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Abstract. It is shown that the reachability and controllability of positive linear systems is not
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1. Introduction.

The reachability, controllability and observability of linear systems have been considered in many
papers [1-4,14,15,17-19]. Necessary and sufficient conditions for the reachability and
controllability of positive linear systems have been established in [5-7,16,17]. The reachability and
controllability of weakly postive discrete-time and continuous-time linear systems have been
studied in [9-13]. It is well-known [8] that the reachability and controllability of the standard linear
systems is invariant under the state-feedbacks. It this paper it will be shown that the reachability
and controllability of linear positive systems is not invariant under the state-feedbacks. In other
words a positive linear system which is not n-step reachable (controllable) by suitable choice of the
state-feedback gain matrix can be made n-step reachable (controllable).

2. Preliminaries.

Consider the linear discrete-time system

D X, =Ax +Bu, ,il Z,:={01..}

where x, T R", u, T R™ and A B arerea matrices of appropriate dimensions.

The system (1) is called positive if for every x,1 Rl andany u, 1 R we have xI R}, where
R" is the set of n-dimensiona real vectors with nonnegative components. It is easy to show that
[11] the system (1) is positive if and only if AT R'"and BT R"™, where R"™ denotes the set
of n° m real matrices with nonnegative entries.

Definition 1. The positive system (1) is called h-step reachable if for every X; T R (and X, =0)
there exists ainput sequence u, 1 R", i =0],...,h- 1 suchthat X, = X, .

Definition 2. The positive system (1) is called reachable if for every x, I R! (and X, =0) there
exigshl Z, and u 1 R, i=01..,h- 1 suchthat x, =X, .
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Definition 3. The positive system (1) is called controllable if for every nonzero X; ,XOT R there
exiss hl Z, andu, T R",i=04,...,h- 1 suchthat X, =X, .

Definition 4. The positive system (1) is called controllable to zero if for every XOT R! there
exiss h1 Z, andu, T R",i=01,...,h- 1 suchthat x, =0.

Theorem 1. [7] The positive system (1) is n-step reachable if and only if:
a rank R =n
b) there exists a non-singular matrix ﬁn consisting of n columns of R, such that
R,;lf Rf'” or equivalently R, has n linearly independent columns each containing only

one positive entry
where

) R, =|B,AB,.., A"B[l RT™
If the positive system (1) is reachable then it is always n-step reachable [6,7,9-13].

Theorem 2. [7] The positive system (1) is controllable if and only if:
a) the matrix R, (defined by (2)) has n linearly independent columns each containing
only one positive entry
b) the spectral radius r (A) of A is r (A) <1 if the transfer from X, to X, isalowed in an

infinite number of steps and r (A) =0 if the transfer from X, to X, isrequired in afinite
number of steps.

3. Reachability of positive systems.
3.1. Single-input systems

Let us assume that for m=1 the matrices A and B of (1) have the canonical form

é0u
éo0 1 o .- 0O u éou
é a e’n
~ 0 0 1 .. 0 . S
(3) A=§ ................................................ l;l| an, B=2¢&:U| R+
eo 0 o - 1 4 &
& - Sd T Agg( & 1]
&
It is easy to see that for (3)
@ rank|B, AB,..., A"*B|=n

but the condition ii) of theorem 1 is not satisfied if at least one & * O for i =1,...,n- 1. In this
case the positive system (1) with (3) is not n-step reachable.

Consider the system (1) with state-feedback

®) U =V, + KX

where KT R"" and v, isthe new input.

Subgtitution of (5) into (1) yields

(6) X1 =AX +By, il Z,

where
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(7) A = A+BK
For (3) and
(8) K =[ay,a,.a, ]
the matrix (7) has the form
é0u
é 0 1 0 0 u éou € 1 0 --- Ou
o A0 0 o 0 fh @0l
A%s0 0 o 10 age =g 00
é a &y é U
€% " -& "8l &4 & 00 0g
&t
Using (9) we abtain
§0 0 0 14
0 0 - 1 oY
B,A B,..., n-lB:(E‘ .......................... l:|
BAB.AE=E o
& 0 - 0 O

Then the conditions of theorem 1 are satisfied and the closed-loop system is n-step reachable.
Therefore, the following theorem has been proved.

