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Abstract

A Petri Net (PN) is said to be live if it is possible to �re any transition from every
reachable marking, although not necessarily immediately. Under appropriate conditions,
a non-live PN can be made live via supervision. Under this paradigm an external-agent,
the supervisor, prevents the �ring of certain transitions at each reachable marking so as to
enforce liveness. A PN is said to be completely controllable if the supervisor can prevent the
�ring of any transition. Testing the existence of a supervisory policy that enforces liveness

in a completely controlled Petri net can be computationally expensive [8]. In this paper

we present a new class of PNs for which there is a readily available supervisory policy that
enforces liveness. This observation obviates the aforementioned test for the speci�c class of
PNs introduced in this paper.

1 Introduction

A Petri net (PN) [3, 5, 4] is said to be live if it is possible to �re any transition from every

reachable marking, although not necessarily immediately. In this paper we concern ourselves

with the problem of enforcing liveness in a non-live PN via supervision. Essentially, we have

a non-live PN where some, maybe all, transitions can be individually prevented from �ring by

an external-agent, the supervisor. A PN where every transition can (cannot) be individually

prevented from �ring by the supervisor is called a completely controlled PN (partially controllable

PN). In reference [8] it is shown that the existence of a supervisory policy that enforces liveness

in a partially controllable PN is undecidable in general. However, in the same reference it

�This work was supported in part by the National Science Foundation under grant numbers ECS-9812591 and

ECS-9807106.
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isshownthatthereexistsatestableconditionfortheexistenceofasupervisorypolicythat

enforceslivenessinanarbitrarycompletelycontrollablePN.Additionally,thecomputational

requirementforthistestcanbeexorbitantinthegeneralcase.

Indecidingtheexistence,andthesynthesisofasupervisorypolicythatenforcesliveness,sig-

ni�cant s avingsincomputationcanbegainedifthePNsatis�esspeci�cstructuralrequirements

[10, 1 1, 9].Inadi�erentapproachtocircumventingtheaforementionedcomplexityissue,in

references[6]itisshownthatthereisasupervisorypolicythatenforceslivenessinacompletely

controlledPNifandonlyifthereisacorrespondingpolicyforits Free-ChoiceEquivalent . A

F r ee-Choice P N(FCPN)isaPNwhereeveryarcfromaplacetoatransitioniseithertheunique

outputarcfromthatplace,or,itistheuniqueinputarctothetransition.Supervisorypolicies

thatenforcelivenessinanFCPNarecharacterizedinreference[7].

InthispaperwepresentanewclassofPNsforwhichthereisareadilyavailablepolicy

thatenforcesliveness.Thisobservationeliminatesthecomputationallyexpensivetestforthe

existenceofasupervisorypolicythatenforcesliveness,whenaplan t P N i s k n owntobelongto

thisclassofPNs.

Thenextsectioncontainsnotationsandde�nitionsofthevariousconceptsusedinthis

paper.Wethenpresentthemainresultsofthispaperalongwithanillustrativeexample.The

concludingsectionpresentsapotentialfutureresearchtopic.

2NotationsandDe�nitions

A Petrinet (PN) N =(�, T , � ,m0)isanordered4-tuple,where�= fp1, p2, : : :, png isa

setof n places , T = ft1, t2, : : :, tmg isasetof m transitions , � � (� � T ) [ (T � �)isaset

of arcs , m0:� ! N isthe initialmarkingfunction (orthe initialmarking ),and N isthesetof

nonnegative i ntegers.The state ofaPNisthemarking m:� ! N thatidenti�esthenum ber

of tokens ineachplace.Foragivenmarking m atransition t 2 T issaidtobe enabled if 8 p 2

(�t)N , m(p) � 1,where( �x)N := fy j (y, x) 2 �g.Thesetofenabledtransitionsisdenotedby

thesym bol Te(m).Anenabledtransition t 2 Te(m)can �re ,whic h changesthemarking m to

cm accordingtotheequation

cm(p) =m(p)� card((p�)N \ ftg) + card((�p)N \ ftg); (1)

where( x�)N := fy j (x, y) 2 �g,andthesym bol card(�)isusedtodenotethecardinalit y o f

thesetargument.Thisnotationisalsousedtodenotethepredecessororsuccessorsetofaset
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ofplacesortransitions.Sometimes( x�)N ,(or,(
�x)N)isjustrepresentedas x� (�x),whenthere

isnoconfusionastotheidentit y o f P NN initsde�nition

Acollectionofplaces P � �issaidtobea siphon (trap ) i f�P � P � (P � � �P ).Atrap

(siphon) P ,issaidtobe minimal if 6 9 eP � P ,suchthat eP � � � eP (� eP � eP �).

