
$GDSWLYH�3ROH�3ODFHPHQW�&RQWURO�RI�/LQHDU�6\VWHPV

XVLQJ�3HULRGLF�0XOWLUDWH�,QSXW�&RQWUROOHUV

.�*�$UYDQLWLV



'HSDUWPHQW�RI�(OHFWULFDO�DQG�&RPSXWHU�(QJLQHHULQJ��'LYLVRQ�RI�&RPSXWHU�6FLHQFH

1DWLRQDO�7HFKQLFDO�8QLYHUVLW\�RI�$WKHQV�

=RJUDSKRX��������$WKHQV��*UHHFH

*�.DORJHURSRXORV
'HSDUWPHQW�RI�0DWKHPDWLFV��6HFWLRQ�RI�0DWKHPDWLFDO�$QDO\VLV

8QLYHUVLW\�RI�$WKHQV�

3DQHSLVWLPLRSROLV��������$WKHQV��*UHHFH�

$EVWUDFW�

$Q�QHZ�LQGLUHFW�DGDSWLYH�DOJRULWKP�LV�GHULYHG�IRU�SROH�SODFHPHQW�FRQWURO�RI�OLQHDU�FRQWLQXRXV�WLPH

V\VWHPV�ZLWK�XQNQRZQ�SDUDPHWHUV��7KH�FRQWURO�VWUXFWXUH�SURSRVHG�UHOLHV�RQ�D�SHULRGLF�FRQWUROOHU�

ZKLFK� VXLWDEO\� PRGXODWHV� WKH� VDPSOHG� RXWSXW� DQG� GLVFUHWH� UHIHUHQFH� VLJQDOV� E\� D� PXOWLUDWH

SHULRGLFDOO\� WLPH�YDU\LQJ� IXQFWLRQ�� 6XFK� D� FRQWURO� VWUDWHJ\�� DOORZV� XV� WR� DVVLJQ� WKH� SROHV� RI� WKH

VDPSOHG�FORVHG�ORRS�V\VWHP�WR�GHVLUHG�SUHVSHFLILHG�YDOXHV�DQG�GRHV�QRW�PDNH�DVVXPSWLRQV�RQ�WKH

SODQW� RWKHU� WKDQ� FRQWUROODELOLW\�� REVHUYDELOLW\� DQG� NQRZQ� RUGHU�� 7KH� SURSRVHG� LQGLUHFW� DGDSWLYH

FRQWURO� VFKHPH� HVWLPDWHV� WKH� XQNQRZQ� SODQW� SDUDPHWHUV� �DQG� FRQVHTXHQWO\� WKH� FRQWUROOHU

SDUDPHWHUV�� RQ�OLQH�� IURP� VHTXHQWLDO� GDWD� RI� WKH� LQSXWV� DQG� WKH� RXWSXWV� RI� WKH� SODQW�� ZKLFK� DUH

UHFXUVLYHO\�XSGDWHG�ZLWKLQ�WKH�WLPH�OLPLW�LPSRVHG�E\�D�IXQGDPHQWDO�VDPSOLQJ�SHULRG� 7� ��2Q�WKH

EDVLV�RI� WKH�SURSRVHG� DOJRULWKP�� WKH� DGDSWLYH�SROH�SODFHPHQW�SUREOHP� LV� UHGXFHG� WR� D� FRQWUROOHU

GHWHUPLQDWLRQ� EDVHG� RQ� WKH� ZHOO� NQRZQ� $FNHUPDQQV¶� IRUPXOD�� .QRZQ� LQGLUHFW� DGDSWLYH� SROH

SODFHPHQW�VFKHPHV�XVXDOO\�UHVRUW�WR�WKH�FRPSXWDWLRQ�RI�G\QDPLF�FRQWUROOHUV � WKURXJK�WKH�VROXWLRQ

RI� D� SRO\QRPLDO� 'LRSKDQWLQH� HTXDWLRQ�� WKXV� LQWURGXFLQJ� KLJK� RUGHU� H[RJHQRXV� G\QDPLFV� LQ� WKH

