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Abstract

This paperaddressestheproblemof estimatingthe trajectoryandthe launchpoint of a tactical
ballisticmissileusingline of sight(LOS)measurementsfrom oneor morepassivesensors(typically
satellite-borne).Themajordifficultiesof this problemincludetheill-conditioning of theestimation
problemdueto poorobservability of thetargetmotionvia LOS measurements,theestimationof the
unknown launchtime, andthe incorporationof inaccuratetarget thrustprofilesto modelthe target
dynamicsduring the boostphase.We presenta maximumlikelihood(ML) estimatorbasedon the
Levenberg-Marquardtalgorithmthatprovidesboththetargetstateestimateandtheassociatederror
covariance,takinginto considerationthecomplicationsmentionedabove. Oneimportantconsidera-
tion in thedefenseagainsttacticalballisticmissiles(TBM) is thedeterminationof thetargetposition
anderror covarianceat the acquisitionrangeof a surveillanceradarlocatedin the vicinity of the
impactpoint. We presenta systematicprocedureto propagatethe target stateandcovarianceto a
nominaltime,whenit is within thedetectionrangeof a surveillanceradarto obtaina cueingregion.
Wealsoprovideanestimateandtheerrorcovarianceof the(two dimensional)launchposition,which
canbeusedto searchfor themissilelaunchsite.MonteCarlosimulationstudiesontypicalsingleand
multiplesensorscenariosindicatethattheproposedalgorithmsareaccuratein termsof theestimates
andthattheestimatorcalculatedcovariancesareconsistentwith theerrors.

1 Intr oduction

Theflight of a ballistic missileconsistsof threephases:boostphase,freeflight (mid-courseor ballistic
phase)andre-entryphase.In this paperwe presentthe trajectoryestimationof a tacticalballistic mis-
sile (TBM) for thefirst two phasesbasedon measurementsfrom only thebooststage.During theboost
phasetheplumegeneratedby a ballistic missilemakesit quite visible to mostIR sensorsmountedon
strategically locatedsurveillancesatellites.However, afterburnout(i.e.,aftertheboostphase)thetarget�
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is verydifficult to detectbecauseit no longerburnsfuel, i.e., it is verydim in theIR spectrum.In thesec-
ondstage,themovementof themissileis governedby thetwo-bodymovementrules,namely, Kepler’s
law, whichwill beusedto propagatethestateof themissilein thesecondstage.Thetimefrom launchto
impactis 5-10minutesandthemissileis visible to theIR sensorsonthesurveillancesatelliteonly in the
first coupleof minutesafterlaunch.In thedetectionandtrackingof TBM whichhaveashortrange(less
than600 miles), time is a critical factor. Oncea missile launchis detectedby surveillancesatellites,
surface-basedradarin thevicinity of potentialimpactpointswill bealertedto searchfor the incoming
missile. However, this leavesonly a very short time (typically a few minutes)to detect,interceptand
destroy themissile.Theradarsearchstrategy canbevastly improvedif onecanpredicta limited search
region for themissilebasedon thesatelliteobservations.By usingthis informationin theradaracquisi-
tion of themissileprior to reentry, thesearchregion canbereducedfrom theentireradarfield of view
to the region obtainedusingthe positionestimateandtheerror covariance.In TBM defense,onealso
wantsto locatethelaunchsiteof theattackingmissileto takeactionagainstit. Thereis only averyshort
time to searchfor thelaunchingfacilities,which usuallymove away quickly. This requiresanaccurate
estimateandtheerror covarianceof the launchposition. Thus,theestimationof themissiletrajectory
andits associatederrorcovariancein theboostphaseplaysanimportantrole in tacticalballistic missile
defense.

T1 : Final Stage Burnout

T0 : Launch Time
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Note: � ����������� � � arethemeasurementtime instantsand � � is thereferencetime.

Figure1: Propagationto thethenominaltimeof acquisitionby asurveillanceradar.

Themodelsusedto describethemotionof a missileduringboostcanbebroadlyclassifiedasbeing
eitherprofile-freeor profile-basedmodels. In profile-freemodelsthe statevector is estimatedusinga
polynomialmotionmodel,i.e., no thrustinformationis assumedto beavailable. In profile-basedmod-
els it is assumedthat the magnitudeandorientationof the missile thrustvector, thusthe acceleration,
is known. The profile-freemodel usessimple stateequationsfor the motion of the TBM, which al-
lows sequentialfiltering of themissilestates(usuallytheposition,velocity, andaccelerationin thethree
dimensionalspace).For example,(Moré,et. al., 1996)assumesseveralsynchronizedsatellitesandalin-
earmotion. While this approachis computationallyinexpensive, it doesnot accuratelymodeltheentire
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boosttrajectory, especiallyin thecaseof multistagemissiles,whosethrustchangesabruptly. Therefore,
accurateestimatescannotbe obtained. Hence,in the caseof multistagemissiles(which is the most
commoncase),profile-basedmodelsshouldbeusedto accuratelydescribethemissilemotionduringthe
boostphaseto obtainsatisfactoryperformancein termsof estimationaccuracy. Themain focusof this
paperis thedevelopmentof a MaximumLikelihood(ML) estimationalgorithmwith a robustnumerical
implementationfor estimatingboththeacquisitionpoint andthelaunchpoint, incorporatingtheprofile-
basedmodelingof themissileboostphase.In addition,theeffectsof thepartialprofile informationon
theestimationerrorsarealsotakeninto considerationin evaluatingthestateestimateandtheassociated
errorcovariance.Theobscurationeffectsof cloudcoverarealsoinvestigated.Profile-basedmodelswere
alsomentionedin (Rudd, et. al., 1994)but only asoneout of a fixed known family. Our approach
includesprofileparameterestimationtogetherwith missileposition/velocity andlaunchtime.

The measurementsoriginatefrom sensorswhich arestrategically locatedso asto detectthe target
within a shortperiodof time after launch.Thesesensorscanbelocatedon airborneearlywarningsys-
tems,or low-altitudeearthsatellites.Thesensorscould be eitherpassive, which canmeasureonly the
line of sight (LOS) direction, or active, which also measurethe distanceto the target. In this paper
we focuson LOS measurementsmadefrom passive sensorslocatedon low-altitudeearthsatellites.A
LOS is a unit vectorrepresentedby two angles:azimuthandelevation of the target asdetectedby the
sensor. Assumingthat the target stateconsistsof only its positionandvelocity, we needat leastthree
LOS measurements(at different times)to estimatethe six dimensionalstateof the target. In addition
to the problemsassociatedwith the profile-basedmodelingof the boostphasetrajectory, anotherim-
portantconsiderationis theobservability of thetarget throughtheLOS measurements(Bar-Shalom,et.
al., 1993). In general,thesensorsareso far away from the target thata significantchangein thetarget
position(over aperiodof time) is reflectedonly asa slight variationin theLOSmeasurements.This re-
sultsin poorobservability of thetargetmotion.Consequently, theMaximumLikelihood(ML) trajectory
estimationproblemis very ill-conditionedfor mostrealistictarget-sensorgeometries.

Theproblemis formulatedin Section2. Section3 dealswith theML trajectoryestimation,including
the estimationof the launchtime and major parametersof the thrust profile. The caseof non-unity
detectionprobabilityis alsoconsidered.Resultsof simulationsperformedfor sometypicalscenariosare
presentedin Section4.

2 ProblemFormulation

The main focusof this paperis the estimationof the trajectoryof a missileusingLOS measurements
from satellite-basedsensorsduring the missile boostphase. To be specific,we are interestedin the
estimationof thestateof themissileat two time points.Thefirst is a nominaltime at which themissile
is within theacquisitionrangeof a surface-basedradarlocatedin thevicinity of theimpactpoint. Since
wehave theLOSmeasurementsonly duringtheboostphaseof themissile,weestimatethemissilestate
andcovariancecloseto thefinal stageburnouttime, andpropagatethis stateto obtaintheestimateand
theassociatederrorcovarianceof themissilepositionat thetime of acquisitionby theradar. As shown
in Fig. 1, theboostphaseof themissileextendsfrom thelaunchtime  "! to thefinal stageburnouttime �# . The missile is in the ballistic phasefrom time  �# until reentry(assumedto take placeafter the
nominaltime  "$ of acquisitionby the radar). During this portion of the trajectoryboth the thrustand
thedragarezero,andthemotionof themissileis governedby Kepler’s laws. Also shown in Fig. 1 are
themeasurementtimes %�#�&�%'$(&�)�)�)�&�%+* andthereferencetime %+, , atwhichwewish to estimatethemissile
state. As Fig. 1 shows, the first measurementis madeshortly1 after launchandthe last measurement

1In thefollowing sectionsthesituationof missingthefirst severaldetectionsis alsodiscussed.
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occursshortlybefore(or after2) thefinal stageburn-out.Wechoosethelastmeasurementtime -�. asthe
referencetime -+/ , whenwehave themeasurementclosestto theacquisitionrangeof thegroundradar, so
thattheeffectof theinaccuracy of themodelon theestimationof thatpoint canbeminimized.

Thesecondpoint of interestis themissilelaunchpoint whosepositionestimateandtheassociated
covariancecanprovide importantinformationon thelaunchingfacilities. In this casewe setthelaunch
time 0"1 asthereferencetime -+/ andfind the launchpositionestimateandits covariance(this reference
time itself alsoneedsto beestimated).

In thefollowing subsectionswe presentthetargetandmeasurementmodelsusedin thispaper.