Astringoftransitions � = tj1 tj2 � � � tjk ,where tji 2 T (i 2 f1,2, : : :, kg)issaidtobea valid

�ringstring startingfromthemarking m,if,

� thetransition tj1 isenabledatthemarking m,and

� for i 2 f1,2, : : :, k � 1g the�ringofthetransition tji producesamarkingatwhichthe

transition tji+1 isenabled.

Thesetof reachablemarkings from m0,denotedby <(N ,m0),isthesetofmarkingsgenerated

byallvalid�ringstringsstartingwithmarking m0 inthePN N . Atamarking m1,ifthe�ring

ofavalid�ringstring � resultsinamarking m2, werepresen t i t a sm1 ! � ! m2.Atransition

t 2 T is live if

8m1 2 <(N;m0); 9 a m2 2 <(N;m1)suchthat t 2 Te(m
2):

A supervisorypolicy P :N n ! f0; 1gm,isatotalmapthatreturnsan m-dimensionalbinary

vectorforeachreachablemarking.Thesupervisorypolicy P permitsthe�ringoftransition ti

atmarking m,onlyif P(m)i =1.Ifatamarking m allinputplacestoatransition ti contain

atoken,w e s aythetransition ti is state-enabled at m. I fP(m)i = 1 , we s aythetransition ti

is control-enabled at m.Atransitionhastobestate-enabledandcontrol-enabledbeforeitcan

�re.Astringoftransitions � = tj1 tj2 � � � tjk ,where tji 2 T (i 2 f1,2, : : :, kg)issaidtobea

valid�ringstring startingfromthemarking m,if,

� thetransition tj1 isenabledatthemarking m, P(m)j1 =1,and

� for i 2 f1,2, : : :, k� 1g the�ringofthetransition tji producesamarking fm atwhichthe

transition tji+1 isenabledand P(fm)ji+1 = 1 .

Thesetofreachablemarkingsunderthesupervisionof P in N fromtheinitialmarking m0 is

denotedby <(N;m0;P).Atransition tji is live underthesupervisionof P if

8m1 2 <(N;m0
;P); 9m2 2 <(N;m1

;P)suchthat tji 2 Te(m
1)and P(m2)ji = 1:

Asupervisorypolicy P enforceslivenessifalltransitionsin N areliveunder P .Asupervisory

policy P thatenforceslivenessin N essentiallyeliminatesthosemarkingsreachableunderthe
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absenceofsupervisionfromwhichsometransitioninthePNcanneverbeenabled.Theabove

de�nitionofasupervisorypolicythatenforceslivenessinacompletelycontrolledPNissimpler

thanthatinreference[8],whichaddressesthegeneralcasewhensometransitionsinthePN

cannotbepreventedfrom�ringbythesupervisor.Reference[8]presentsanecessaryand

su�cientconditionfortheexistenceofasupervisorypolicythatenforceslivenessinanarbitrary

PN.Thisconditionisuntestableingeneral,butitistestableifthePNisbounded,or,ifeach

transitioninthePNcanbepreventedfrom�ringbythesupervisorypolicy.Forcompletely

controlledPNsthereisasupervisorypolicythatenforceslivenessifandonlyif 9 m1
;m2 2

<(N;m0), 9 �1; �2 2 T
�,suchthat m0 ! �1 ! m1 ! �2 ! m2,where m2 � m1 andall

transitionsin T appearatleastoncein �2 [8].TheclassofPNsweconsiderinthispaperare

notnecessarilybounded,butweassumeeachtransitioncanbepreventedfrom�ringbythe

supervisorypolicy.Testingtheexistenceofasupervisorypolicythatenforceslivenessinan

arbitrary,boundedPNisatleastPSPACE-complete[8].InthispaperwepresentaclassofPNs

forwhichthereisareadilyavailablesupervisorypolicythatenforcesliveness.ThisclassofPNs

isusesasubsetofaclassofPNscalled Free-Choice PNs,whichisde�nedbelow.

A P NN =(�, T , � ,m0) i s aFr ee-Choice PN(FCPN)if

8p 2 �;card (p�) > 1)� (p�) = fpg:

Inotherwords,aPNisFree-Choiceifandonlyifanarcfromaplacetoatransitioniseitherthe

uniqueoutputarcfromthatplace,or,istheuniqueinputarctothetransition.AnFCPN N is

liveifandonlyifeveryminimalsiphonof N containsamarkedtrap(cf. Commoner'sLiveness

Theorem ,[1]).Reference[7 ] characterizestheclassofpoliciesthatenforcelivenessinFCPNs

thatviolateCommoner'sLivenessTheorem.Thischaracterizationispresentedintheorem2.1.