FRQWURO�ORRS��0RUHRYHU��LQ�PDQ\�FDVHV��WKH�VROXWLRQ�RI�WKH�'LRSKDQWLQH�HTXDWLRQ�IRU�D�GHVLUHG�VHW�RI

FORVHG�ORRS�HLJHQYDOXHV�PLJKW�\LHOG�DQ�XQVWDEOH�FRQWUROOHU��DQG�WKH�RYHUDOO�DGDSWLYH�SROH�SODFHPHQW

VFKHPH� LV� WKHQ� XQVWDEOH� ZLWK� XQVWDEOH� FRPSHQVDWRUV� EHFDXVH� WKHLU� RXWSXWV� DUH� XQERXQGHG�� 7KH

SURSRVHG� FRQWURO� VWUDWHJ\� DYRLGV� WKHVH� SUREOHPV�� VLQFH� KHUH� JDLQ� FRQWUROOHUV� DUH� QHHGHG� WR� EH

GHVLJQHG�� 0RUHRYHU�� SHUVLVWHQF\� RI� H[FLWDWLRQ� DQG�� WKHUHIRUH�� SDUDPHWHU� FRQYHUJHQFH�� RI� WKH

FRQWLQXRXV�WLPH� SODQW� LV� SURYLGHG� ZLWKRXW� PDNLQJ� DQ\� DVVXPSWLRQ� HLWKHU� RQ� WKH� H[LVWHQFH� RI

VSHFLILF� FRQYH[� VHWV� LQ� ZKLFK� WKH� HVWLPDWHG� SDUDPHWHUV� EHORQJ� RU� RQ� WKH� FRSULPHQHVV� RI� WKH

SRO\QRPLDOV�GHVFULELQJ�WKH�$50$�PRGHO�� RU�ILQDOO\�RQ�WKH�ULFKHQHVV�RI� WKH�UHIHUHQFH�VLJQDOV�� DV

FRPSDUHG�WR�NQRZQ�DGDSWLYH�SROH�SODFHPHQW�VFKHPHV�

� ,QWURGXFWLRQ

3HULRGLFDOO\�YDU\LQJ�DQG�RU�PXOWLUDWH�IHHGEDFN�VWUDWHJLHV�IRU�FRQWLQXRXV�WLPH�OLQHDU�V\VWHPV�KDYH

ORQJ� EHHQ� WKH� IRFXV� RI� LQWHUHVW� E\� PDQ\� FRQWURO� GHVLJQHUV�� 6HYHUDO� GLJLWDO� FRQWURO� VFKHPHV� ZHUH

SURSRVHG�LQ�WKH�OLWHUDWXUH��DPRQJ�WKHP�SHULRGLFDOO\�YDU\LQJ�JDLQ�FRQWUROOHUV��&KDPPDV�DQG�/HRQGHV�

������ *UHVKDN� DQG� 9HUJHVH�� ������ .KDUJRQHNDU� HW� DO��� ������� PXWOUDWH�LQSXW� FRQWUROOHUV� �05,&V�

$UDNL� DQG� +DJLZDUD�� ������� LQWHUVDPSOH�GDWD� FRQWUROOHUV� �0LWD� HW� DO��� ������� PXOWLUDWH�RXWSXW

FRQWUROOHUV��+DJLZDUD�DQG�$UDNL��������+DJLZDUD�HW�DO����������JHQHUDOL]HG�VDPSOHG�GDWD�KROG�IXPF�
                                                          
* Email: karvan@control.ece.ntua.gr.
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WLRQV� �*6+)�� .DEDPED�� ������ DQG� PXOWLUDWH� *6+)� �$UYDQLWLV�� ����D��� 7KHVH� FODVVHV� RI� GLJLWDO