2.1 Target Motion Model

α = (Thrust    Drag)/Mass
Thrust/Mass

Gravity

Drag/Mass

r

p

ϕ

Figure2: Componentsof themissileaccelerationduringtheboostphase.

Themainforceson thetargetduringtheboostphaseareshown in Fig. 2. Thethrustgoesto zeroat
theendof theboostphaseandthedragon thetargetgoesto zerooncethetargetgoesout of theearth’s
atmosphere3 In modelingthe target motion, the thrustanddragcanbe combinedinto “the net specific
thrust” (i.e., accelerationgiven by the thrustanddragper unit mass). We shall denotethe magnitude
of the net specificacceleration4 by 2435-�6 andthe anglebetweenthe net thrustandthe outward normal
vectorfrom thecenterof theearth-centeredearth-fixed (ECEF)frameof referenceby 7435-�6 (pitch-over
angle— theorientationof thenet thrustvector).Both 2435-�6 and 7435-�6 , asdefinedabove, areindicatedin
Fig 2.

Let 8:9<; =�>?=�@A=CBEDGF and H8:9<; H=�> H=�@ H=CBEDGF , denotethepositionandvelocity, respectively, of thetarget in
theECEFframeof reference.Thedynamicequationdescribingthetargetmotioncanbewrittenas:I8J9 K 2MLONQPR7TS UV 8 V�WYX 8V 8 V:Z 3[2MP�\G]^7_64` (1)

2An IR sensorcanstill detectthemissilevery shortlyaftertheboost-outbeforetheengineof themissilecoolsdown.
3In this paperthey aretakenasthesametime becauseaftertheboostphaseof themissiletheatmosphereis thin enoughto

beignored,comparedto theotherforces.
4Thisaccelerationis thevectorsumof thethrustplusdragdevidedby themass.
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where, a�bca denotestheEuclideannorm, d is theEarth’s gravitationalconstant5andegf hiAjlk hi b inm a i aOo kpinm a i aOoa hiAjlk hi b inm a i aOo kpinm a i aOo�a (2)

is a unit vectororthogonalto i , suchthatthetwo vectorsi and e lie themissile’s orbital plane6.
As a noteon thecoordinatesystem,theestimationat the referencetime in theboostphaseis done

in the ECEF(i.e., rotating)frameof reference,ratherthanlocal coordinates,to evaluatethe trajectory
propagationover the earthcurvature. The free flight underKepler’s law is inertial by natureand the
propagationis donein ECI coordinates(earthcenteredinertial). The earthrotation underthe flying
objectwill not influencethe estimationaccuracy at the radaracquisitiontime (which yields the radar
cueingregion, our main interest).Therotationof theearthduringthetime whenthemissileundergoes
freeflight shouldbeusedasanadjustmentof thenominalradaracquisitionpoint.
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Figure3: Magnitudeq k5r o andorientations k5r o of thenetthruston thetargetduringboostphase
(solid line: actual; dashed line: model).

Typical curves(Blair, et. al., 1997)for q k5r o and s k5r o areshown in Fig. 3. We shalldefinethethrust
profile t asthesetconsistingof thecurves q k5r o and s k5r o , i.e.,tvufxw q k5r o�y4s k5r o�y{z�|"}?~ r ~�|���� (3)

Also shown in the above figures,the dashedlines areapproximatemodelsfor q k5r o and s k5r o . Using
thesemodels(apiecewisehyperbolicmodelfor themagnitudeq k5r o , discussedin detaillater, anda linear
modelfor s k5r o , theorientationangle)in placeof theactualcurvesallows us to usea relatively simple
propagationof the target statein calculatingthe cost function shown later in (12). The acceleration
magnitudemodelis chosenundertheassumptionthat the missilehasan approximatelyconstantmass
flow ratein eachstage.Of all theparametersdeterminingtheprofile t , theburn-outtimes |"�+� and |"���
shown in Fig. 4, arethemostcritical ones,andwill beestimatedin thenext section.

5 �:���E�E�E�E���E� � km��� s� .
6The trajectoryof themissileis in this plane,which is conventionallydefinedusing � and �� . Thepair ���E�C���C������� is an

orthonormalbaseto this orbital plane.

934

Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999



Since(1) is a secondordernonlineardifferentialequationin � , andunderthe assumptionthat the
thrustprofile � is given, themissilestate� consistsof only thepositionandvelocity components,i.e.,�¡ ¢¤£ �¦¥¨§�¦¥ © ¥ . Hence,given the thrustprofile � , the launchtime ª"« , thestateof themissile �{¬5�® at any
time �¯ £ ª"«±°cª"²�© canbe determinedby propagatingdeterministically(via numericalintegration) the
state��³ atsomereferencetime +³ . Wecanformally write thisas�´¬5�® ¢¶µ ¬5�·°�E°�+³(°���³(°'ª"«C®¹¸º¨¯»¬¼ª"«(°'ª"²E© (4)

Consequently, a parameterestimationproblemwill besolved,for which theCramer-RaoLower Bound
(CRLB) canbeusedasthecovariancematrixof thecorrespondingestimationerror(Bar-Shalom,et. al.,
1995).

2.2 MeasurementModel

Themeasurementsconsistof LOS from ½ passive sensors:¾¦¿�°�À�À�ÀC°E¾"Á . Themeasurementsoriginating
from the ½ sensorsareassumedto beorderedbasedon their “time stamps”andthesensorsare(realisti-
cally) modeledasasynchronous.Weshalluse Â�¬[Ã�® to indicatethatmeasurementÃ is from sensor¾ÅÄOÆÈÇ�É .
Notethat Â�¬[Ã�®Ê¯gËÍÌ(°�À�À�À±°�½ÏÎÐ¸:Ã . ThemeasurementequationisÑ Ç ¢¶Ò Ç £ ��Ó5Ô5ÕOÖ�¬5 Ç ®�©c×»Ø Ç Ã ¢ Ì(°�ÙÚ°�À�À�À±°�Û (5)

where ��Ó5Ô5ÕOÖC¬+Ü ® ¢Ý£ ��Ó5Ô5ÕOÖ±¬+Ü ®�¥¨§��Ó5Ô5ÕOÖ±¬+Ü ®�¥ © ¥ is the true state of themissile, Û is thenumberof measurements,
and Ø Ç is the measurementnoisewhich is modeledasa zero-mean7, white, Gaussian8 sequencewith
known covarianceÞ Ç , i.e., Ø Ç:ßáà ¬[âY°�Þ Ç ® Ã ¢ Ì(°�ÙÚ°�À�À�À±°�Û (6)

The LOS Ò Ç ¬+Ü ® consistsof the azimuth ã Ç ¬+Ü ® andthe elevation ä Ç ¬+Ü ® of the target asseenfrom sensor¾ÅÄOÆÈÇ�É , i.e., Ò Ç £ �´¬p Ç ®�© ¢æå ã Ç £ �´¬p Ç ®�©ä Ç £ �´¬5 Ç ®�©èç ¢êéëëëëì´í(î�ï
ð
ínñ
ò^ó�ô ¬5 Ç ®¦õ»ö ÄOÆÈÇ�Ép÷ ô ¬5 Ç ®ó�ø ¬5 Ç ®¦õ»ö ÄOÆÈÇ�Ép÷ ø ¬5 Ç ®�ù

í(î�ï�ú
û
ñ
üý þ óCÿ ¬5 Ç ®�õ»öCÄOÆÈÇ�Ép÷ ÿ ¬5 Ç ®����� ÄOÆÈÇ�É ¬5 Ç ®¦õ �Y¬5 Ç ® ��� � ��

� ����� (7)

wherethevector ��ÄOÆÈÇ�É�¬5 Ç ® ¢
	 öCÄOÆÈÇ�Ép÷ ø ¬5 Ç ®�öCÄOÆÈÇ�Ép÷ ô ¬5 Ç ®�öCÄOÆÈÇ�Ép÷ ÿ ¬5 Ç ®�� ¥ is thepositionof sensor¾ÅÄOÆÈÇ�É at time Ç , andis assumedto beknown andthesecondsubscriptin theabove equationdenotesthecoordinate.

3 Maximum Lik elihood Estimation

In this sectionwe first addressthe specificaspectsof the trajectoryestimationproblemat a general
referencetime, including the estimationof the unknown launchtime andkey parametersof the thrust
profilewith theconsiderationof missingthefirst severaldetections.Then,wewill setthereferencetime
to eitherthe lastmeasurementtime (andpropagateto thenominaltime for theacquisitionrangeof the
groundradar)or the(to beestimated)launchtime,andestimatethemissilestateat thattime.

7Theproblemof sensorbiasesis beyondthescopeof thisstudy.
8TheGaussianassumptionis a reasonablyrealisticoneandon theconservative side(Bar-Shalom,et. al., 1995)aslong as

thevariancesarecorrect.
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Let �� denotethesetof measurements,i.e., ������������������� �"!#�%$%$%$&�('*) . Sincethemeasurements
in this setaremutually independent,we canwrite theconditionalprobabilitydensityof �� asthe the
following product: + � ��-, .�/ �1032#�546�7� �89%:<; + ��������� , .�/ �1032#��46� (8)

This is thelikelihoodfunctionof theparametersto beestimated.
The measurementerrorsaremodeledasGaussianwith known covariance,hence,the conditional

densityof ������� canbewritten as+ �=������� , .�/ �1032#�546�7� , >#?3@ 9 , ACBDFEHG1IKJFL !>NMMM�O A ;9QPSR� 9 � .�/ �1032#�546� L ��������T MMM
UWV

(9)

where R� 9 � .�/ �1032#�546� ��-X 9 P Y � .�/ �1032#��46�ST is theestimatedmeasurementand O 9 is thesquareroot9 of@ 9 ; R� 9 � .�/ �5032���46� is evaluatedby numericalintegrationusingthe informationof eitherthesolid lines
or thedottedlinesin Fig. 4. Substituting(9) in (8), andsimplifying we get+ � ��-, .�/ �1032#��46��� !Z EHG1I\[7L !> �]9%:<; MMM�O A ;9QPSR� 9 � .�/ �1032#�546� L ��������T MMM

U_^
(10)

where Z is a normalizationconstant,which is not relevant for thepresentdiscussion.Let ` � .�/ �1032#��46�
bethevectorof normalizedmeasurementresiduals,i.e.,

` � .�/ �5032���46� ��baccd O A ;; P�R� ; � .�/ �5032���46� L ���e!&��T
...