Theorem2.1 [7]Asupervisorypolicy P:N n ! f0; 1gm,enforceslivenessinanFCPN N =

(�, T , �, m0)ifandonlyifthefollowingconditionsaresatis�ed:

1.Ifthesupervisorypolicy P preventsthe�ringofastate-enable d t ransition t 2 T atsome

marking m 2 <(N;m0;P),then 9 bm 2 <(N;cm0;P),suchthatthetransition t isboth

state-andcontrol-enabledatthemarking cm.

2. 8 m 2 <(N;m0;P), 8 P � �,suchthat �P � P �,
P

p2P m(p) 6= 0.

AnyarbitraryPN N =(�, T , � ,m0)canbeconvertedtoanequivalen t FCPN eN = (e�,

eT , e�, fm0)withtheadditionofafewextraplacesandtransitions(cf.[2],[6],).Additionally , i n
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(PN) Compute Subnet ((PN) N =(�, T , � ,m0),( Subsetofplaces ) �1 � �,( Subsetoftransitions )
T1 � T )
f

Createasetofplaces b� = �1;

Createasetoftransitions bT = T1;

while(( � bT )N 6= b�)do f

b� = b� [ (� bT )N ;
bT = bT [ (�b�)N ;

g

Construct/drawthearcsintheset b�,where b� = f(b�� bT ) [ ( bT � b�)g \�;

De�netheinitial-marking bm0 asfollows: 8p 2 b�, bm0(p) = m
0(p);

return( bN = (b�, bT , b�, bm0));
g

Figure1:Theprocedure bN = Compute Subnet(N;�1; T1),where bN = (b�, bT , b�, cm0).

reference[6]itisshownthatthereexistsasupervisorypolicythatenforceslivenessinthePN

N ifandonlyifthereexistsacorrespondingpolicyfortheFCPN eN .Thefollowingresultfrom

[6]establishesthefactthatthereisasupervisorypolicythatenforceslivenessinthePN N if

andonlyifthereisacorrespondingpolicyfortheFCPN eN .

Theorem2.2 [6]Let eN = (e�, eT , e�, fm0) bethefree-choic e equivalentofaPN N = (�, T , �,

m0).ThereexistsasupervisorypolicythatenforceslivenessinthePN N ifandonlyifthere

existsacorrespondingpolicyforthePN eN.

GivenanarbitraryPN N =(�, T , � ,m0),andasubsetofplaces� 1 � �,andtransitions

T1 � T , wede�neasubnet bN(�1; T1) = (b�, bT , b�, cm0),ofthePN N ,asdescribedinthe

procedureoutlinedin�gure1.ThePN bN isthesubnetinducedbythetransitiveclosureof

theinputplacesandinputtransitionsto T1 and� 1.Sincethe T and�are�nite-sets,the

while-loopintheprocedureof�gure1isguaranteedtohalt.W e n owpresentthemainresults

ofthispaper.

3MainResults

Let N =(�, T , � ,m0)beanarbitraryPNandlet eN = (e�, eT , e�, fm0)beitsFree-Choice

equivalent.Theorem3.1impliesthereisasupervisorypolicythatenforceslivenessin N onlyif

everyminimalsiphon �P � P � (P � e�)thatdoesnotcontainatrap,isnotemptyattheinitial
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marking,andthereisaninputtransition bt tosomeplacein P (i.e. bt 2� P )thathasmorethan

oneoutputplacein P (i.e. card(bt� \ P ) > 1).

Theorem3.1 Let N = (�, T , �, m0) beanarbitraryPNandlet eN = (e�, eT , e�, fm0) beits

Free-Choic e equivalent.Thereexistsasupervisorypolicythatenforceslivenessin N onlyif:

1.
P

p2P m
0(p) > 0,and

2. 9 bt 2� P suchthat card(bt� \ P ) > 1.

Proof: Fromtheorem2.2weknowthereisasupervisorypolicythatenforceslivenessinthe

completelycontrolledPN N ifandonlyifthereisacorrespondingpolicyforitsFree-

Choiceequivalent eN . Tocompletetheproof,usingacontrapositiveargumen t weshow

thetwoconditionsofthetheoremarenecessaryfortheexistenceofapolicythatenforces

livenessin eN .

