 0. The theorem is proved.
Theorem 8. Given T > 0, the following statements are equivalent:
(a) the control system (6) on Vaq is D$-controllable;
(b) if B*Ufz =0 for all 0 <t < T, then z = 0;
(c)  AR(X, —Qr) converges to zero operator as A — 0 in strong operator topology;
(d)  AR(X, —Qp) converges to zero operator as A — 0 in weak operator topology.
Proof. The equivalence (a) < (b) is well-known. For the implication (c) = (a), let
AR(A\, —Qr) be strongly convergent to zero operator as A — 0. Consider an arbitrary h € X
and the functional (10) with this h. By (12), selecting A sufficiently small, we can make y%A
to be close to h. So, the system (6) on V,q is D%-controllable. For the implication (a) = (c),
let the control system (6) on V,q be D%-controllable. Then for arbitrary h € X, there exists a
sequence {9"} in L (0,T;U) such that ||y% — h|| — 0 as n — oo. We have

\y%A %A—hHQJr/\/
0

where v* is the control at which the functional (10) takes on its minimum value. If ¢ > 0 is
given, then we can make ||y% — h| < &/v/2 for some sufficiently large n and then we can select
0 > 0 to be sufficiently small so that for all 0 < A < 6,

e

o - +>\/0T I 2,

A/ 512 dt<—

Thus, ||y§iX —h|| <eforall0 < A <9, ie. y%X converges to h as A — 0. By (12) and by the
arbitrariness of h, this implies the strong convergence of AR(\, —Qy) to zero operator as A — 0.
Finally, the equivalence (c) < (d) is a consequence of AR(\, —Q7) > 0. Theorem is proved.
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The conditions (f) in Theorem 7 and (c) in Theorem 8 clearly distinct the D$- and D%-
controllabilities of the control system (6) showing that the distinction between them is in a
kind of convergence of AR(\, —Qr) to zero operator as A — 0. We call these conditions the
resolvent conditions for the control system (6) to be D$- and D%-controllable, respectively. The
conditions (b) in Theorem 7 and (b) in Theorem 8 are the well-known complete and approzimate
controllability conditions.

6 Applications of the resolvent conditions

An application of the resolvent conditions to a concrete control system requires a computation

of the respective resolvent and then a verification of the respective convergence. These are

illustrated below in the examples of controlled one-dimensional heat and wave equations.
Example 9. Consider the controlled one-dimensional heat equation

0 0?
ayt,a = Wyt’

p+vig, 0<O0<1, 0<t<T, (14)
with the initial and boundary conditions
y0,0:f(97 yt,OZyt,lzoaoggglaogtST- (]-5)

Let X =Y = Ly(0,1) and let f € X. In the system (14)-(15), the second order differential
operator d?/df? stands for the operator A with the domain

D(A) ={h € X :(d?/d#*)h € X, hy = h; =0}

and it generates the strongly continuous semigroup U defined by
s 2,2 1
[Ushlg =D 2e" ™ ' sin(ind) / ho sin(ira)da, 0<0 <1, t>0, h € X.
i=1 0

If v is a control action taken from the set of admissible controls V,q = La(0,T; L2(0, 1)), then it
is easily seen that B = B* = I and, since U; is self-adjoint,

T T
Or = / UsBB*U; ds = / Uy ds.
0 0

Therefore, for h € X,
T
[Qrhly = V Usah ds]
0 0

o T - 1
= Z/ 2e 2T ssin(iw@)/ hq sin(ira) da ds
i=1"0 0

o 1 _ ef2z'27r2T

-3

1
sin(iw@)/ hq sin(ira) do.
i=1 0

i?m?
The half-range Fourier sine expansion of h € X is
00 1
hg =Y _ 2sin(im0) / ho sin(ina) da, 0 <6 < 1.
0

=1
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Using this, we obtain

2 2272\ + 1 — e~ 20T
(AT + Qr)hlg =

=1

1
sin(m@)/ hq sin(ira) da.
0

22
Let (M + Qr)h = g. If we use the half-range Fourier sine expansion of g € X, then
o 21'2,”2)\ +1— 67271271'2T 1

1 o0
=5 sin(im0) / hq sin(ira) da = Z 2sin(im0) / go sin(ima) do,
i=1 v 0 pa— 0

which for all 4 € N implies

_ 24272
2212\ + 1 — e 2777

1 1
/ hq sin(ira) do / Jo sin(ima) do.
0 0

Therefore,

hg = [(M+Qr) 'gly = [R(\,—Qr)glo
- 43272 o 1 o
-2 2i27m2)\ 4+ 1 — e—2827°T sin(ird) /0 ga sin(ira) do.