FRQWUROOHUV�KDYH�EHHQ�DSSOLHG�VXFFHVVIXOO\�LQ�VROYLQJ�PDQ\�LPSRUWDQW�FRQWURO�SUREOHPV��&KDPPDV�DQG

/HRQGHV�� ������*UHVKDN� DQG�9HUJHVH�� ������.KDUJRQHNDU�HW� DO��� ������$UDNL� DQG�+DJLZDUD�� �����

0LWD� HW� DO��� ������ +DJLZDUD� DQG� $UDNL�� ������ +DJLZDUD� HW� DO��� ������ .DEDPED�� ������ $UYDQLWLV�

����D�� ����E�� ������ ������$O�5DKPDQL� DQG� )UDQNOLQ�� ������ 3DUDVNHYRSRXORV� DQG�$UYDQLWLV�� �����

$UYDQLWLV� DQG� 3DUDVNHYRSRXORV�� ������ ������� 7KH� LQFUHDVHG� LQWHUHVW� IRU� VXFK� D� W\SH� RI� IHHGEDFN

VWUDWHJLHV�LV�ZDUUDQWHG�E\�WKH�QHZ�GLPHQVLRQV�RI�IOH[LELOLW\�RI�WKH�GHVLJQ�SURFHGXUH��RIIHUHG�E\�WKHVH

FRQWURO�VFKHPHV��ZKLFK�DOVR�SURYLGH��D�VHULHV�RI�UHPDUNDEOH�DGYDQWDJHV�RYHU�RUGLQDU\�WLPH�LQYDULDQW

IHHGEDFN�VWUDWHJLHV��VXFK�DV�VWDWH�IHHGEDFN��G\QDPLF�FRPSHQVDWLRQ�RU�VWDWH�REVHUYHUV��IRU�DQ�RYHUYLHZ

RI�WKHVH�DGYDQWDJHV�VHH�+DJLZDUD�DQG�$UDNL���������.DEDPED���������$UYDQLWLV�DQG�3DUDVNHYRSRXORV

��������$UYDQLWLV������E����������

$UDNL� DQG� +DJLZDUD� �������� LQ� WKHLU� LQVSLUHG� ZRUN�� SURSRVH� D� GLJLWDO� PXOWLUDWH�LQSXW� FRQWUROOHU

�05,&���ZKLFK�VXLWDEO\�PRGXODWHV� WKH� VDPSOHG�RXWSXW�DQG�GLVFUHWH� UHIHUHQFH� VLJQDOV�E\�D�PXOWLUDWH

SHULRGLFDOO\�YDU\LQJ�IXQFWLRQ��LQ�RUGHU�WR�VROYH�WKH�VDPSOHG�SROH�SODFHPHQW�SUREOHP�IRU�OLQHDU�WLPH�

LQYDULDQW� FRQWLQXRXV�WLPH� V\VWHPV�� ,Q� $UYDQLWLV� DQG� 3DUDVNHYRSRXORV� �������� WKH� 05,&� EDVHG

DSSURDFK� LV� H[WHQGHG� WR� WKH� VROXWLRQ�RI� WKH�PRGHO�PDWFKLQJ�SUREOHP��8QGHU� FHUWDLQ� FRQGLWLRQV�� WKH

PRGXODWLQJ�IXQFWLRQV�FDQ�EH�WDLORUHG�WR�D�JLYHQ�V\VWHP�LQ�VXFK�D�ZD\�WKDW�IRU�WKH�VDPSOHG�FORVHG�ORRS

V\VWHP� D� GLVFUHWH�WLPH� WUDQVIHU� IXQFWLRQ� PDWUL[� FDQ� EH� DUELWUDULO\� DVVLJQHG�� $� PDLQ� IHDWXUH� RI� WKH

DSSURDFK�UHSRUWHG�LQ�$UDNL�DQG�+DJLZDUD��������DQG�$UYDQLWLV�DQG�3DUDVNHYRSRXORV��������LV�WKDW�WKH