Since �P � P �, i f
P

p2P m
0(p)=0,thenunderanysupervisorypolicy P ,itfollowsthat

8 m1 2 <(N;m0;P),
P

p2P m
1(p)=0.Inturnthisimpliesnoneofthetransitionsin P �

canbeliveunderthesupervisionof P .

First,wenotethatif P isminimal, card(�bt \ P ) = 1; 8et 2� P (cf.observation3,[7]).

If card(bt� \ P ) = 1; 8et 2� P ,thenthesumofthetokenloadsoftheplacesin P will

remainunalteredfollowingthe�ringofanytransition et 2� P .Thatis,
P

p2P m
1(p) =

P
p2P m

2(p),where m1 ! bt ! m2 and bt 2� P .However,since eN isanFCPN,this

sumwilldecreasebyunit y e verytimeatransitionin P � �� P �res.Itfollowsthatunder

anysupervisorypolicy P thetransitionsin P � �� P can�reonlya�nitenum berof

times.Consequently,therecanbenopolicythatenforceslivenessin eN .Hencethesecond

observation.

|

Theconditionsoftheorem3.1arenotsu�cientingeneral.ThePN N shownin�gure2is

anFCPN.So, eN = N ,and eN hastwominimalsiphons P1 (= fp1; p3; p4; p7; p9g)and P2 (=

fp2; p5; p6; p8; p9g)thatdonotcontaintraps.Additionally, t1 2
� P1, t2 2

� P2, card(t
�

1\P1) > 1,

card(t�2 \ P2) > 1,andbothminimalsiphonsarenon-emptyattheinitialmarking.From

reference[8]weknowthereisasupervisorypolicythatenforceslivenessinthisFCPNifand

onlyif 9 m1;m2 2 <(N;m0), 9 �1; �2 2 T �,suchthat m0 ! �1 ! m1 ! �2 ! m2, m2 � m1
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t1 t2
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Figure2:Anillustrationoftheinsu�ciencyoftheconditionsoftheorem3.1fortheexistence

ofasupervisorypolicythatenforcesliveness.

andalltransitionsin T appearatleastoncein �2.Since, m2 = m1 + Cx(�2),if m2 � m1

itfollowsthat Cx(�2) � 0. FortheFCPNshownin�gure2weshowtheredoesnotexista

�2 2 T � withtherequiredproperties,thereforetherecanbenosupervisorypolicythatenforces

livenesseventhoughtheconditionsoftheorem3.1aresatis�ed.Thefactthatthereisnostring

�2 withthedesiredpropertiescanbeinferredfromFarkas'Lemma{ 6 9 x > 0,suchthat Cx �

0 , 9 y � 0,suchthat yTC � 0,andsomeelemen t o fyTC isstrictlylessthanzero.Forthe

incidencematrix C oftheFCPN N , wenotethat yTC = ( 0 0 - 1 0 0 0 0 - 1 0 0 0 ) i fyT = ( 2

2 1 1 1 1 1 1 2 ) . WenotethattheremightbeclassesofFCPNs,consequently,classesofPNs

whoseFree-ChoiceequivalentbelongtothisclassofFCPNs,wheretheconditionsoftheorem

3.1arealsosu�cientfortheexistenceofasupervisorypolicythatenforcesliveness.Wesuggest

theidenti�cationofthisclassasafutureresearchtopic.W e n owstatethemainresultofthis

paper.

Theorem3.2 Let N = (�, T , �, m0) beanarbitraryPNandlet eN = (e�, eT , e�, fm0) be

itsFree-Choic e equivalent.Thereexistsasupervisorypolicythatenforceslivenessin N ifev-

eryminimalsiphon P � e� in eN thatdoesnotcontainamarke d t rap,satis�esthefollowing

properties:

1. 9bt 2� P suchthat card(bt� \ P ) > 1 (cf.theorem3.1),

2.TheFCPN bN = Compute Subnet( eN; (�bt) eN ; f
btg) islive,
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3.Theplace �bt \ P isunbounde d i nbN ,and

4. b�� � (P � [ bT ) = ;,where bN = (b�; bT; b�;cm0).

Proof: Consideratransition t 2 P �� bT ,where P � e�issomeminimalsiphonof eN ,thatdoes

notcontainamarkedtrap.Usingtheorem2.1weshowthatthesupervisorypolicythat

permitsthe�ringofthetransition t onlyif

� themarkingresultingfromthe�ringof t in eN keepsthesubnetof eN thatisidentical

to bN(�bt; fbtg)live,and

��theplace p = (�bt) eN \ P unboundedinthissubnetatthenewmarking,

enforceslivenessin eN . A nytransitionthatdoesnot�tthedescriptionof t aslistedabove,

ispermanentlycontrol-enabledunderthepolicy.