O A ;� P�R� � � .�/ �1032#�546� L ���='f��T
g hhi (11)

Wetake thesquareof theEuclideannormof thevector ` � .�/ �5032���46� asthecostfunction j � .�/ �5032���46� ,
i.e., j � .�/ �1032#�546� ��lk ` � .�/ �5032���46�&k U � �]9%:<; MMM O A ;9QPSR� 9 � .�/ �1032#��46� L ��������T MMM

U
(12)

Substituting(12) in (10)we canwrite+ � ��-, .�/ �1032#�546�7� !Z EHG1IKJmL !> j � .�/ �5032#�546� V (13)

Observe that j � .�/ �1032#�546� is proportionalto thenegative log likelihoodof

+ � ��-, .�/ �5032���46� . Hence,
maximizingthelikelihoodfunctionis equivalentto minimizing thecostfunctionn#o(p�q\n Gr + � ��-, .�/ �1032#�546�7s n#o(p�q\tvur j � .�/ �5032���46� (14)

wheretheargumentsw of theminimizationaregivenbelow.
With theaboveresultsathand,wenow statethetrajectoryestimationproblemsin thefollowing four

cases,in orderof increasingcomplexity. The informationavailableandtheparametersto beestimated
in eachcaseareshown in Table1.
Case(a). We shallfirst considerthesimplestcasewhenonly thetargetstateat a referencetime is to be
estimated.In thiscase,it is assumedthataccuratevaluesof boththelaunchtimeandthethrustprofileare
availableandare,hence,not estimated.Let 0yx{z{|H}2 bethelaunchtime and 4~x{z{|H} (thesolid line in Fig. 3)

9Sincethesetwo anglemeasurementsareuncorrelated,� is just thesquarerootof thediagonalmatrix � , i.e., ��� �1��� �F� � .
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LaunchTime Profile Measurements
Case(a) true true all
Case(b) to beestimated true all
Case(c) to beestimated to beestimated all
Case(d) to beestimated to beestimated ���

Table1: Summaryof informationavailableandparametersto beestimatedin four cases.

be the thrustprofile, bothof which arefixed. It only remainsto estimatethestate��� of the target at a
referencetime ��� to completelydeterminethe target trajectory. Themaximumlikelihoodestimate ���������
of thetargetstatewould thenbegivenby:�� ����������#�(���\�v������¡  ����¢5£y¤{¥{¦H§¨ ¢�©~¤{¥{¦H§�ª (15)

Case(b). Next, we relax the assumptionof known launchtime andestimateit alongwith the target
state.In this case,we still assumethat thethrustprofile is fixedat thetruevalue © ¤{¥{¦H§ . Themaximum
likelihoodestimatesof thelaunchtime �£«��¬��¨ andtargetstate �����¬��� areobtainedvia theglobalminimization
of thecostfunctionover both ��� and £ ¨ , i.e., �� ��¬��� ¢ �£«��¬��¨�® ���#�(���\�v�����¯e°�± �²  ���&¢5£ ¨ ¢5©~¤{¥{¦H§�ª (16)

Case(c). Now we addressthe problemof trajectoryestimationin the absenceof an accuratethrust
profile. Theoreticallywe can estimateall the parametersin the constantmassflow rate model pro-
file. However, during theshortperiodof boostphase,we do not have enoughinformation(numberof
measurements)to obtaina goodestimate,especiallyin this LOS measurementsbasedill-conditioned
problem.Out of theparametersdefiningthethrustprofile (thedottedlinesin Fig. 3), thestageburn-out
times £ ¬�³ and £ ¬�´ arethemostcritical. Soweaddonly thesetwo parametersto thesetof theparameters
to beestimatedvia theglobalminimizationof thecostfunction,i.e., �� ��µS�� ¢ �£«��µS�¨ ¢ �© ��µS� ® �¶�#�(� �\�v�����¯e°�±�¯e°�· ³ ¯e°�· ´ �¹¸ ����¢5£ ¨ ¢�©6º (17)

As animportantnote,thenumberof parametersto beestimatedin thethrustprofile is acompromise
betweentheprior knowledgeon theprofile andthe informationobtainedthroughsensordetections.To
furtherexplain, if we have goodprior informationon themissileprofile but limited detections,we can
estimateonly a small numberof parameterswith reasonableaccuracy; however, if we have relatively
goodmeasurementinformation,we canestimatemoreparameters(e.g.,theparametersdeterminingthe
pitch-over angle)accurately. In thepresentcase,we limit ourdiscussionto theburn-outtime estimation
only.
Case(d). Finally, we go onemorestepfurther to relax the unity detectionprobability assumptionby
assuminga cloudcover, in which casewe missthefirst �¼»¶½ measurements.Themaximumlikelihood
estimatesof thetargetstate �����¾��� , launchtime �£«��¾��¨ , andthethrustprofile © ��¾�� areobtainedvia theglobal
minimizationof thecostfunctionover ��� , £ ¨ , £ ¬�³ and £ ¬�´ i.e., �� ��¾��� ¢ �£«��¾��¨ ¢ �© ��¾�� ® ���#�(� �\�v�����¯¿°�±�¯e°�· ³ ¯e°�· ´ � ¸ ����¢1£ ¨ ¢5©6º (18)

wherethefollowing modifiedversionof (12) is used

�¹¸ ����¢5£ ¨ ¢�©6ºÁÀ�lÂHÃ ¸ ����¢1£ ¨ ¢5©6º Â�ÄÅ�ÇÆÈÉ%Ê5ËmÌÌÌ�ÍÏÎ3ÐÉQÑ �Ò É ¸ ���&¢5£ ¨ ¢5©6ºF» Ò ¸�Ó º�Ô ÌÌÌ Ä (19)
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Note that thecostfunction Õ7Ö�× Ø in all the above four cases,is a sumof squaresof nonlinearfunc-
tions of the parametersbeingestimated( Ù�Ú , Û3Ü , Û3Ý�Þ and Û3Ý�ß ), andhencethe right handsidesof (15)–
(18) involve the solutionof a nonlinearleastsquares(NLS) problem. A robust implementationof the
Levenberg-Marquardtalgorithm,describedin AppendixA, wasusedto solve for the estimatesin the
above four NLS problems.

3.1 Covarianceof the Estimates

Expressionsfor thecovarianceassociatedwith the four estimatesarepresentedin this section.Let the
matrix à¹Ö=Ù�Ú&á5Û3Ü#á5â6Ø betheJacobian10 of theresidualvectorwith respectto Ù�Ú , i.e.,

à¹Ö{Ù�Ú�á1Û3Ü#á5â6ØÏãäæåèçêé�ë ×&ì«Ö{Ù�Ú�á5Û3Ü�á�â6Ø�í î í äðïñññò�óÏô3õõ
åèçêé�ë ×÷öø

õ
Ö{Ù�Ú�á5Û3Ü�á�â6Ø�í î í

...

ó ô3õù
å çêé�ë ×÷öø ù Ö{Ù�Ú�á1Û3Ü#á�â6Ø�í î í

ú ûûûü (20)

Similarly, let thevector ý<þ�ÿ Ö{Ù�Ú�á1Û3Ü#á�â6Ø bethederivative of ì«Ö{Ù�Ú�á5Û3Ü#á5â6Ø with respectto Û3Ü , i.e.,ý<þ�ÿmÖ{Ù�Ú�á5Û3Ü#á5â6ØÏãä �� Û3Ü ì«Ö=Ù�Ú&á5Û3Ü#á5â6Ø (21)

andthevector ý<þ�� Þ Ö{Ù�Ú�á5Û3Ü�á�â6Ø and ý<þ�� ß Ö{Ù�Ú�á5Û3Ü�á�â6Ø bethederivativesof ì«Ö{Ù�Ú�á5Û3Ü�á�â¶Ö Û3Ý�Þ1Û3Ý�ß%Ø(Ø with
respectto Û3Ý�Þ and Û3Ý�ß , respectively, i.e.,ý<þ�� Þ Ö{Ù�Ú�á1Û3Ü#á5â6ØÏãä �� Û3Ý�Þ ì«Ö{Ù�Ú�á5Û3Ü�á�â¶Ö Û3Ý�Þ1Û3Ý�ß�Ø¿Ø (22)

ý<þ�� ß Ö{Ù�Ú�á1Û3Ü#á5â6ØÏãä �� Û3Ý�ß ì«Ö{Ù�Ú�á5Û3Ü�á�â¶Ö Û3Ý�Þ1Û3Ý�ß�Ø¿Ø (23)

We shall presentexpressionsfor the covariancesof the estimatesöÙ �����Ú , öÙ � Ý �Ú , öÙ ��	
�Ú and öÙ �����Ú in termsthe
above Jacobianand derivatives. In addition, à�Ö�× Ø and ý Ö�× Ø are also usedin the minimization of the
cost function via the Levenberg-Marquardtalgorithm. Sincethe statepropagationgiven in (4) is via
numericalintegration,wedo nothave anexactexpressionfor either à�Ö�× Ø or ý Ö�× Ø , therefore,thesepartial
derivativesarecomputedusingthemethodof finite differencing.