Theorem 3. Let the postive system (1) with (3) is not n-step reachable. Then the closed-loop
system (6) with (9) is n-step reachable if the state-feedback gain matrix K has the form (8).

Corollary 1. The n-step reachability of positive system (1) with (3) is hot invariant under the state-
feedback (5).

Remark 1. It is well-known [8] that if the pair (A,B) satisfies the condition (4) then it can be
transformed by linear state transformation X, = Px., detP 1 O to the canonical form (3)
A=PAP' B=PB
and
|B,AB...,A"B|=P|B, AB,.., A *B|

Note that the conditions of theorem 1 are satisfied if and only if P isamonomia matrix (in each
row and column has only one positive entry and the remaining entries are zero).

3.2. Multi-input systems.

Let the matrices AB of (1) with m>1 have the canonical form

(10a) A= gAﬂAlm 3 B = diag[b,..... b, ]
A Amd
where
é 0 1 0 0 u
é a
A :é...Q ..................... 1 .................. Q....(IT R4 @
' éo0 0 0 1 a ° 7
é i i i i l:l
g -~a - - a4.1(
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éo 0 0 u
é a
0 o .- 0o ° )
(10b) Aj :goo ...... e OHT Rfi d; i j=1..m, it j
(E:'_ ij o _ Al _ Al u
g & 8 -1
e0u
u
Qo
b =&l R gd =n
éol] i=1
&
&L

It is easy to check that for (10) the condition (4) holds but the condition ii) of theorem 1 is not
setisfied if at least m of the coefficients a, * O for k=1,...,d._, and i =1,...,m. In this case the

positive system (1) with (10) is not n-step reachable.
The closed-loop system matrix (7) with (10) and

(11)
LG, At e al, Al A e A, e @ @ e A
=@ L I Gl 0 Rty
@0 ’ a1 ’ ’ adl.]_a ao ’ a1 ’ ’ adz.]_ ’ ’ ao ’ a1 ’ ’ dm.]_
has the form
0 1 0 --- Og
éA O Ou &0 3
(12) Aczeo A, - o U A:g()OlOuT RV j=1..m
gb ....... o An u’ @ 0 0 - 10 o
e H 00 - 0y

Then the conditions of theorem 1 are satisfied and the closed-loop system is n-step reachable.
Therefore, the following theorem has been proved.

Theorem 4. Let the positive system (1) with (10) is not n-step reachable. Then the closed-loop
system (6) with (12) is n-step reachable if the state-feedback gain matrix K has the form (11).

Corollary 2. The n-step reachability of positive system (1) with (10) is not invariant under the
state-feedback (5).

Remark 2. It is well-known [8] that if the pair (A,B) satisfies the condition (4) then it can be
transformed by linear transformation X =Px,U =Qu.,detP* 0,detQ?* O, to the canonica
form (10)
A=PAP! B=PBQ™
and

|B,AB,...A™'B|=P|B, AB,..., A" 'Bdiag|Q *,....Q"}]

Note that the conditions of theorem 1 are satisfied if and only if P and Q are monomial matrices.
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4. Controllability of positive systems.

Consider the multi-inputs system (1) with matrices A,B in the canonica form (10). In a similar
way as in the reachability case it can be shown that the condition i) of theorem 2 is not satisfied if

at least m of the coefficients a,i(i 10 for k=1,...,d_, and i =1,...,m. In this case the positive

system (1) with (10) is not controllable.
The closed-loop system matrix (7) with (10) and state-feedback gain matrix (11) has the form (12).

Note that the matrix (12) has al zero eigenvaues and its spectral radius r (A) =0. Therefore, the
following theorem has been proved.

Theorem 5. Let the positive system (1) with (10) is not controllable. Then the closed-loop system
(7) with (12) is controllable in a finite number of steps if the state-feedback gain matrix K has the
form (11).

5. Concluding remarks.

It has been shown that the positive discrete-time unreachable (uncontrollable) system (1) with
matrices A and B in the canonica form (10) by suitable choice of the state-feedback gain matrix
in the form (12) can be made reachable (controllable). This statement is aso valid for postive
continuous-time linear systems. An extension of this result for weskly postive linear systems
[9,19] and for positive 2D linear systems [8] are open problems.
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