SROH�SODFHPHQW�RU�WKH�PRGHO�PDWFKLQJ�LV�REWDLQHG�ZLWKRXW�WKH�UHTXLUHPHQW�RI�SROH�]HUR�FDQFHOODWLRQ�

7KH� SXUSRVH� RI� WKH� SUHVHQW� SDSHU� LV� WR� H[SORUH� WKH� SRVVLELOLW\� RI� H[WHQGLQJ� WKH� 05,&� EDVHG

DSSURDFK� SUHVHQWHG� LQ� $UDNL� DQG� +DJLZDUD� ������� DQG� VXEVHTXHQWO\� XVHG� LQ� $UYDQLWLV� DQG

3DUDVNHYRSRXORV� �������� WR� WKH� FRQWURO� RI� OLQHDU� WLPH�LQYDULDQW� SODQWV�ZLWK� XQNQRZQ�SDUDPHWHUV�� ,Q

SDUWLFXODU�� ZH� XVH� WKH� FHUWDLQW\� HTXLYDOHQFH� SULQFLSOH� WR� FRPELQH� WKH� LGHQWLILFDWLRQ� PHWKRG� ZLWK� D

FRQWURO�VWUXFWXUH�GHULYHG�IURP�WKH�SROH�SODFHPHQW�SUREOHP��$GDSWLYH�SROH�SODFHPHQW� LV�RI�SDUWLFXODU

LQWHUHVW�� VLQFH� WKH�PLGGOH� RI� 
��V�� IRU� REYLRXV� UHDVRQV�� 6HYHUDO� WHFKQLTXHV� EDVHG� RQ� HLWKHU� GLUHFW� RU

LQGLUHFW� DGDSWLYH� FRQWURO� VFKHPHV�ZHUH� SUHVHQWHG� WR� WUHDW� WKH� SUREOHP� DQG� D� YHU\� ODUJH� QXPEHU� RI

SDSHUV�ZHUH�UHSRUWHG�RQ�WKH�VXEMHFW��VHH�IRU�H[DPSOH�$VWURP�DQG�:LWWHQPDUN���������������:HOOVWHDG

HW�DO����������(JDUGW���������(OOLRWW���������(OOLRWW�HW�DO����������������$QGHUVRQ�DQG�-RKQVWRQH��������

/R]DQR�/HDO� DQG�*RRGZLQ� ��������*LUL�HW�DO�� ��������������0R�DQG�%D\RXPL� ��������$EUDPRYLWFK

DQG� )UDQNOLQ� �������� 'DV� DQG� &ULVWL� �������� .LP� HW� DO�� �������� DQG� WKH� UHIHUHQFHV� WKHUHLQ��� 7KH

IHHGEDFN� VWUDWHJLHV� SURSRVHG� WR� VROYH� WKH� DGDSWLYH� SROH� SODFHPHQW� SUREOHP�� DUH� KLWKHUWR� EDVHG� RQ

G\QDPLF�RXWSXW�IHHGEDFN��WKXV�LQWURGXFLQJ�KLJK�RUGHU�H[RJHQRXV�G\QDPLFV�LQ�WKH�FRQWURO�ORRS��2Q�WKH

RWKHU�KDQG��D�FRPPRQ�IHDWXUH�RI�WKHVH�WHFKQLTXHV�LV�WKDW�WKH\�UHGXFH�WKH�VROXWLRQ�RI�WKH�SUREOHP�WR�WKH

VROXWLRQ� RI� D� SRO\QRPLDO� 'LRSKDQWLQH� HTXDWLRQ�� 7KLV� DSSURDFK�� KRZHYHU�� GRHV� QRW� HQVXUH� WKDW� WKH