Exactexpressionsfor thecovariancematricesassociatedwith thesefour estimatesdonotexist. How-
ever, in all four cases,wecanobtainapproximatecovariancematricesbasedontheCRLB thathavebeen
foundto bequiteaccuratein oursimulations.

Case(a). In a completelylinear settingit canbe shown that the ML estimatoris both unbiasedand
efficient, i.e., the covarianceof the estimateis equalto the CRLB, which is the inverseof the Fisher
Informationevaluatedat the true value(Bar-Shalom,et. al., 1993). In the presentnonlinearcontext,
we assumethat thesepropertiesof the ML estimatorhold approximately. Hence,the covariance �����
associatedwith öÙ �����Ú is approximatelygivenby:

Cov
� öÙ �����Ú�� ãä  ������� å à í ����� à ����� î ô3õ (24)

10Denotingthegradientof a scalarasa columnvector, thegradientof a scalar� with respectto a � dimensionalvector � is
definedasthe ����� vector � x � whose� th componentis �������� . Extendingthisnotationto thederivativeof avector, wedefinethe

Jacobianof an  dimensionalvector ! with respectto an � dimensionalvector � asthe  "�#� matrix $ � x !&% ' % whose (*),+-�/. th
termis ��0
1����� .
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where 243�5�6879 2;:=<> 3�5�6?A@CBEDGFGHJIK @=L#DGFGHJI�M is theJacobianof theresidualvector NPO > ? @CB K @=LRQ .
Case(b). In thiscasetheminimizationisoverboth > ? andB K , hencetheJacobianisnow S�2 3�TU6 OWV QYX 3�TU6 OWV QUZ ,
i.e.,with anadditionalcolumn.Usingthis,underthesameassumptionsasin case(a), theexpressionfor
theCRLB becomes

Cov []\ <> 3�TU6?<B 3�TU6K_^4`badc S�243�TU6 X 3�TU6 Z/e S�243�TU6 X 3�TU6 Zgfihkj 9 \ 2 e 3�TU6 2 3�TU6 2 e 3�TU6 X 3�TU6X e 3�TU6 243�TU6 X e 3�TU6 X 3�TU6 ^ hkj (25)

where X 3�TU6l79 Xim�n : <> 3�TU6? @ <B 3�TU6K @CL#DGFGHJI M and 2 3�TU6l79 2 : <> 3�TU6? @ <B 3�TU6K @=L#DGFGHJI M are,as in case(a), the partial
derivativesevaluatedat the estimates.Using the equationsfor the partitioningof the inverseof a par-
titioned matrix in (25), we canobtainthe following expressionwhich approximatesthe covarianceof<> 3�TU6? :

Cov op<> 3�TU6?rq 79;s 3�TU6 a \t2 e 3�TU6 [vuPw X 3�TU6kV X e 3�TU6x X 3�TU6 x�y ` 243�TU6 ^ hkj (26)

Similarly, thestandarddeviation of the error in the estimatedlaunchtime <B 3�TU6K is approximatelygiven
by:

Std o <B 3�TU6K q 79bz 3�TU6 a {x X 3�TU6 x \ {8| X e 3�TU6 2 3�TU6 s 3�TU6 2 e 3�TU6 X 3�TU6x X 3�TU6 x�y ^�}~ (27)

Case(c). In this case,we usethe dottedline in Fig. 3 as the thrust profile model. Due to the low
observability and the relatively small numberof measurementsavailable, we only considerthe con-
tribution of the error in the critical parametersB T } and B T ~ of the constantmassflow rate thrustpro-

file model, along with the uncertaintyin <> ? and <B K .11 Let us also define � 79�� B K B T } B T ~�� e andX 3��
6=O�V Q 79 S Xim�n OWV Q�Xim�� } OWV
Q�Xim�� ~ O�V QUZ . The minimization is over > ? and � andthe JacobianbecomesS�2 3��
6 OWV Q�X 3��
6 OWV QUZ . Underthesameassumptionsasin case(a),usingtheCRLB, onehas

Cov []\ <> 3��
6?<� 3��
6 ^4`badc S�2 3��
6 X 3��
6 Z e S�2 3��
6 X 3��
6 Zgfvhkj 9 \ 2 e 3��
6 243��
6�2 e 3��
6 X 3��
6X e 3��
6 243��
6 X e 3��
6 X 3��
6 ^ hkj (28)

where X 3��
6�79 X : <> 3��
6? @ <B 3��
6K @ <L 3��
6 M , X 79 S Xim�n=Xim�� }
Xim�� ~ Z and 2 3��
6�79 2 : <> 3��
6? @ <B 3��
6K @ <L 3��
6 M are, as in

case(a), thepartialderivatives.
An extra term si� needsto beaddedto thecovariancematrix �k����op<> 3��
6? q obtainedabove to account

for the inaccuracy of the thrustprofile model. Assuminga constantaccelerationerror reflectedby � � ,
this termis si��9�� : <B 3��
6T } |

<B 3��
6T ~ M S�� y� u Z � : <B 3��
6T } |
<B 3��
6T ~ M&e (29)

where � O z Q 9 \ jy z y uz u ^ (30)

Case(d). In this case,thecovarianceis thesameasabove exceptfor thelossof informationcausedby
themissingof first �Pw { detections,i.e., (19) replaces(12) in evaluating(28).

11Seethediscussionin thesecondparagraphin Section3 case(c).
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3.2 Position and Err or Covarianceat Radar Acquisition

In thefollowing wediscussthepredictionof thepositionanditserrorcovarianceatacquisitionatacertain
nominaltime by a surface-basedradarlocatedin thevicinity of the impactpoint. Theestimatedtarget
state ���� at the referencetime � � is usedto determinethe time ���� whenthe target enterstheacquisition
rangeof asurface-basedradar. Thereferencetime � � is setto thetimewhenthelastdetectionoccursatthe
endof theboostphase.Thedeterminationof theacquisitiontime ���� from ���� , � � , theradarpositionandits

rangeis givenin (Yeddanapudi,et. al., 1996).Once ���� is determined,thepredictedstate �� ����� ����� �  � ��J¡ �
andpositionerrorcovariance¢£� areobtainedby propagatingtheestimatedstate ���� , andits associated
covariance,from thereferencetime � � to ���� . Sincethemotionof themissilefrom � � to ���� is governed
by Kepler’s laws, thereexistsacomputationallyefficientalgorithm(insteadof numericalintegration)for
propagatingthestateandcomputingtheJacobian¤¦¥¨§ �g© �����ª � (Yeddanapudi,et. al., 1995).Thisalgorithm
is givenin AppendixB. UsingthisJacobian,we canwrite

Cov « �� �¬¯®�;¢£�#°±�*¤¦¥¨§ �g© ����²ª � ¡ �´³ Cov «µ���� ¬ ³ �*¤¦¥¨§ �g© �����ª � ¡ (31)

Theerrorcovariancematrix ¢£� calculatedin theabove equationis extremelyusefulin initiating the
searchby a surface-basedradarlocatedin thevicinity of the impactpoint. This (algorithm-calculated)
matrix yieldsanestimateof thepositionerror ¶¨� asthesquareroot of thesumof thediagonalelements
of ¢£� , i.e., ¶¨� ®��· ¸ ¢£�J¹Uº¼» ºv½"¸ ¢£�/¹-¾�» ¾¿½"¸ ¢£�/¹-À�» À (32)

In section4.1 we show that the above algorithmcalculatedvaluesfor ¶¨� that agreevery well with the
actualvaluesdeterminedusingMonteCarloruns.

3.3 Position and Err or Covarianceat Missile Launch

Now thereferencetime is setto the(estimated)launchtime, ratherthanthe lastdetectiontime. At the
launchpoint,we needto estimatethepositionof themissileonly on a two dimensionalsurfaceandfind
theassociatedcovariance.In launch local coordinates12, weforcethestatesotherthanthefirst two in the
positionr to a fixedvalueandestimateonly two statecomponents,i.e., � �d¸ �i�  �i� ¹ � �d¸ Á¨¥#Á¨Â#Ã=Ä�ÅÆÅPÅ�¹ ,
where Ã=Ä is a fixed altitude,andwe estimateonly Á¨¥ and Á¨Â . This changein the stateto be estimated
will affect equations(20) to (28). Note that the referencetime � � is not fixed during the optimization
algorithmexceptin case(a)whereit is assumedto beknown.

The ÇÉÈ�Ç errorcovariancematrix ¢£Ê calculatedin theabove equationis usefulin makingdecisions
on searchingfor the missile launchsite. This (algorithm-calculated)matrix yields an estimateof the
positionerror ¶¨Ê asthesquarerootof thesumof thediagonalelementsof ¢£Ê , i.e.,¶¨Êv®� · ¸ ¢£Ê�¹,º¼Ë º�½"¸ ¢£Ê�¹-¾�Ë ¾ (33)

3.4 Initialization

To initialize the optimizationsearchfor the parameterswhenthe referencetime is setasthe last mea-
surementtime, we canuseprior knowledgeon ÌkÍWÎ and ÌkÍUÏ . As an initial guessfor ÌkÄ , � º�Ð ÅgÑ Ò4ÓJÔJÕ ºWÖ
is goodenough,where ÓJÔJÕ ºWÖ is thesamplinginterval of thesensorfrom which thefirst measurementis
generated.In case(d) we use �¼× Ð ÌkÍWÎ Ð ÌkÍUÏ asinitial guessfor ÌkÄ , where �¼× is thelastmeasurement
time. Theinitializationof theposition/velocity parametersat time � � is donethroughagrid search.