Underthissupervisorypolicytheminimalsiphonsareneveremptied.Thisobservation

canbeestablishedbythecontrapositiveargument.Ifaminimalsiphonwasemptiedat

somemarking mi,thesubnetof eN thatisidenticalto bN(�bt; fbtg) wouldnotbeliv e a t

marking mi andthesupervisorypolicywouldnotpermitthe�ringofthetransitionthat

resultedinthemarking mi.

Ifatransition t 2 eT ispreventedfrom�ringundertheprescribedsupervisorypolicyat

somemarking mi,thenoneofthetwoconditionsinthestatementofthepolicymust

beviolatedunderthenewmarking mi+1 arisingfromthe�ringofthetransition t (i.e.

mi ! t ! mi+1).Itcanbeshownthatthatthereisalwaysamarking mj ,reachable

fromthemarking mi,atwhichthetransition t isbothcontrol-andstate-enabled.This

observationcanbeestablishedusingconditions1,2and3inthestatementofthetheorem.

Asaconsequenceoftheorem2.1weinferthatthesupervisorypolicymentionedabov e d o e s

enforceliveness.Hencetheresult.

|

ConsiderthePN N1 shownin�gure3(a),thisPNisnotanFCPNas card(p�8) = 2 a n d

�(p�8) = fp8; p6g(6= fp8g).Figure3(b)containsthefree-choiceequivalent, N2,(cf.[6])ofthePN

N1 shownin�gure3(a).TherearethreeminimalsiphonsintheFCPNshownin�gure2(b):

P1 = fp5; p6g, P2 = fp1; p3; p4; p7g and P3 = fp2; p3; p4; p5; p7; p8; p9g.Thesiphon P1 isalsoa

trapanditismarked.Thesiphons P2 and P3 donotcontainatrap,andthereforethisFCPN

isnotliveintheabsenceofsupervision.
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t1
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t3 t4

t5

t6 t7 t8

p9t9

Figure3:Anillustrationoftheorem3.2.

Since t�1 = fp3; p4g,the�rstrequirementoftheorem3.2issatis�ed.TheFCPN bN =

Compute Subnet(N2; (
�t1)N2

; ft1g)istheFCPN N2 withoutthetransition t6.Theminimal

siphonsofthisFCPNareidenticaltothatof N2,butwiththeabsenceofthetransition t6,the

siphon P2 containsmarkedtraps fp1; p3; p7g and fp1; p4; p7g.Similarly,withoutthetransition

t6,thesiphon P3 containsmarkedtraps fp2; p3; p5; p7; p8; p9g and fp2; p4; p5; p7; p8; p9g. By

Commoner'sLivenessTheoremweinfertheFCPN bN islive.Additionally,for P1 (P2)theplace

p1 (p2) i s u nboundedin bN .Thissatis�essecondandthirdrequirementsinthestatemen t o f

theorem3.2.Itisalsoeasytoverifythe�nalconditionoftheorem3.2.So,fromtheorem3.2we

knowtheFCPN N2 canbemadeliveviasupervision,andfromtheorem2.2,weinferthePN

N1 canalsobemadeliveviasupervision.Itisnothardtoseethatthesupervisorypolicythat

permitsthe�ringof t6 whenthesumofthetokensintheplace-set fp1; p3; p4; p7g exceedsunity,

enforceslivenessin N1 and N2.TheFCPNshownin�gure1,forwhichthereisnosupervisory

policythatenforcesliveness,doesnotsatisfythethirdrequirementoftheorem3.2.Wesuggest

investigationsintospeci�cFCPNstructuresforwhichtheconditionsoftheorem3.2arealso

necessaryasafutureresearchtopic.Inthefollowingsectionweconcludewithsomeadditional

futureresearchdirections.
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4Conclusions

Testingtheexistenceofasupervisorypolicythatenforceslivenessinanarbitrary,completely

controllable Petrinet (PN)iscomputationallyexpensive(cf.[8]).Inthispaperweidentifya

classofPNsforwhichthereisasupervisorypolicythatenforcesliveness.Havingeliminated

theneedtotesttheexistenceofasupervisorypolicythatenforceslivenessforthisclassofPNs,

whatremainsisthesynthesisofapolicythatenforceslivenessforthesePNs.Wesuggestthis

synthesisasafutureresearchtopic.Wesurmisethatthepolicythatenforceslivenessinthefree

choiceequivalentofthegivenPN,whichisoutlinedintheproofoftheorem3.2ofthispaper,

canbemodi�edtoenforcelivenessintheoriginalPN.
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