FRPSHQVDWRUV� REWDLQHG� IURP� WKH� VROXWLRQ� RI� WKH�'LRSKDQWLQH� HTXDWLRQ� DUH� QHFHVVDULO\� VWDEOH�� ,Q� WKH

FDVH�RI�XQVWDEOH�VROXWLRQV��WKH�FRQWURO�VFKHPH�FRPSRVHG�E\�IHHGIRUZDUG�DQG�IHHGEDFN�FRPSHQVDWRUV�LV

QRW�VWDEOH�DQG�WKXV�LV�QRW�XVHIXO��7KH�FRQWURO�VLJQDO�LV�FDOFXODWHG�IURP�WZR�XQERXQGHG�VLJQDOV�WKDW�DUH

WKH�RXWSXWV�RI� WKH�FRPSHQVDWRUV�� ,Q�D�VKRUW� WLPH�WKH�V\VWHP�EHFRPHV�XQVWDEOH�� ,W� LV�ZRUWK�QRWLFHG�DW

WKLV� SRLQW�� WKDW� XQVWDEOH� VROXWLRQV� RI� WKH� 'LRSKDQWLQH� HTXDWLRQ�� FDQ� RFFXU� HYHQ� WKRXJK�� WKH� V\VWHP

XQGHU� FRQWURO� SRVVHVVHV� WKH� SDULW\� LQWHUODFLQJ� SURSHUW\� �S�L�S��� LV� VWURQJO\� VWDELOL]DEOH��<RXOD� HW� DO��

�������$�SODQW�LV�VDLG�WKDW�LW�SRVVHVVHV�WKH�S�L�S��LI� WKH�QXPEHU�RI�LWV�UHDO�SROHV�EHWZHHQ�HDFK�SDLU�RI

]HURV�LQ�WKH�XQVWDEOH�GRPDLQ�LV�HYHQ��,Q�WKLV�FDVH��LW�LV�SRVVLEOH�WR�REWDLQ�D�VWDEOH�FRQWUROOHU�IURP�WKHVH

XQVWDEOH�VROXWLRQV�E\�XVLQJ�WKH�DSSURDFK�SUHVHQWHG�LQ�.LQDHUW�DQG�%ORQGHO���������ZKLFK�LV�EDVHG�RQ

DQ�LQWHUSRODWLRQ�SURFHGXUH��8QIRUWXQDWHO\��DV�PHQWLRQHG�DERYH�� WKLV�DSSURDFK�FDQ�EH�DSSOLHG�RQO\� LQ

FDVHV�ZKHUH�WKH�V\VWHP�XQGHU�FRQWURO�LV�VWURQJO\�VWDELOL]DEOH��:KHQ�WKH�V\VWHP�XQGHU�FRQWURO�FRQWDLQV

XQNQRZQ�SDUDPHWHUV� �DV� LQ� WKH�FDVH�RI�DGDSWLYH�SROH�SODFHPHQW�FRQWURO��� WKLV� LQIRUPDWLRQ�RI� FUXFLDO

LPSRUWDQFH�LV�QRW�DYDLODEOH�WR�WKH�GHVLJQHU��7KXV��XS�WR�QRZ��WKH�GHVLJQ�RI�D�VWDEOH�DQG�XVHIXO�DGDSWLYH

SROH�SODFHPHQW�FRPSHQVDWRU�FDQQRW�EH�JXDUDQWHHG�

7KH�PRWLYDWLRQ�IRU�VWXG\LQJ�DQ�DGDSWLYH�YHUVLRQ�RI�WKH�SDUWLFXODU�FRQWUROOHU�VWUXFWXUH�SUHVHQWHG�LQ

$UDNL�DQG�+DJLZDUD��������DQG�$UYDQLWLV�DQG�3DUDVNHYRSRXORV���������LV�PDQLIROG��)LUVW��VLQFH�LW�GRHV
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QRW�UHO\�RQ�SROH�]HUR�FDQFHOODWLRQ��LW�PD\�EH�UHDGLO\�DSSOLFDEOH�IRU�VROYLQJ�WKH�DGDSWLYH�SROH�SODFHPHQW