=1

If go = 1, then by Parseval’s identity,

IR0, -0nglk = S3 s Y —— da>2
24 (22m2 A+ 1 —e20mT)2 g

i 8i°m?(1 — (—1)")?
- (22'271.2)\ 41— e—2i27r2T)2

i=1
00 Q-2 201 _ (_1Yi\2 29
2 Z 82(722'2(712)\ EL 11))2) - (22’21222)\: 1)%
i=1 i=1,3,5,...
One can verify that the inequality
1 1+ 1

>
222X+ 1~ 2(i+ 1212\ + 1

holds whenever i is an integer that is greater than the number 1/v2Aw. Let N, be the smallest
odd integer that is greater than 1/v/2Aw. Then the sequence

{i2772/(2i2772>‘ + 1)2}i:1,2,...
is decreasing for i > N,. The following limits are obvious:
1
N,\—>ooa,nd)\N§—>—2as>\—>0.
27

Using these, for g, = 1, we obtain

Vv

© 1622 16
RO\ — 2 e >/ 5 dt
IR\, —Qr)gllx > iz]% (272X +1)2 = [y, (2022 +1)2

> /oo dm’t dt ! —
= o0
— Ny, 2m2N2 4 1)2 >\(27r2>\N§ +1)
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as A = 0. So, by (a) & (d) in Theorem 7, for any 7' > 0, the control system (14)-(15) on
Vaa = L2(0,T; L2(0,1)) is not D%-controllable. At the same time, for all g € X,

x 8i1ni)2 1 .
2 ..
INR(X, —Q7)gll% = i:E 1 @iPA+ 1 — ¢ T2 (/0 Jo Sin(ima) da) -0

as A — 0 and, hence, by (a) < (c¢) in Theorem 8, for each T' > 0, the control system (14)-(15)
on Vaq = Lo(0,T; L2(0, 1)) is Df-controllable.
Example 10. Consider the controlled wave equation

0? 0?
ﬁft,a = @ft,a +bgvy, 0<H<1, 0<t<T, (16)
with the initial and boundary conditions
0
50,0 = fga agt,g =0 = 90, gt,O = gt,l = 07 0< 0 < la 0<t< Ta (17)

where v is a control action taken from the set of admissible controls V,q = L2(0,T'), i.e. Y = R.
We assume that f, g and b are functions in Ly (0, 1). For these functions we will use the half-range
Fourier sine expansions

Z a; sin(im), gg = Z Bi sin(im@), by = nyl sin(im6)

=1 =1 i=1

and suppose that
(e.0)
Zz’Qa? < 00.
i=1

Let X be a Hilbert space of all functions
h= m L [0,1] - R,

where f and g satisfy the above mentioned conditions, endowed with the scalar product

i = {[1].[1]) - - e .

9 =1

where &; and ,@l are the respective Fourier coefficients of f and g. In (Curtain and Zwart, 1995;
Zabczyk, 1992) this space X is taken as suitable for the problem (16)-(17). For the operator

A= [dZ/OdHZ é] ) (18)
where d?/d6? has the domain
D(d*/d9?) = {n € Ly(0,1) : (d*/d0®)n € L2(0,1), mo =1 = 0},
and for B € L(R, X)) defined by

0

[B"’]ﬂzlbgv ,0<0<1, veR,
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the problem (16)-(17) can be formulated in the abstract form

d
i = Ays+ By, 0 <t <T, (19)

where

_ €. S
[ytlo = [(3/5t)ft,g ,0<0<1,0<t<T; yo= [g]

In (Curtain and Zwart, 1995; Zabczyk, 1992) it is shown that the operator A defined by (18)
generates a continuous group U as defined by

> cos(tm im) " sin(im
(Usihlo = ; l—zﬁr sgn(;)rt) ( )cos(z'ﬁt() t)] [ﬁz] sin(inf), 0< 9 <1, ¢20,

where
- H cx
g

and «; and B; are Fourier coefficients of f and g, respectively. Since U is a group, we have
U = U_;. Therefore, the controllability operator Qr of the system (19) is

T T
Orh = / Ur_BB*UE hdt = / U,BB*U_;hdt, h € X.
0 0

We have - . N
U by = 2 lai cos(imt) — B;(im) s1n(z7rt)] sin(ih).