12We can usean initial guessin the vicinity of the potential launchsite as the original point to set up the launchlocal
coordinates.This is accuratebecausein thevicinity of thelaunchpoint, theearthsurfacecanbeassumedto beflat.
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To starttheoptimizationsearchfor theparametersat thelaunchpoint, we still useprior knowledge
on ØkÙWÚ and ØkÙUÛ . Sincethealgorithmis relatively insensitive to thechoiceof theinitial guessfor Ü¨Ý andÜ¨Þ , we canusean initial guessfor the two dimensionalpositionanda grid searchfor the launchtimeß�à

(which is alsothereferencetime
ßWá

) from thefirst measurementtimebackwards.Notethatwe needa
relatively accurateinitial

ß�à
because,obviously, abadguessof referencetimecanshift thewholeprofile

too far thusmake theoptimizationfall easilyinto a localminimum.

4 Results

The experimentalsetupis as follows. The target launch location at Ø àãâåä
s is æ äèç N latitude andéëê ç

E longitude; the launchazimuth(w.r.t. true north) of the target is ìì ê ç , i.e., the target is headed
south-westat thetimeof launch.Thetargetenterstheballisticphase(i.e.,final stageburnout,seeFig. 1)
at Øví âïî²ä s andthenit entersthedetectionregion,which is atadistanceof approximatelyì äèð km from
a radarlocatedat the true impactpoint at time Økñ â æèò²ì s and,finally, reenterstheatmosphereat timeØkó â é ää s,at a reentryaltitudeof ô=ó£õ"æö km.

We considerthe following two scenarios.In the singlesensorscenario,the sensoris locatedon a
surveillancesatellitewhichis in acircularorbit in theequatorialplanerotatingin thewestwarddirection,
at analtitudeof

ð²ää
km. At the time of target launch(i.e., at

ßÆâ Ø à ), thesatelliteis locatedat
äèç

lat-
itude, æ äèç/÷ longitude.Thesensorhasa samplinginterval of

ê
s andfor cases(a)–(c)we assumeunity

probabilityof detection,hence,thefirst measurementoccurswithin a samplinginterval after launch.In
case(d) thefirst measurementoccursafter

ßpâ æ ä s, i.e.,six measurementsaremissed.
In thetwo sensorcase,wehave ø â ì passivesensorslocatedonsurveillancesatelliteswhicharein

circularorbits in theequatorialplane,rotatingin thewestwarddirection,at analtitudeof
ð²ää

km above
meansealevel. At thetime of target launch(i.e., at

ßEâ Ø à ) thesatelliteSí is locatedat
äèç

latitudeandäèç
longitudeandsatelliteSñ is locatedat

äèç
latitudeand

î²äèç
E longitude.Both sensorshave a sampling

interval of ù ä s andgenerateLOS measurementsof the target in an asynchronousmanner(the “phase
difference”betweenthemis randomized;thesensorsamplingintervalsarechosenfor onesensorandtwo
sensorsscenariossothatonehasthesamenumberof detectionsin bothscenarios).As in thesinglesensor
case,for cases(a)–(c)bothsensorshaveunity probabilityof detection,hence,thefirst measurementfrom
both thesensorsoccurswithin a samplinginterval after launch. In case(d) thefirst measurementfrom
both sensorsoccursafter

ßlâ æ ä s. The missile becomesinvisible to the sensors(in both scenarios)
shortlyafter the laststageburnout,hence,the lastmeasurement(or, last two measurements,in thetwo
satellitecase)canoccurat mostonesamplinginterval after the final stageburnout. The measurement
covarianceú#û for thesensorüþýJÿ û�� is takenasú#û �â�� ñýJÿ û���� ñ��&ñ (34)

where
� ýJÿ û�� is the standarderror in the LOS measurements(both azimuthandelevation) from sensorü ýJÿ û�� . We presentresultsfor

� ýJÿ û�� â ù ê
	 radand
ð²ä 	

rad,andin thetwo satellitescenariowe assume,
in our simulations,thatboth thesensorshave thesamemeasurementnoiselevels (i.e.,

� í â�� ñ , whenø â ì ).
In acquisitionpositionprediction,we obtaintheestimate � á of thetargetstateat thereferencetimeßWá�â ß��

, i.e., thereferencetime is chosento bethetime of the lastmeasurement.Thepredictedtarget
state ��� andthepredictedacquisitiontime �ß � areobtainedby propagatingthestateestimate� á to anom-
inal rangefrom a surface-basedradar. In our simulationstheradaris locatedat thetruepoint of impact
andwe useannominalacquisitionrangeof approximatelyì äèð km. In the launchpoint estimation,we
obtaintheestimate� á of thetargetstateat thereferencetime

ßWáEâ �Ø à , i.e.,thereferencetimeis chosento
bethetime of the(estimated)launchtime. All experimentaldata,unlessotherwiseindicated,presented
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in this sectionarefrom 100MonteCarloruns.Simulationdetailspertainingto thefour estimationprob-
lemsaredescribedbeforethemajorresultsof thesimulationsaresummarizedin thevarioussubsections.

Case(a). In thesimulationsfor this case,we setthe launchtime � �������� �������! � (i.e., to the true launch
time) andthe thrustprofile " ����� � "#�����! , where "#�����! is the true thrustprofile, which consistsof the
solid linesshown in Fig. 3. Theresultsof interestin thiscaseare:theestimatesof thepositionatacqui-
sition $% � , theassociatederror region Cov &'$% �)( , theestimatesof the2-D positionat launchtime � � and
theassociatederrorCov &'$%+* ( .
Case(b). In thiscasewe estimatethelaunchtime $� � , alongwith thestate $,.- . Thethrustprofile is setto
thetrueprofile,asin case(a) above. Theresultsof interestin this case,arethoseasin case(a),plusthe
statisticsof thelaunchtime estimates.

Case(c). In this casewe estimatethe target state $,.- , the launchtime $� � , and, in addition, the key
parameters�0/21 and �0/43 in the thrust profile. In the simulationswe shall usea piecewise hyperbolic
model 5
6'7�8:9 for thethrustmagnitudeandalinearmodel ;
6<7�8:9 for theorientation,givenby thefollowing
equations

Tb1
Tb2

2a

1a

1b

b2

(t
)

α

T0 T1

Tb1
Tb2

2a

1a

1b

b2

(t
)

α

T0 T1

Figure4: Piecewisehyperbolicmodel 5
6<7�8:9 for themagnitudeof thenetacceleration.

5=7�8:9 �
>?????@ ?????A

� 1B/21C'DFE)G:HG:I 1�J � 12K C G:H:L�G:I 1 E)DG:I 1MJ /21 � �#N 8 N � �PO �0/21
� 3)/43C DFE)G:HQE)G:I 1G:I 3�J � 3�K C G:H:L�G:I 1 L�G:I 3 E)DG:I 3 J /43 � �PO �0/21�RS8 N � �PO �0/21 O �0/43 (35)

;=7�8:9 � ; �TO ;
U=VW; ��0/21 O �0/43 7�8
VX� � 9 � �#N � �YO �0/21 O �0/43 (36)

where Z\[�]#^_[�]`Z'UB]a^�U areshown in Fig. 4 and ; � ]a;
U specifythelinearmodelfor theorientation.The
valuesof theseparametersarechosento yield abestfit to theactualcurvesasshown in Fig. 3. Thetimes�0/21 and �0/43 arethefirst andthesecondstageburn-outtimes,respectively (alsoindicatedin Fig. 4), used
in thethrustprofile "=6 . Thejustificationbehindthis modelis thatmostmissileshave anapproximately
constantmassflow ratedueto thenearconstantburningof thefuel in thefollowing simplifiedform,b � c [c U=Vd8 (37)
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where e denotesthethrustingforce, f�g and f!h areconstantand i is thetime themissilehasflown.
Case(d). Due to cloud cover we shouldnot always expect prompt detectionof the missile by the
IR sensorslocatedon the satellites. In this case,we model the lossof informationby eliminatingthe
measurementsat iTjlkBm s. With this limited informationwecanstill getreasonablygoodestimateof the
targetstate no�p , thelaunchtime nq p , andthethrustprofileparameters

q0r2s
and

q0r4t
.

4.1 Position Err ors at the Nominal Acquisition Range

TheRMSerrorsin theestimatedposition nu+v attime ni v areshown in Table2. Boththeactualerrorsandthe
valuescalculatedby thealgorithmareaveragedover 100MonteCarlo runs. Thealgorithm-calculated
positionerror, in eachrun,is computedusing(32). In Table2, theRMSvalueof thisalgorithmcalculated
positionerroris comparedwith theRMS valueof theactualpositionerror, bothusingthedatafrom 100
MonteCarlo runs. The“nominal” acquisitiontime is definedsuchthat theestimatedposition nu+v of the
missileis at thenominaldetectionrangeof a surveillanceradarlocatedat thetrueimpactpoint. In each
run, the actualpositionerror is the distancebetweenthe estimatenu+v andthe true position u�wyx{z�|=} ni v_~ ,
while thealgorithm-calculatedvalue � v is obtainedfrom (32). TheRMSvaluesof � v andtheactualerror
from 100MonteCarlorunsareshown in Table2.