SUREOHP� IRU� QRQVWDEO\� LQYHUWLEOH� SODQWV�� )XUWKHUPRUH�� WKH� GHJUHHV� RI� IUHHGRP� LQ� WKH� FKRLFH� RI� WKH

PRGXODWLQJ� IXQFWLRQ�� SURYLGH� D� VROXWLRQ� WR� WKH� SUREOHP� RI� DVVXULQJ� SHUVLVWHQF\� RI� H[FLWDWLRQ� RI� WKH

FRQWLQXRXV�WLPH�SODQW�XQGHU�FRQWURO��ZLWKRXW�LPSRVLQJ�DQ\�VSHFLDO�DVVXPSWLRQ�HLWKHU�RQ�WKH�H[LVWHQFH

RI� VSHFLDO� FRQYH[� VHWV� LQ� ZKLFK� WKH� HVWLPDWHG� SDUDPHWHUV� EHORQJ� RU� RQ� WKH� FRSULPHQHVV� RI� WKH

SRO\QRPLDOV�GHVFULELQJ�WKH�$50$�PRGHO��DV�LQ�NQRZQ�WHFKQLTXHV��RU�ILQDOO\�RQ�WKH�ULFKHQHVV�RI�WKH

UHIHUHQFH�VLJQDOV��H[FHSW�ERXQGHGQHVV���DV�LQ�NQRZQ�DGDSWLYH�SROH�SODFHPHQW�WHFKQLTXHV��)LQDOO\��WKH

05,&�EDVHG�DGDSWLYH�SROH�SODFHUV�VRXJKW�DUH�FRPSXWHG�KHUH��RQ�WKH�EDVLV�RI�WKH�ZHOO�NQRZQ�DQG�IDLUO\

VLPSOH�$FNHUPDQ¶V� IRUPXOD��1R�'LRSKDQWLQH� HTXDWLRQ� LV� QHHGHG� WR� EH� VROYHG� KHUH� DV� FRPSDUHG� WR

NQRZQ� WHFKQLTXHV�� 7KH� GHVLJQHG� 05,&� EDVHG� DGDSWLYH� SROH� SODFHUV� DUH� DOZD\V� VWDEOH�� VLQFH� JDLQ

FRQWUROOHUV� DUH� QHHGHG� KHUH�� DV� FRPSDUHG� WR� �SRVVLEO\� XQVWDEOH�� G\QDPLF� FRPSHQVDWRUV� REWDLQHG� E\

NQRZQ�WHFKQLTXHV��7KHUHIRUH��WKH�SURSRVHG�DGDSWLYH�VFKHPH�LV�UHDGLO\�DSSOLFDEOH�WR�SODQWV�ZKLFK�GR

QRW� SRVVHVV� WKH� S�L�S��$V� D� FRQVHTXHQFH� RI� WKLV� GHVLJQ� SKLORVRSK\�� D� XVHIXO� JOREDOO\� VWDEOH� LQGLUHFW

DGDSWLYH�FRQWURO�VFKHPH�LV�GHULYHG��ZKLFK�HVWLPDWHV�WKH�XQNQRZQ�SODQW�SDUDPHWHUV��DQG�FRQVHTXHQWO\

WKH� FRQWUROOHU� SDUDPHWHUV�� RQ�OLQH�� IURP� VHTXHQWLDO� GDWD� RI� WKH� LQSXWV� DQG� WKH� RXWSXWV� RI� WKH� SODQW�

ZKLFK�DUH�UHFXUVLYHO\�XSGDWHG�ZLWKLQ�WKH�WLPH�OLPLW�LPSRVHG�E\�D�IXQGDPHQWDO�VDPSOLQJ�SHULRG�T0 ��,W

LV� UHPDUNHG� WKDW�� WKH� D� SULRUL� NQRZOHGJH� QHHGHG� LQ� RUGHU� WR� LPSOHPHQW� WKH� SURSRVHG� DGDSWLYH� SROH

SODFHUV�� LV�FRQWUROODELOLW\�DQG�REVHUYDELOLW\�RI� WKH�FRQWLQXRXV�DQG� WKH�GLVFUHWL]HG�SODQW�XQGHU�FRQWURO

DQG�LWV�RUGHU�

� 3UHOLPLQDULHV�DQG�3UREOHP�)RUPXODWLRQ

&RQVLGHU�WKH�FRQWLQXRXV�WLPH��OLQHDU�WLPH�LQYDULDQW�VLQJOH�LQSXW��VLQJOH�RXWSXW�V\VWHP�RI�WKH�IRUP