— | agmsin(irt) + f; cos(imt)

One can calculate that o
B*h = Z’)’iﬁi, h e X.
i=1
Hence,
o0
BU_th = vi(oyim sin(int) + f; cos(imt))
i=1

and, consequently,

[UBB*U_th)p = Z [%(:T)(:S(s;;gﬂ)] sin(imf) x Z’Yj(&jjﬂ' sin(jnt) + B; cos(jnt)).
i=1 ¢ j=1

Thus, for T' = 2,

2 © [.2
[Qsh]y = /0 Uy BB*U_,h)p dt = ; D@Zl] sin(in).

We obtain that

(AT + Q2)hlyg =D (A +7)) 5, ] sin(im0)
=1 ?
which implies
[R(A\, —Q2)hlg = [(M + Qg)flh]g = Z A+ %2)_1 [gll sin(im#).
i=1 ¢

334



Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999

Finally, for all h € X,

IAR(N, —Q2)h|> = m(ﬂw%? +52) =0
=1 7

as A — 0 ify; #0 for alli =1,2,.... Thus, by (a) < (c) in Theorem 8, we obtain the following
sufficient condition for the approximate controllability of the system (16)-(17) which agrees with
Theorem 2.10 in (Zabczyk, 1972): if T' > 2 and b is so that

1
/ by sin(in0) df £0, i =1,2, ...,
0
then the control system (16)-(17) on Vaq = L2(0, 1) is D%-controllable.

7 S%-controllability

In this section the S¥-controllability of the control system (7) on W,q is studied. For this, we
consider the Riccati equations

d
%Qt + QtA + A*Qt - AithBB*Qt = 07 0 <t< Ta QT = Ia A > 03 (20)
and y
%Pt_APt_PtA* —M+PtO*CPt :0, 0<t§T, P() = COV 2. (21)

Lemma 11. There exist the unique strongly continuous solutions (in scalar product sense)
Q" and P of the equations (20) and (21), respectively, satisfying Q} > 0 and P, > 0 for all
0 <t <T. Moreover, the solution of the equation (20) has the ezplicit form

Q) = \Xdp_ RO\, —Qp Up 4, 0<t<T, X>0. (22)
Proof. For the existence and for the uniqueness, see (Curtain and Pritchard, 1978). For

the representation (22), see (Da Prato and Barbu, 1992; Bashirov and Kerimov, 1997).
Lemma 12. There exists the finite limit

T
ap = lim tr / CP,Q)P,C* ds, (23)
A—0 0

where Q* and P are the solutions of the equations (20) and (21), respectively.
Proof. Consider the family of the stochastic optimal control problems on W,4 with the
state-observation system (7) and the functional

T
P(w) =B (nz%u? o f ||wt||2dt> A0, (24)
0

to be minimized. In (Curtain and Pritchard, 1978) it is shown that the functional J* takes its
minimum value at some control w* € W,q and

T
Tw) = tr Pr + tr /0 CP,Q P,C* ds.
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Therefore, to prove the lemma it is sufficient to show that the sequence {J*(w?)} has a finite
limit as A = 0. Let A > v > 0. Then

T
v,V w" |12 v
W) = E(HZT I*+v [ uthth)

w2 r A2
E|lzr (" +v ; |wi||” dt

T
2 (Hz%*n? 2/ ||w$||2dt> = ).