Acquisition Point RMS Position Err or (in km)�.�!����� �a�!�:�\�)��a�F�'�+�B� i�������� � f�� � ��i��_�
( � rad) OneSensorScenario Two SensorScenario

(a) (b) (c) (d) (a) (b) (c) (d)

15 �B� �)�  � k �
¡ � k�¢  � � ¡ �)�B�£� m�)�B� k�¢

 )¤ � ¡ m  �'� ¢ ¤ m � � ¢m � � k
  �  ) �B� �)� �'� � m� m � ¥ m � ¡ �   ¡� ¡ � m  

60 � m � ¥ ¢�'� ¤ � � ¡ � ¡ ¥�   � � k
  �'� ¤ ¢k ¡ � ¢)¢ ¥ m � kBm� m ¥'� ¥<� k � ¥  k � k � �'� m  �'�£� k

  m �£� mk �B� �)� k ¡ �£�  ¡ ¢ � ¤ �
Table 2: RMS position errors at time ni v , for the single and two satellite scenariosat �.�!�����§¦
� ¤ and ¥ m¨� rad.Note: In case(c) and(d), theprofilemodelingnoiseis �\©ª¦ m �£� � .

The resultsin Table2 clearlyshow that thealgorithm-calculatedvaluesmatchwell with theactual
ones,in both thesingleandtwo satellitescenariosfor both the low andhigh measurementerror levels.
Secondly, we observe that the errors increasesteadilyas one goesfrom case(a) to case(d), due to
the incorporationof unknown launchtime, incompletethrust profile, and delayeddetectioninto the
estimationproblem.Finally, thesubstantiallysmallerpositionerrorsin thetwo satellitescenarioover the
singlesatellitescenarioshow theadvantageof improvedobservability obtainedby usingtwo satellites.

Thecueingregion obtainedin a typical run for themostrealisticcase(d) with two sensormeasure-
mentsand ¥ mB� rad anglemeasurementnoise,is shown in Fig. 5. This illustratesthesizeof thecueing
region,andthatthetruepositionof themissiledoeslie within theindicated

  � regionaboutthepredicted
location. Thefigure is drawn alongthe radaraxesdefinedbelow. The radaris at the true impactpoint
with the rangeaxis directedtowardsthe true missilepositionat time

q h . The “up-down”axis is a unit
vectorin themissile’sorbitalplaneandis perpendicularto therangeaxis.The“left-right” axiscompletes
theright-handcoordinatesystem.

4.2 Position and Launch Time Err ors at the Missile Launch

Thetwo dimensionalRMS errorsin theestimatedposition nu+« at time ni « areshown in Table3. Both the
actualerrorsandthevaluescalculatedby thealgorithm,averagedover100MonteCarlorunsareshown.
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Figure5: The ¬B cueingregion for two sensorscenariowith ®B¯B° radmeasurementnoisein case(d) with
its projections( ± : thepredictedposition ²³�´ ; o: thetrueposition ³�µ�¶�·!¸ ).
Thealgorithm-calculated positionerror, in eachrun, is computedusing(33). In Table3, theRMS value
of this algorithmcalculatedpositionerror is comparedwith the RMS valueactualpositionerror, both
usingthedatafrom 100MonteCarloruns.In eachrun, theactualpositionerroris thedistancebetween
theestimate²¹+º andthetrueposition ¹�»y¼{½�¾
¿FÀ0Á�Â . TheRMS valuesof Ã º andtheactualerrorof thelaunch
time from 100MonteCarlorunsareshown in Table3. Fig. 6 shows thelaunchpoint uncertaintyregion
in thelaunchlocal coordinatesfor a typical run.

Thelaunchtimeestimationis donetogetherwith the2-D positionestimationin cases(b) through(d).
TheRMS valuesof thealgorithmcalculatederrorandtheactualerror from 100MonteCarlo runsare
shown in Table4.

4.3 Consistencyof the Estimator

Thepositionerrorsin Table2 andTable3 indicatethatestimate²¹ ´ , ²¹+º andthealgorithm-calculatederror
matrix Ä ´ , Ä º areconsistentwith thetruevalues.In this sectionwe presenta morerigoroustestof the
consistency of thealgorithmby consideringtheentireerrormatrix Ä ´ and Ä º . For thispurposewedefine
thenormalizedestimationerrorsquared(NEES)(Bar-Shalom,et. al., 1993)as

Å!´ÇÆÈÊÉ ²¹ ´�Ë ¹�»y¼{½�¾=Ì ²Í ´_Î'Ï�Ð)Ñ Ä ´!Ò4Ó0Ô É ²¹ ´�Ë ¹�»y¼{½�¾=Ì ²Í ´_Î'Ï (38)

and Å º
ÆÈ Ñ ²¹+º Ë ¹�»y¼{½�¾
¿�À0Á_Â Ò Ð Ñ Ä º ÒÕÓ0ÔÖÑ ²¹+º Ë ¹�»y¼{½�¾
¿FÀ0Á�Â Ò (39)
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Launch Point RMS Position Err or (in km)×.Ø!Ù�Ú�Û ÜaÝ!Þ:ß\à)áâaãFä'å+æBç4è�é�ê�ë�ì'ãîí�ï�ãîì�è�ð_ñ
( ò rad) OneSensorScenario Two SensorScenario

(a) (b) (c) (d) (a) (b) (c) (d)

15 ó<ô ó�õ<öó<ô£ö_÷)ø ó<ô£ö_÷)ùó<ô£ö!ú�ó ó<ô ûBóBúó<ô ÷<ö_ø ó<ô ÷)ù<öó<ô ø)ü)÷ ó<ô óBú�÷ó<ô óBú�÷ ó<ô óBú�üó<ô óBú�÷ ó<ô ó�ü+úó<ô ó�ü<ö ó<ô ó�ýB÷ó<ô ó�ù�ý
60 ó<ô û)ü+úó<ô ü+ú�÷ ó<ô ø�ý)ýó<ô ü)÷)ø öBô ó�÷+úöBô û)ø)÷ öBô ýB÷)ùû'ô üBó�ö ó<ô£ö_õ<öó<ô£ö�ý'ö ó<ô£ö_õ)ûó<ô£ö_õ)û ó<ô û)û)üó<ô ûBó�ü ó<ô ÷+ú�õó<ô ÷)õ)ù

Table3: RMS launchposition errorsat time þè{ÿ , for the singleand two satellitescenariosat × Ø!Ù�Ú�Û��ö_ü and øBó ò rad.

Launch Time RMS Err or (in s)×.Ø!Ù�Ú�Û ÜaÝ!Þ:ß\à)áâaãFä'å+æBç4è�é�ê�ë�ì'ãîí�ï�ãîì�è�ð_ñ
( ò rad) OneSensorScenario Two SensorScenario

(a) (b) (c) (d) (a) (b) (c) (d)

15 N/A ó<ô ó�û)ùó<ô ó�ö)ö ó<ô ó�ü<öó<ô ó�ø�ý ó<ô ó�õ+úó<ô£ö_ü)õ N/A ó<ô ó�û+úó<ô ó�ö)ö ó<ô óBú�øó<ô óBú)ú ó<ô ó�ø+úó<ô ó�ù�ý
60 N/A ó<ô£ö�ýBõó<ô ó�ùBó ó<ô ÷)÷+úó<ô û)ø)ø ó<ô ú�ü)ûó<ô ø)÷)÷ N/A ó<ô£ö)ö_üó<ô ó�ý'ö ó<ô û�ýBõó<ô£ö�ýBü ó<ô ÷)ü)øó<ô ú�ó�ö

Table4: RMS valuesof theactualandalgorithmcalculatederrorsin thelaunchtime estimatesfor both
thesingleandtwo sensorscenariosat ×.Ø!Ù�Ú�Û � ö_ü and øBó ò rad.

where,��������	 
 þè��� is thetruepositionof themissileat þè�� , which is obtainedby propagatingthetrueposi-

tion of themissilefrom thereferencetime
è � , usingtheproceduredescribedin AppendixB; ��������	�������

is thetruepositionat thelaunchtime. If theestimatoris unbiasedandif thealgorithm-calculatedcovari-
anceis equalto thetruecovarianceof theestimator, then

í��
definedabove is chi-squareddistributedwith

3 degreesof freedom(Bar-Shalom,et. al., 1993)and
í!ÿ

with 2 degreesof freedom.Takingtheaverage
over 100MonteCarloruns,thetwo sided95%probabilitybounds13 on �í�� are���� ��� � ó<ô ù�ýBü �ö�ó)ó � �í����� öö�ó)ó

�� "!$# í��&%  � ���� ��� � ó<ô ó�û)ü �ö�ó)ó (40)

Similarly, thetwo sided95%probabilityboundson �í!ÿ are���� ��� � ó<ô ù�ýBü �ö�ó)ó � �í!ÿ �� öö�ó)ó
�� "!$# í!ÿ %  � ��� # ��� � ó<ô ó�û)ü �ö�ó)ó (41)

where
í��&%  

and
í!ÿ %  

arethevalueof
í��

and
í!ÿ

obtainedin the
ç

th MonteCarlorun,respectively. Thevalues
of �í�� and �í!ÿ for thedifferentscenariosconsideredarepresentedin Table5.