[ $[ E F [
•

= + =� � � � � � � � � �W W X W W W7��� ��\ �����

ZKHUH�� [� � � � � � �W W WQ∈ ∈ ∈5 5 5�X �DQG�\ ��DUH�WKH�VWDWH��FRQWURO�DQG�RXWSXW�VLJQDOV��UHVSHFWLYHO\��DQG�$�

E�� F7 � DUH� UHDO�PDWULFHV� KDYLQJ� DSSURSULDWH� GLPHQVLRQV��:LWK� UHJDUG� WR� V\VWHP� ������� ZH�PDNH� WKH

IROORZLQJ�WZR�DVVXPSWLRQV�

$VVXPSWLRQ������6\VWHP�������LV�FRQWUROODEOH�DQG�REVHUYDEOH�DQG�RI�NQRZQ�RUGHU�Q�

$VVXPSWLRQ������7KHUH� LV� D� VDPSOLQJ�SHULRG� 7� ∈5
� �� VXFK� DV� WKH� UHVSHFWLYH� GLVFUHWL]HG� V\VWHP

ZLWK�PDWUL[�WULSOHW� ( ) ( )Φ = =








∫H[S

a
H[S �$ E $ E F7 G 7

7

�

�

�

� � �λ λ ��LV�FRQWUROODEOH�DQG�REVHUYDEOH�

([FHSW� IRU� WKLV� SULRU� LQIRUPDWLRQ�� WKH� PDWUL[� WULSOHW� �$�� E�� cT �� LV� DUELWUDU\� DQG� XQNQRZQ�� ,Q

SDUWLFXODU��QR�DVVXPSWLRQ�LV�PDGH�KHUH��RQ�WKH�UHODWLYH�GHJUHH�RI�WKH�SODQW�RU�LWV�VWDEOH�LQYHUWLELOLW\�

1RZ�FRQVLGHU� DSSO\LQJ� WR� V\VWHP� ������ WKH�PXOWLUDWH� FRQWURO� VWUDWHJ\�GHSLFWHG� LQ�)LJXUH����:LWK

UHJDUG� WR� WKH� VDPSOLQJ� PHFKDQLVP�� ZH� DVVXPH� WKDW� DOO� VDPSOHUV� VWDUW� VLPXOWDQHRXVO\� DW� W ��� 7KH

VDPSOLQJ� SHULRG� T* � KDV� UDWLRQDO� UDWLR�� L�H�� T T
N

* = 0 �� ZKHUH� T0 � LV� WKH� VR�FDOOHG� IUDPH� VDPSOLQJ

SHULRG�DQG� N ∈ +
= � LV� WKH� LQSXW�PXOWLSOLFLW\�RI� WKH� VDPSOLQJ��7KH�KROG�FLUFXLWV� H N � DQG� H0 � DUH� WKH

]HUR�RUGHU�KROGV�ZLWK�KROGLQJ�WLPHV� T* �DQG� T0 ��UHVSHFWLYHO\��7KH�VLJQDO� ( )w kT0 ∈5 ��LV�DVVXPHG�WR

EH�D�ERXQGHG�UHIHUHQFH�VLJQDO��)LQDOO\��WKH�FRPSHQVDWRU�I�W�� LV�D�SHULRGLFDOO\�WLPH�YDU\LQJ�FRQWUROOHU

ZLWK�SHULRG�T0 ��L�H�

( ) ( )[ )f t T f t k T+ = ∈ +0 01( ) ,  ,   t kT  0 �����

7KH�UHVXOWLQJ�FORVHG�ORRS�V\VWHP�LV�GHVFULEHG�E\�WKH�IROORZLQJ�VWDWH�VSDFH�HTXDWLRQV

( )[ ] ( ) ( ) ( ) ( ) ( )x k c x k c xk T kT w kT kT kTf
T

f
T+ = − + = ≥1 0 0 0 0 0Φ   ,   y   ,   k 0
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H0 f(t) HN PLANT

CONTROLLER BLOCK

f(t+T0)=f(t)

u(t) y(t)