IN

IN

We conclude that {J*(w?*)} is a nonnegative and nondecreasing function of A > 0. Hence, there
exists a finite limit of J*(w*) as A — 0 proving the lemma.
Lemma 13. The equality

inf E |[E (1|77 = ar, (25)
Wad

holds, where ar is defined by (23), Q* and P are the solutions of the equations (20) and (21),
respectively.
Proof. We will compare the functional (24) and

- T
P(w) = E (umz%ﬁ“’"w 2y uwtuzdt> ,
where w € W,q and z" is the state of the system (7). Since Pr is the covariance of the error
2y — B (2| F;"") independently on w € Waq, we have
tr Pr = El|zp — E (2| Fp")II° = Ell27]° - EIE (7|77,
and, consequently,
- T
Jw?) = JANw) —tr Pr = tr/o CP,Q)P,C* ds.
If we denote by {#"} any minimizing sequence of the functional
Jo(w) = E|[E (| F7)|?,
then
- o 2 T
inf BI|B (4 F7")|? < P (w) < B (HE (A F ) +a ||w?||2dt> .
ad 0
Consequently, taking the limit as A — 0 and n — 0o, we obtain the statement.

Theorem 14. Given T > 0, ¢ > 0 and 0 < p < 1, the control system (7) on Wyy is

S%E,p—controllable if
ar < £(1—p), (26)

where ar is defined by (23).
Proof. By Lemma 13, we have

inf BIB(RIFE)|? = ar < e(1 —p).
ad
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Therefore, there exists w® € W,q such that
BB (24|72 < e - p).
Using Chebyshev’s inequality, we obtain
P17 > <) < o1z [ < -

proving the theorem.

It should be noted that the condition (26) being a sufficient condition of S%yg,p—controllability
is not necessary in general. In view of this we present the following arguments. For a given
system, define the functions

a, =inf®,, &, = {c: the system is S%E,p—controllable}, (27)

B =sup ¥, ¥. = {p: the system is S%E’p—controllable}. (28)

Obviously, a and g are nondecreasing functions with ap = 0 and lim._,, B: = 1. It follows from
the definitions that the necessary and sufficient condition for the system to be S%’Eyp—controllable
is

ap < e if inf @, is not achieved, (29)
ap < e if inf @, is achieved,

which can also be written in the following equivalent form:
B: > p if sup VU, is not achieved, (30)
B: > p if sup V. is achieved.

Using (26), define the functions

o= ar(l—p)~', 0<p<l, 5 _ 1 —are™!, ar <e < oo,
P 00, p=1,

By (29), (30) and Theorem 14, it follows that
ap <dp, 0<p<1, and B >f, 0<e<oo,

i.e. in the case of the control system (7) the functions & and (3, defined with the help of (26), give
only approximations of the functions o and 8 and may not be equal to them. In case o < &
or 8. > 3 the condition (26) cannot be a necessary condition of S’%E,p—controllability.

Theorem 15. Given T > 0, the control system (7) on Waq is S%-controllable if ar = 0.

Proof. By Theorem 14, ap = 0 implies that the control system (7) is S%E’p—controllable for
all ¢ and for all p satisfying (1 — p) > 0. This condition includes all pairs (¢,p) with ¢ > 0 and
0 <p < 1. So, the system (7) is S%E,p—controllable for all e > 0 and for all 0 < p < 1 proving
the theorem.

Theorem 16. Given T > 0, the control system (7) on Waq is S%-controllable if the system
(6) is Dg-controllable for each 0 <t <T.

Proof. From (a) = (c) in Theorem 8, we obtain that AR(\, —Qr_;) strongly converges to
zero operator as A — 0 for all 0 < ¢t < T. Hence, by Lemma 11, Q; strongly converges to zero
operator as A — 0 for all 0 < ¢ < T. Furthermore, substituting h = \/2(A\I + Qr_;)" Y2z in

(AN AL + Qr_y)h, h) > (h,h),
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we obtain

(A + Qr_y) ', z) < ||z

So, AR(A, —Qr_¢) < I and by Lemma 11, Qg\ <Uj_Ur_y forall A > 0 and for all 0 < ¢ < T.
Hence, we can change the places of the limit, the integral and the trace in (23) to obtain a; = 0.
Thus by Theorem 15, we obtain the S¥-controllability of the control system (7) proving the
theorem.

Theorem 17. The control system (7) on Waq is S%-controllable for each T > 0 if the control
system (6) on Vaq is D%-controllable for each T > 0.

Proof. This is a direct consequence of Theorem 16.