It can be seenfrom the above tablesthat for both one and two sensorsscenarios,�í�� and �í!ÿ are
in mostcaseswithin their theoreticalbounds,which indicatesthat the algorithmis consistentboth in
termsof the estimatesand the calculatederror matrix for thesecases.In acquisitionposition for the
singlesensorscenario,�í�� in cases(a) and(b) areout of bounds.This is becauseof the ill-conditioned

13Thenotationusedindicatesthattheprobabilitymassto theright of thepoint ')(*,+�-/. is equalto - .
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Figure6: The 021 launchpositionuncertaintyregion for two sensorscenariowith 32425 radmeasurement
noisein case(d) ( 6 : theestimatedposition 78�9 at 7:�; ; o: thetruelaunchposition).

observability from thesinglesensor, especiallyin highmeasurementnoiselevel. In cases(c) and(d), the
profile modelingnoiseredressesthis problem.For launchpositionin case(d), thealgorithmis slightly
conservative in theerrorcovariancematrix calculation.

5 Conclusions

An algorithm hasbeendevelopedto estimatethe state(position/velocity) of a ballistic missile based
on passive observationsduring its boostphase. It hasbeenshown that even with a single satellite-
basedIR sensoronecanobtaina reliableestimate.With two suchsensorstheaccuracy is substantially
better. The algorithm-calculatedcovarianceshave beenshown to be consistentwith the actualerrors
andtherefore,they canbe usedto setup thecueingregion for acquisitionby a radarnearreentry, and
thetwo dimensionalsearchregion for themissilelaunchsite. This hasbeenaccomplishedby a simple
modelingof the thrust magnitudeand pitch-over during boost. The algorithm can also estimatethe
unknown launchtime. The major parametersin the thrustprofile arealsoestimatedtogetherwith the
missileposition/velocity and launchtime. If the detectionprobability is lessthanunity, e.g., several
measurementsaremisseddueto cloudcover, thealgorithmstill performswell, althoughit yieldshigher
errors.

946

Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999



Normalized Estimation Err or Squared<>=�?A@&B for Acquisition PositionCEDFHGHG ?AIKJ LNM�ONBP I�I OneSensorScenario Two SensorScenario
CEDFHGHG ?AIKJ I�Q�ONBP I�I

( R rad) (a) (b) (c) (d) (a) (b) (c) (d)
15 2.54 SUT VXW YUT Y[Z \UT S2] 2.88 \UT ^E] \UT Z[S SUT V[\ 3.48 3.49
60 2.54 ^)T Z[\ _,T `[\ \UT ^,S 3.23 \UT S[Z \UT ^,` \UT ^U_ 2.62 3.49

Table5: AcquisitionpositionNEES ab�c , averagedover100MonteCarlorunsfor boththesingleandtwo
sensorscenariosat < =�?A@&B�d WZ and Y2]eR rad.

Normalized Estimation Err or Squared<>=�?A@&B for Launch PositionC DFHGHG ?AIKJ LNM�ONBP I�I OneSensorScenario Two SensorScenario
C DFHGHG ?AIKJ I�Q�ONBP I�I

( R rad) (a) (b) (c) (d) (a) (b) (c) (d)
15 1.63 W2T _[_ SUT"W[W W2T Zf^ W2T \XW SUT ]E\ W2T YE_ SUT"W[W W2T \[Z 2.41
60 1.63 W2T `[Z SUT \[Y SUT ]E` W2T"WV SUT"W&] W2T `[` SUT \XW W2T Sf^ 2.41

Table6: LaunchpositionNEES ab�c , averagedover 100 Monte Carlo runsfor both the singleandtwo
sensorscenariosat <>=�?A@&B d WZ and Y2]eR rad.

A The Levenberg-Marquardt Algorithm

The nonlinearleastsquares(NLS) minimizationproblemcanbe solved usinga variety of iterative al-
gorithms. Theperformanceof thesealgorithmsis affectedby two major factors.Thefirst factoris the
conditionnumberof theHessiangih[gijhUkml�n�o of thecostfunction kml�n�o at theminimumandin its neigh-
borhood.Thesecondfactoris thechoiceof theinitial point usedto starttheminimizationalgorithm.

For well conditionedproblems14, theperformanceof mostalgorithmsis very good,in thesensethat
they convergerapidlyto theminimumandtherateof convergenceis notsensitive to theinitial pointused
to startthealgorithm.On theotherhand,for ill-conditionedproblemstheperformanceof almostall the
minimizationalgorithmsis critically dependenton the initial startingpoint. As statedearlier, themini-
mizationof thecostfunctionassociatedwith theML targetstateestimationfrom LOS measurementsis
very ill-conditionedbecauseof poortargetmotionobservability. Hence,arobustminimizationalgorithm
is requiredfor this problem. The Levenberg-Marquardtalgorithm,which is speciallydesignedfor the
minimizationof NLS functions,hasbeenfound to performwell for thepresentminimizationproblem
andis describedbelow.

Considerthecostfunction kml�n I o which is to beminimized.Denotingtheestimatedminimumat thep th iterationby n IKq r , thevectorof normalizedmeasurementresidualsby s l�n IKq r o d s r andtheJacobian
by t l�n IKq r o d t r , wecanform anaffine approximationu r l�n I o to s l�n I o asu r l�n I o d s rwv t r l�n Iyx n IKq r o (42)

Usingtheabove equation,we canform a localquadraticmodel z r l�n I o for thecostfunctionasz r l�n I o d u r l�n I o j u r l�n I o d s jr s rwv S[s jr t r l�n Iyx n IKq r o v l�n Iyx n IKq r o j t jr t r l�n Iyx n IKq r o (43)

Under the assumptionsthat this quadraticmodel z r l�n I o is a good approximationto the actualcost
function kml�n I o , the Gauss-Newton algorithmwould updatethe estimateto the minimizer of this local

14Theconditionnumberof amatrix is theratioof thelargestandthesmallestsingularvalues.If theconditionnumberof the
Hessianof {/|�}E~ is lessthan ��� F , thenboththeHessianandtheassociatedcostfunction {/|�}E~ canbesaidto bewell-conditioned.
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quadraticapproximation,i.e., �
GN�K� �����2�N�����"�����2�/�)� ��� � �� (44)

It canshown thatthisGauss-Newtonupdate,
�

GN�K� � , is obtainedastheleastsquaressolutionof asetof �2�
linearequations,i.e., � ��� � GN�K� ��� � �K� �,  � �¢¡ � (45)

The GaussNewton iterative algorithm,thoughvery straightforward to implement,is not globally con-
vergent. Convergenceis assuredonly if the initial startingpoint

� �K� � is quite closeto theglobal mini-
mum. Quite a few modificationsto this algorithmhave beenproposedto make it globally convergent.
A classof algorithmsthat fall into this category arebasedon a modificationto theGauss-Newton algo-
rithm suggestedby (Levenberg, et. al., 1944)and(Marquardt,et. al., 1963). This algorithm(i.e., the
Levenberg-Marquardtalgorithm)alsoupdatestheestimateat the £ th iterationby trying to minimizethe
local quadraticmodel � �¤� � ��� at eachiteration,but this updatedestimate,

� �K� �[¥$¦ , is constrainedto lie
within ahyper-ellipsoidcenteredaround

� �K� � , i.e.,� �K� �[¥$¦ ���2�N�i���"���K�2§ � �¤� � ��� (46)¨ �ª© � ��« � �¬¯®±° and ²K³ �� � � � � �K� �)� ²µ´·¶ �/¸ (47)

where ³ � is a ¹iº¯¹ diagonalscalingmatrixand ¶ � is theradiusof the“scaledmodeltrustregion”. It is
easyto seethatif theGauss-Newtonupdateis feasible,i.e., »»» ³ ��� � GN�K� � � � �K� �U  »»» ´·¶ � thenit is accepted

astheestimate
� �K� �[¥$¦ � �

GN�K� � . However, in general,
�

GN�K� � maylie outsidethetrustregion; in suchacase,
theupdatedestimateis obtainedby solvingthefollowing min-maxproblem:� �K� �[¥$¦ ���2�N�����"�����2�/� ���f¼½ �2�¿¾ � ��� � ����À�ÁÂ� ²�³ �w� � � � � �K� �)� ²�Ã � ¶ Ã�  UÄ (48)

where Á is the Lagrangianmultiplier, which in the presentcontext is calledthe Levenberg parameter.
It canbe shown thatgivena valueof Á , we cansolve for a

� �K� ���ÅÁ¤� , (i.e., solve theouterminimization
problem)astheleastsquaressolutionof thefollowing � �2� À ¹ � setof linearequations:Æ � �ÁyÇÈ ³ �ÊÉ � � �K� �¤�ÅÁ¤� � � �K� �)� � Æ �¢¡ �Ë °�Ì ¦ É (49)

Notethat
� �K� ��� Ë � � �

GN�K� � , i.e., theGauss-Newton update.This solution
� �K� ��� Ë � maynot feasible,but in

general,it canbeshown thatthereexistsa Á)�Í¬ÏÎ ËXÐKÑ � suchthatfor all ÁÓÒ�Á)� , � �K� ���ÅÁ¤� is feasible.The
updatedestimateis then

