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Abstract

Non-integer order systems have been studied by several authors to model particular physical
systems (electrical, biological etc.). In particular it can be shown that a non integer order system is
equivalent to an infinite order LTI system. This feature can be useful considered for model order
reduction purposes . The main aim of this paper is to show the mathematical background of this new
approximation theory, the criteria for selecting the order of a non-integer order model which behaves
as the original integer order ones and the quality indexes that can be considered for assessing the
goodness of the approximated model. Some examples and simulations are reported.

1. Introduction

Model order reduction has recently become an interesting field of investigation, due to the increasing
importance of synthesize controllers with more simple structure (reduced order controllers). The
approximation of the plant is performed via different strategies, paying attention to avoid the deleting
of most important dynamical features of the system.

In this paper a way for reducing the number of parameters describing an high order system is
presented. It is based on selectingeros and+1 poles in order to be well approximated by a one
pole fractional order system, whose behavior has been studied ire(&n 1984, Charekt al,

1992). Since this kind of system is identified by three parameters, globally is possible to isfiare 2(
ones. It is quite evident that forsufficiently large this fact can be a great advantage because an
order system is so decomposed in an integerl order system and a fractional" order (where

0<mx1 ) system, allowing an easier approach in designing suitable regulation strategies.

After a brief discussion above fractional order systems and methods for approximating them, a
detailed explanation of the strategy concerning the inversion of methods previously introduced is
therefore presented, including a method that allows to quantify the effectiveness of the performed
approximation. Several examples of applications compared with classical methods are also discussed
in order to validate the performed approach.

" Email: mporto@dees.unict.it

2222



Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999

2. Fractional systems and approximation methods

Fractional Systems (or Non-Integer-Order Systems ) can be considered as a generalization of integer
order systems. Typical examples of natural fractional systems can be found in studying dielectric
polarization, as shown in (Charef al,1992; Liu, 1985), transmission lines or noise spectrum in 1/f
type processes like in (Keshner, 1982), while often fractional regulators are needed in control
engineering and robotics as reported in (Oustaloup 1983; Oustaloup1991).

As a classical example of a non integer order linear system, the voltage-current relation of a semi-

infinite lossy (RC) line is reported:
d%v(t) R.
- Y — 1
prCE N c (t) 1)

In (Oldham, 1974; Ross, 1975) it is assumed as m-order derivative, for 0<m<1, the following
expression:

dviy d[ 1 o

(2)

(I'(*) being the factorial function cited in (Oldham, 1974)).

Referring to (1) and considering i(t) and v(t) as the input and the output of a fractional system
respectively, the corresponding transfer function is represented by an half-integrator. Therefore the
frequency response shows asymptotically a slope of -10 dB/dec and the phase delay is 45°.

A more general fractional system has the following transfer function:

Y 1
Fo= -1 _ @
U(s) (s+p
that can be represented by the non-integer differential equations
ﬂ(emy(t)): ey ). (4)
dt™
By using (4) and (2), it follows that the impulse respons@)€ Jt) ) of system (3) results:
tm—le—pt
t) = 5
y(®) rm ()

which has finite integral if0,+oo[ . Therefore relation (5) can be used in classical convolution

integral for deriving the response of the system to a general input signal u(t). As regards the
frequency response of (3) it could be observed that such system shows a magnitude Bode’s plot which
resembles a first order system, except for the slope, which is proportional to thenof@&m

dB/dec).

An analogous dependence can be found for plrase
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O[F(jw)] = —marctg[%j (6)

Fractional systems like in (3) can be approximated by using integer order modeizeiitts andh+1

poles. In (Suret al, 1984; Chareét al, 1992), an alternative succession of poles and zeros is usually
adopted to this purpose. The quality of the approximation depends on the desired bandwidth together
with the maximum error in dB admissible. An example is given in fig. 1. The number of poles and
zeros is clearly correlated with the desired bandwidth. In the example has been adopted an
approximation with maximum error of 2 dB from=107 to =1C.
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Figure 1: Bode’s diagram of/(s+ 1) and (dashed) its 4° order approximation

The general form of the transfer function is reported below

i

H(9) = —— = S ™
P; i=0 P;

wherepr =10% and p,, z andN are chosen suitably, according to (Charefal, 1992), for each
different orderm. As it can be seen, there is a relation between non integer order systems and a
particular kind of high order systems (relaxation systems). This fact can suggest that, inverting this
assumption, auitably distributedsuccession of poles and zeros can be represented by a one-pole
fractional systems.

In next section this fact will be explained more in details.

3. From high order to fractional order

Let us consider &N order system, with all poles and zeros real, described by the following transfer
function in Bode form:
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i) ©

Our aim is to approximate most of the poles and zeros of (8) with a fractional order transfer function
in order to obtain the following approximation function:

kl_i (1+ ;j

SR

where Z and p are subsets ofz and p respectively kL and n<N ). Expression (9) is more

compact and simple than (8), especiallyrik<N. The zeros and poles distribution of (8) can be
whatever: an example of singularity succession could be the following % 2z ps z: Ps Ps Zs P Zs
P7 Ps Po Z)

G(s)=— =

~ G(s) (9)

P1 R 2 2 B 3 R B 2 B 2 $4 B B 3%
O_O 4R ) ) 4R
/ / / /

The first step is to “extract” the longest possible alternative succession of poles and zeros . In most of
cases, different choices can be made. In order to select the best one, a test on every possible
distribution must be applied. The longest succession contains five poles and four zeros and its general
term is (P-2ps-z-P-z-ps-z5-P). The multiplicity of each unspecified subset is 2, 2, 2 and 3 so the
number of sequence to analyze is 2x2x2x3=24. For each sequence a test of “regularity” is applied: it
consists in calculating the ratio between each singularity and the following in increasing order, for
example

PR _P P

rh=—,rnL=—nL=—.....