8 (7-controllability

In this section the Cp-controllability of the control system (4) on U,q is studied. We use
the results about the D$-controllability of the control system (6) on V,q and about the S9-
controllability of the control system (7) on W,q from the previous sections.

Lemma 18. U,q = V,q + Waq, where + is the sign of the sum of sets.

Proof. Let u € U,g be of the form (5) with @ € Lo(0,7;Y) and K € By(Ar, L(RF,Y)).
Then Eu = u € V,q and, if w = u — u, then

t t
wy = /OKt,sC(x’;‘—Ex’;)der/O Ky s dps

t t t
= / Kt,sCZ;U ds + / Kt,s dps = / Kt,s dng}
0 0 0

Thus, w = u — 4 € W,q and, consequently, u € Voq + Wyoq. On the other hand, if v € V,q and
w € W,q where w has the form of (8) with K € By(Ar, L(RF,Y)), then

t t
up = vt+/ KtysC’z;”dswL/ Ky s dps
0 0
t t ¢
= vt—/ K, Cyg ds+/ K, Cxy ds—l—/ K s dps
0 0 0

Denote .
’lj,t = Ut — / KtysC’y;’ ds. (31)
0

Then v has the form of (5) with @ as in (31), i.e. u € Uyq. Thus, Uyq = Vaq + Waq proving the
lemma.

Lemma 19. Ifu = v + w where v € Voq and w € Wyq, then the o-algebras ]—';f’g and F;",
generated by &Y, 0 < s <T, and nY, 0 < s < T, respectively, are equal.

Proof. It is easy to show that

t
;‘:ny’+0/ygds, 0<i<T. (32)
0

Since the second term in the right-hand side of (32) is nonrandom, we conclude that ]—';’5 and
Fp'™" are equal.

Lemma 20. Given T > 0, ¢ >0 and 0 < p < 1, the control system (4) on Uaq is Cf,, -
controllable if and only if the control system (6) on Vaq is D%-controllable and the control system
(7) on Wyq is S%E’p—controllable.
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Proof. Let C(T,e,p) be the set (3) corresponding to the control system (4). Similarly,
let D(T') be the set (1) corresponding to the control system (6). Assume that the system (4)
is Cf., ,-controllable. Then from the inclusion C(T,e,p) C D(T), it follows that the control
system (6) is DS-controllable. Let h € C(T,e,p). Then there exists u € U,q such that h = Ez¥
and

P {||B (@ 75%) — h|* > e} <1-p.

Consider w = u — Eu € W,4. By Lemma 19, .7-"55’5 = F;". Therefore,
P{|E (8|77 ")? > e} = P{|E (24| F1) —Baf||* > e} < 1—p,

i.e. the control system (7) is S’%E,p—controllable. So, the necessity is proved. To prove the
sufficiency, let h € D(T). Then there exists v € Vaq such that h = y%. Also, from the S%
controllability of the control system (7), we conclude that there exists w € Woq with

&P

P{|E H1F P > e} <1-p.
Consider © = v + w. By Lemma 18, u € Uyq = Viaq + Waq. Moreover,
) 2 —_— b
P {||B (@ |FF%) = hl|* > e} = P{[BHIFP|* > e} <1-p,

i.e. h € C(T,e,p). Therefore, D(T) C C(T,e,p). Since D(T) = X, we obtain C(T,¢e,p) = X.
Thus, the control system (4) is Cf.. -controllable. Lemma is proved.

Theorem 21. Given T > 0, the control system (4) on Usq is Cp-controllable if and only
if the control system (6) on Vuq is DS%-controllable and the control system (7) on Wyq is Sy-
controllable.

Proof. This is a direct consequence of Lemma 20.

Theorem 22. The control system (4) on U,q is Cr-controllable for each T > 0 if and only
if the control system (6) on Vaq is DS.-controllable for each T > 0.

Proof. The necessity follows from Theorem 21. For sufficiency, note that by Theorem 17,
the DS-controllability of the control system (6) for each 7' > 0 implies the S%-controllability
of the control system (7) for each T > 0. Thus, by Theorem 21, the control system (4) is
Cr-controllable for each T' > 0. Theorem is proved.

9 Spr-controllability

In this section the Sr-controllability of the control system (4) on U,q is studied. At first we
present the results about C'%-controllability which are similar to those of C'r-controllability.