� �K� �[¥$¦ � � �K� ���ÅÁ)�)� . This value, Á)� , of theLevenberg parameteris obtainedby
solving ²K³ �� � �E�ÅÁ¤� � � �K� �)� ² � ¶ � . Someof theimportantaspectsof this algorithmaresummarizedin
thefollowing remarks.Ô Note that at eachiteration, the Levenberg parameterÁ)� hasto obtainedvia an inner iterative

loop. In eachof theseinner iterationsfor obtaining Á)� , we needto solve (49) for
� �K� ���ÅÁ¤� . In the

implementationof this algorithmby (Moré, et. al., 1977)and(Moré, et. al., 1980)a two stage
QR procedureis usedto solve for theLevenberg parameter. In addition,thisprocedurefactorsthe
theJacobianmatrix sothattheintermediateparametersrequiredfor updating¶ � canbecomputed
very efficiently.Ô Another importantaspectin the evaluationof Á)� is the choiceof the iterative methodusedin
solvingthenonlinearequationin Á . Newton’smethodfor solvingnonlinearequationscanbeused,
but a muchmoreefficient iterationhasbeensuggestedby (Hebden,et. al., 1973)thatexploits the
specialstructureof theproblem.
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Õ The ÖÅÖ elementof the diagonalscalingmatrix ×iØ is updatedat eachiteration in the following
manner: Ù ×iØ,Ú"ÛAÛÝÜ�Þ�ßfàá)â colÛ)ãåäÝØ)æâ$ç Ù ×iØ,Ú"ÛAÛéèêç�ëíìïî (50)

At thefirst iteration,we have
Ù ×�ðKÚ"ÛAÛ$Üñâ colÛ)ãåä$ðæâ .Õ Theradiusof themodeltrust region òKØ is updatedbasedon how well thelocal quadraticapprox-

imation predictsthe changein the function value. The ratio ó�Ø of the actualto the predicted
reductionin thefunctionvalueis givenbyó�Ø�Üõô ãåö¤ðK÷ Ø)æ$ø ô ã�ö¤ðK÷ ØãÅù)Ø)æNæô ã�ö¤ðK÷ Ø)æ�øûú&Øãåö¤ðK÷ ØãÅù)Ø)æ�æ (51)

Thedenominatorof theexpressionontheright handsideof theaboveequationcanbeeasilyshown
to benon-negative. Dependingon thevalueof ó�Ø , thefollowing updatestrategy is adopted:

– If ó�Ø is negative, it impliesthat thevalueof thecostfunctionhasincreasedinsteadof going
down. This happensif the local quadraticmodelis totally inadequate.In sucha case,òKØ is
drasticallyreduced(typically by a factorof ü&î ) andthevalueof theLevenberg parameteris
recomputed.Theestimateis updated,i.e., ö¤ðK÷ Ø[ý$þÿÜ¿ö¤ðK÷ ØãÅù)Ø)æ only if ó�Ø�� î�� î[î[î)ü (a small
positive number).

– If î�� ó�Ø�� î�� �
	 , the estimateis accepted,but òKØ is reducedfor the next iteration,since
valuesof ó�Ø considerablylessthan one indicatethat the local quadraticmodel doesnot
accuratelyreflectthecostfunctionbehavior. Thenew trust region radius òKØ[ý$þ is computed
using òKØ[ý$þ¯Ü��$òKØ , wherea valueof �� Ù î��"ü î�� 	�Ú is chosenusinga quadraticfit in the
directionof theupdatedestimate.

– If ó�ìñî�� ��	 , thenwe chooseòKØ[ý$þiÜ òKØ if ù)ØíÜ î , and òKØ[ý$þ����[òKØ if ù)ØÊìñî . Since,in
thesecases,the local quadraticmodelseemsto bea reasonablygoodapproximationto the
actualcostfunction, theGauss-Newton updatemaybeappropriate.To allow this updateto
befeasible,òKØ[ý$þ is increased.

A detailedtheoreticaldevelopmentof this algorithmcanbe found in (Dennis,et. al., 1983)and
(Moré,et. al., 1977).Thealgorithmis startedusinganinitial point ö¤ðK÷ ð obtainedusingtheinitialization
proceduredescribedin section3.4. The algorithm hasbeenfound to converge to the solution, i.e.,ö¤ðK÷ ��� ö MLð aftera reasonablysmallnumberof iterations� (approximately	 to ü�	 iterations,in most
cases).

B Algorithm for StatePropagation

Presentedbelow is an algorithmthat propagatesthe stateof an object in a ballistic trajectoryaround
the earth. Let öeã��Næ��iÜ Ù � ã��Næ����� ã��Næ�� Ú be the unknown stateto be computedat time � , given the stateö�� ð Ü� mã���ð�æ��Ü Ù � � ð �� � ð Ú at the time ��ð . The underlyingtheoreticalconceptsand the derivation of the
equationsusedin this algorithm can be found in (Bate, et. al., 1971). The gravitational parameter� Ü"!#� $
%
&2î)ü��('ûü&î
) km*,+ sec- andtheconvergencecheckparameter.0/01ÏÜ ü&î#2 þ ð areused.

STEP 1 3�ð54 Üñâ � ð,â ; 6[ð74 Ü â8�� ðUâ ; úð74 Ü þ9 � � ð �� ð ; :Uð54 Ü -;=< ø?>A@<9 ; B¤ð74 Ü þ 2�C <D;=<E 9 ;

STEP 2 if ãF:Uð5�ïî,æHG 4 Ü C <AI J 2 JK<MLE 9 ;
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else N�O P signQ RFSTRKUWVX S�YMU[Z]\
^ _ ` Q X S�YMUWVKaAQ RFSTRKUMVb U X S�YMUdc�e�U signQ RFSTRKUMVdf ;g O Pih#jkN ` ;
STEP 3 if l h(monqp�r O Pts STuwvdx�Qzy {
V{ ; | O P y {qSTx�} ~�Qzy {
V{qy { ;

else r O Pts STuwvdx���Qzy ST{
V{ ; | O P x�} ~���Qzy ST{
VFS�y ST{{qy ST{ ;

STEP 4 � O P���j�N�� |���� j�N ` r ��� UX � N ;
d�
d� O P���j�N ` r ��� j�N lH����| g p ��� UX � ;N�O PiN ��� d�d��� S s�� l������ j�p ���#� ;

STEP 5 if l � l������ j�p ���#�����0 0¡ p
goto STEP 3

STEP 6 ¢ O P �£� �D¤H¥� U ; ¦ O P l������ j,p � � aW§X � ; ¨�l�� p©O P ¢7¨ j ��¦«ª¨ j ; ¬ O P® ¨�l�� p� ;
STEP 7 ª¢ O P°¯ X ±³²� Uo´ lµ| g �o� p�¶ � �T· ; ª¦ O P �£� � ¤ ¥� ; ª¨�l�� p©O P ª¢7¨ j � ª¦¸ª¨ j ;

The above stepsyield the requiredstate ¹�l�� p�º«P � ¨�l�� p�º ª¨�l�� p�º � at time � . In order to predict the
covarianceof theposition ¨�l�� p by propagatingthecovarianceof ¨�l�� j�p from � j to � , we needto compute
the »½¼¿¾ matrix ÀÂÁ U ¨�l�� p . Thecomputationof thismatrix involvesthefollowing additionalsteps.

STEP 8 ÀÂÁ U ¬ j7O PÄÃ ¨ jn®Å ¯ s� U ´ ; ÀÂÁ UMÆ j5O PÇÃ nª¨ j(Å ¯ sÈ U ´ ;
ÀÂÁ U � j7O PÇÃÊÉ¨ j¨ j(Å ¯ s� ´ ;ÀÂÁ U h#j7O P lµÀÂÁ U ¬ j,p ¯ S `� ¤U ´ �ilwÀÂÁ UMÆ j,p ¯ S ` È U� ´ ;ÀÂÁ U ��j7O P lwÀÂÁ U ¬ j�pË¯ S�YMUX � ´ �"lµÀÂÁ U h#j�pË¯ S � UX � ´ ;

STEP 9 d§
d{ O P ¥HS � §` { ; d¥

d{ O P s S § {qS ` ¥` { ;

STEP 10 Ì s O P lwÀÂÁ U � j�p l=� N ` r p �"lwÀÂÁ U ��j�p l=� N�� | p �"lµÀÂÁ U ¬ j,pÍ¯ S��X � ´ ; Ì ` O P lwÀÂÁ U h#j�p l=� N ` p ;Î O PÇÃ ¾ ��jkN ` |©��Ï�� jkN r ��� UX � ��j�N�� d§
d{ ��� j�N ` d¥

d{Ï h#jkN �Ð� Å ;� lµÀÂÁ U NÍp lwÀÂÁ U g p � O P � Ì s Ì ` � Î S s ;
STEP 11 ÀÂÁ U ¢ O P � lµÀÂÁ U ¬ j,p ¯ �
¥� U ´ �ÑlwÀÂÁ U NÍp lµÏ r p �ÑlwÀÂÁ U g p ¯ N d¥

d{ ´ � � �� U � ;
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ÒÂÓ�ÔMÕ¸Ö ×�ØµÙµÒÂÓ�ÔAÚÍÛ�ÙwÜ
Ý�ÛßÞÑÙwÒÂÓ�ÔMà�ÛËáMÚ dâ
dãåä#æ ØMç�èDéê ë æ ;

STEP 12
ÒÂÓ�Ô�ì�Ù�íWÛÍ×ÇîÐïåðkñÕ ðkñóò�ô ÙµÒÂÓ�Ô ï Ûqì,õö ô ÙµÒÂÓ�ÔMÕ8Û³÷ì,õö ;
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Moré J. J. (1977). “The Levenberg-Marquardtalgorithm: implementationand theory”, in Numerical
Analysis G. A. Watson,ed.,LectureNotesin Math.630,SpringerVerlag,Berlin.

951

Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999
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