R

b -21-5%
z, Z, Z,

(10)

In order to have a good approximation, the quantitiasdf; must be very close one to each other or
approximately constant for every

For each pole-zero interval a partial slope or a partial fractional order can be obtained. It is given by
the expression:

log,, E

m=— "1 (11)
|0g10 pi+l
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from which it derives
n

>m

m=m= 1= (12)
n

y4

that is the optimal value to be substituted in expression (9). A quite good index of dispersion around a
mean value is th8tandard Deviationwhich is defined as follows:

(13)

wherev=n, ( being n, the number of zeros selected ) andis the mean value om. It can be fixed

a threshold fos, over which the attempted approximation should be rejected. From experimental
simulations, a reasonable choice for this value seemsdg .08 . If does not exist any sequence
with n, zeros having the mentioned characteristic, the method is applied to all the sequenagslwith
zeros and so on until a value under the threshold is obtained.

Analogous relations give the parameter

_log(pis1/2)

p, = pl0 " (14)

p=Pr == (15)

The presented algorithm is quite simple and shows an easy software implementation. However its
application may be in some cases not convenient: in fact only if the selected succession of poles and
zeros is sufficiently long , this technique provides a real advantage in terms of reduction of parameters.
4. Case Studies

4.1. Relaxation Systems

Let us have a “Relaxation” system represented by the following transfer function:

F(s) = 10*(s+18)(s+ 44)(s+ 69)(s+ 96)
 (s+10)(s+35)(s+56)(s+83(s+111)

(16)

The peculiarity of this kind of systems is in having an alternative succession of poles and zeros. For
this reason an approximation of the whole system may be attempted. By using expression (12), the
following four values for can be found:

m;=0.468, m,=0.486, ms=0.530, m;=0.500

from which, taking into account relations (11), (12),(13), (14),(15) it derives
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o, =0.026
m = 0.496 a7
p, =84

The value oby, is sufficiently small to provide a low error in the frequency range @01%1 . The
desired fractional order transfer function is so given by

~ 2905

F(s) =

—+1
o+

A graphical example of the performed approximation is given by the magnitude bode diagram
depicted in figure 2.

(18)
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Figure 2: Bode's diagram of F(s) and (dashed) its fractional order approximation

4.2. General Systems

Let us consider a more general case. A SISO mechanical system (a flexible beam) is described by the
following state-space representation:

d—?: AxX+ Bu

y = CX
where
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The relative transfer function is derived using the fornfg&=C(sl-A)'B. Putting it in Bode form, it
results:

2.10(s+ 1)(S+1j
10

Due to the position of zeros and poles, only two different sequences of maximum length (three poles
and two zeros) are obtained. They are (P -1 -5 -10 -20.0995), whépeR} =
={-0.01,-0.0995. If P=p,, by using relations (11), (12) and (13) it holds:

F(s) =

m = 0.6196
o, =01717

m
On the other hand, if Pzt can be obtained

=0.5436

m
o, =0.0643

The lowest value 06, suggest us to choose this last sequence for the approximation. From this
consideration, it derives that the simplified transfer function results to be the following:

F(9)= 210 (20)

S S 0.5436
—+1 +1
[0.01 j[ 0.0376 j

The value of the fractional pole is computed by using relation (14) and taking the mean yalue of

As shown in figure 3, the performed approximation works very well for a wider range of frequencies,
if compared with a second order model obtained using a singular perturbation approximation of an
internally balanced realization like in (Muscato al.1997) . It must be noted that the number of
parameters of a second order model is the same of that of the parameters present in (20).
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Figure 3: Bode's diagrams of F(s) and its fractional order approximation, which works better than
the second order model obtained by using a traditional technique.

5. Conclusions

In this paper an innovative strategy for obtaining a simplified model with few parameters from an high
order system has been proposed. The introduction of non integer order systems resulted to be an
efficient way to compress frequency response information usually intrinsic in an high number of poles
and zeros. It has been also demonstratedsthia a quite good index in order to evaluate the quality

of the performed approximation. Finally, a comparison with a traditional method of model order
reduction proved that a reduced model with the same number of parameters is not able to get the same
good performance in the frequency domain.

Future developments include further investigations on different systems in order to build a more
complete theory on fractional order modelling with the aim of finding suitable solutions for the
control problem.

2229



Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999

References

Sun, H.H., A.A Abdelwahab, and B. Onaral (1984)."Linear Approximation of Transfer Function with a Pole of
Fractional PowerlEEE Trans. Automat. Contrd9, no. 5, pp. 441-444.,

Charef, A., H.H. Sun, Y.Y. Tsao, and B. Onaral,(1992)."Fractal Systems as Represented by Singularity
Function" |EEE Trans. Automat. ControB7, no. 9, pp 1465-1470.

Liu, S.H., (1985). “Fractal Model for the AC Response of a Rough InterfRbg’s. Rev. Letterss, no.5,
pp.529-532.

Keshner, M.S. (1982) .“1/f NoiseProc. of the IEEEYO, no. 3, pp.212-218.

Oustaloup, A. (1983)Systemes asservis lineaires d’ ordre fractionndilassonParis.
Oustaloup A., (1991).a commande CRONIEditions HERMESParis, 1991.

Oldham, K. B., and J. Spanier (197Bjactional Calculus Academic Press, NewYork.
Ross, B., Editor,(1975)ractional Calculus and its ApplicationSpringer-Verlag, Berlin.

Muscato, G., G. Nunnari, and L. Fortuna, (1997). “Singular Perturbation Approximation of Bounded Real and
Stochastically Balanced Transfer Matricésternational Journal of Control66, no.2, pp. 253-269.

2230



	HOME
	SESSION