Lemma 23. Given T > 0, ¢ >0 and 0 < p < 1, the control system (4) on Uaq is Cf., -
controllable if and only if the control system (6) on V,q is D9.-controllable and the control system
(7) on Wyq is S%Eyp—controllable.

Proof. This can be proved in a similar way as Lemma 20.

Theorem 24. Given T > 0, the control system (4) on Uyq is Ch-controllable if and only
if the control system (6) on V,q is D%-controllable and the control system (7) on Waq is S9-
controllable.

Proof. This is a direct consequence of Lemma 23.

It turns out that Theorem 24 is true if the Cf-controllability in it is replaced by the Sr-
controllability. To prove this result, we will use the following fact.

Lemma 25. U,q is a convex set.
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Proof. At first, note that if w € W,q is of the form (8) with K € By(Ar, L(RF,Y)), then
there exists M € By(Ar, L(RF,Y)) so that

t
wt:/o M sdn?, 0<t<T,

and vice versa, where n° is the observation process of the system (7) corresponding to the
zero-control. The proof of this well-known fact one can find in (Curtain and Pritchard, 1978).
Therefore, if u', u? € U,q, then by Lemma 18,

. . t .
up=vi+ [ M 0<e<T =12,
0

for some v',v% € Ly(0,T;Y) and M, M? € By(Ar, L(RF,Y)). Let a1 > 0 and az > 0 be so
that aq + ap = 1. Then for v = o' + azv? and for M = oy M + a, M?, we have

¢
ut:alutleagu%:Ut—i—/ Mtysdng, 0<t<T,
0

with v € Ly(0,T;Y) and with M € Bo(Ar, L(RF,Y)). Thus, u € U,q proving the lemma.

Theorem 26. Given T > 0, the control system (4) on U,q is Sp-controllable if and only
if the control system (6) on V,q is D%-controllable and the control system (7) on Waq is S-
controllable.

Proof. If the control system (6) is D%-controllable and the control system (7) is S9-
controllable, then by Theorem 24, the control system (4) is C$-controllable which implies its
Sp-controllability since C(T,e,p) C S(T,e,p). Sufficiency is proved. For the necessity, let the
control system (4) be Sp-controllable. Take an arbitrary h € X and consider the sequences {¢,, }
and {pn} with ¢, > 0,0 <p, <1and &, = 0, p, = 1 as n — oco. From S , -controllability
of the system (4), we obtain the existence of the sequence {u"} in Uyq such that

P {|[B («f |7 %) = k> > ea} < 1= pa.

The obtained inequality implies the convergence in probability of E (w%n|f$n’£) to h. Indeed,
for £ > 0, we can find a number N such that 0 < &, < 2 for all n > N. Therefore, for n > N,

P {||E (¢}'|F7 ) = hll > e} S P{IB (@} |77%) = hl* > en} S1—pa =0, n— oo,
Hence, E (z%'|F %) converges to h in probability. Since for all n, E (2% |F% *) is a Gaussian
random variable, the characteristic function of it has the form

. 1
Xn(x) = exp <Z<mnax> - §<Anxax>> y T E X?

where m,, = E (E (w%n|.7-"¥n’£)) = Ez%" and A, = covE(x%nLﬂlfn’&) and ¢ is the imaginary
unit. Also, the vector h € X is considered as a degenerate Gaussian random variable with the
characteristic function

x(z) = exp (i(h,z)), ze€X.

The convergence of E (:1:%“|]:¥n’§) to h in probability implies x,(z) — x(z) for all x € X. The
last convergence is possible when for all z € X,

(mp,z) = (Ez% ,z) — (h,z) and (A,z,2) — 0 as n — oo. (33)
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The first of these convergences means the convergence of E z%" to h in the weak topology of the
Hilbert space X. By Mazur’s theorem (Balakrishnan, 1976) we can construct the sequence

n ) n
n ut n n . .
hn:E c;Ezp, ¢ >0, E =1 1=12,...,n, 1=12,...,
i=1 i=1

of convex combinations of Ez%" such that h, converges to h in the strong topology of X.
Denote o™ = Y i, c?ui, n =1,2,.... By Lemma 25, 4" € U,q for all n. Moreover, in view of
the affineness of the system (4), h, = Ex%". In terms of the system (6) this means that for
the sequence of controls v = E 4™ in V,q, the sequence of vectors h, = Ew%" = y%" converges
to h in the strong topology of X. Since h is an arbitrary point of X, we conclude that the
set D(T') defined by (1) for the control system (6) is dense in X, i.e. the control system (6) is
Df-controllable. Now consider the second convergence in (33). Let {e;} be a basis in X. We
can select a subsequence {n! 1 of {n} so that the sequence {{A,1 e1,e1)} decreases and goes to
0. Then we can select a subsequence {ng,} of {ny,} so that the sequence {(A,2 ez, e2)} decreases
and goes to 0. Continuing this procedure for all e; and taking the diagonal sequence {n/"}, we
obtain that for all e;, the sequence {(A,me;, e;)} decreases and goes to 0. Thus, in

dim X
am Angy = im Z} (Appes, ei) (34)
1=

the series is so that for all m and for all 7,
(An%ei, €i> S (An%ei, €i>.

So, we can interchange the places of the limit and the sum in (34) and obtain that limy, o tr Aym =
0. Without loss of generality, assume that lim,,_,o, tr A;, = 0. By Lemma 18 and Lemma 19, if
w" = u"” — Eu™, then w™ € W,q and

A, = covE (m%n|]:¥n’§) =covE (z%’n|.7-"zT”n’").

Therefore,
. w™ wn,'q 2 9 .
Jim E |E (27 |Fpr I = Jim tr A, = 0.

By Lemma 13, this implies a = 0. Finally from Theorem 15, we obtain that the system (7) is
S%—controllable. The theorem is proved.

Proposition 27. Given T > 0, the stochastic control system (4) on Usq is St-controllable
if and only if it is C$-controllable.

Proof. This follows from Theorem 24 and Theorem 26.

Theorem 28. The control system (4) on Uaq is Sp-controllable for each T > 0 if and only
if the control system (6) on Vaq is Df-controllable for each T > 0.

Proof. The necessity follows from Theorem 26. For sufficiency, note that by Theorem 17,
the D%-controllability of the control system (6) for each T > 0 implies the S%-controllability
of the control system (7) for each T > 0. Thus, by Theorem 26, the control system (4) is
St-controllable for each 7' > 0. Theorem is proved.

Example 29. Consider the control system (4) with the operators A and B as defined
in Example 9. It was shown in Example 9 that the deterministic part of this system is D%-
controllable for each T" > 0. Hence by Theorem 28, this system is Sp-controllable for each
T >0.
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Example 30. Consider the control system (4) with the operators A and B as defined in
Example 10. It was shown in Example 10 that the deterministic part of this system is D%-
controllable for each T" > 2 if some additional condition holds. However, Theorem 28 does not
guarantee the Sp-controllability of this system for any 7" > 0.

Finally, we present the following theorem about the equivalence of the above discussed con-
cepts of controllability in a finite dimensional case.

Theorem 31. Given T > 0, if X = R" and U = R™, then the following conditions are
equivalent:

(a)  the rank of the matriz [B,AB, ..., A" 'B] is n (Kalman’s rank condition);
(b)  Qr >0 (complete controllability condition);
(c) if B*Ufz =0 for all 0<t<T, then x = 0 (approzimate controllability condition);
(d)  AR(X,—Qr) converges to zero operator as X — 0 in uniform operator topology
(resolvent condition of complete controllability);
(e)  AR(X,—Qr) converges to zero operator as X — 0 in strong operator topology
(resolvent condition of approzimate controllability);
AR(A\, —Qr) converges to zero operator as A — 0 in week operator topology;
) R(\, —Qr) converges as X\ — 0 in uniform operator topology;
R(X,—Qr) converges as X — 0 in strong operator topology;
R(X\,—Qr) converges as A — 0 in weak operator topology;
the control system (4) on U,q is Cr-controllable;
the control system (4) on Uysq is Sp-controllable;
m) the control system (6) on V,q is DS-controllable;

(n)  the control system (6) on Vaq is Df-controllable.
Proof. These follow from the results of this paper and from the other well-known results.
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