T*

�

w(kT0) r(t) ��N70)

T0+
-

)LJXUH����&RQWURO�VWUDWHJ\�LQ�WKH�QRQDGDSWLYH�FDVH
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ZKHUH� ( )x kT n
0 ∈5 �DQG� ( )y kT0 ∈5 �DUH�GLVFUHWH�PHDVXUHPHQW�TXDQWLWLHV�REWDLQHG�E\�VDPSOLQJ�[�W�

DQG�\�W���UHVSHFWLYHO\��ZLWK�VDPSOLQJ�SHULRG�T0 �DQG�WKH�YHFWRU�k f �LV�GHILQHG�DV

( )[ ]k A bf

T

T f d= −∫ exp ( )0
0

0

λ λ λ �����

7KH� DGDSWLYH�SROH� SODFHPHQW� SUREOHP� WUHDWHG� LQ� WKH� SUHVHQW� SDSHU� LV� DV� IROORZV��)LQG� D� SHULRGLF

FRQWUROOHU� I�W��� ZKLFK� ZKHQ� DSSOLHG� WR� V\VWHP� ������� GULYHV� WKH� SROHV� RI� WKH� UHVXOWLQJ� FORVHG�ORRS

V\VWHP�WR�QHZ�GHVLUHG�YDOXHV� � , � , �λ λ λ1 2  ,  � n ��ZKHUH�FRPSOH[�SROHV�DSSHDU�LQ�FRQMXJDWH�SDLUV�

7R� VROYH� WKH� DERYH� SUREOHP�� DQ� LQGLUHFW� DGDSWLYH� FRQWURO� VFKHPH� LV� H[KLELWHG� LQ� WKH� VHTXHO�� ,Q

SDUWLFXODU�� ZH� ILUVW� VROYH� WKH� SROH� SODFHPHQW� SUROHP�� QDPHO\�� WKH� DVVLJQPHQW� RI� WKH� SROHV� RI� WKH

VDPSOHG�V\VWHP�WR�WKH�JLYHQ�YDOXHV� � , � , �λ λ λ1 2  ,  � n ��XVLQJ�SHULRGLF�PXOWLUDWH�FRQWUROOHUV�� IRU�NQRZQ

V\VWHPV��7KLV�LV�GRQH�LQ�6HFWLRQ����1H[W��XVLQJ�WKHVH�UHVXOWV��WKH�SROH�SODFHPHQW�SUREOHP�LV�VROYHG�IRU

WKH� FRQILJXUDWLRQ� RI� )LJXUH� ��� ZKHUHLQ� WKH� SHULRGLF� FRQWUROOHU� I�W�� LV� ZLWK� SUHVSHFLILHG� SHULRGLF

EHKDYLRU� DQG�D� SHUVLVWHQW� H[FLWDWLRQ� VLJQDO� LV� LQWURGXFHG� LQ� WKH� FRQWURO� ORRS� IRU� IXWXUH� LGHQWLILFDWLRQ

SXUSRVHV�� 7KLV� LV� GRQH� LQ� 6HFWLRQ� ��� ,W� LV� UHPDUNHG� WKDW� WKH� PRWLYDWLRQ� IRU� PRGLI\LQJ� WKH� FRQWURO

VWUDWHJ\� DV� LQ� )LJXUH� ��� LV� WKDW� LW� IDFLOLWDWHV� WKH� GHULYDWLRQ� RI� WKH� LQGLUHFW� DGDSWLYH� FRQWURO� VFKHPH

VRXJKW��ZKLFK�LV�SUHVHQWHG� LQ�6HFWLRQ���� ,Q�6HFWLRQ���� WKH�JOREDO�VWDELOLW\�RI� WKH�SURSRVHG�VFKHPH�LV

DOVR�VWXGLHG�

� 6ROXWLRQ�RI�WKH�3ROH�3ODFHPHQW�3UREOHP�IRU�.QRZQ�6\VWHPV

7KH�SURFHGXUH�IRU�VWDELOL]DWLRQ�WKURXJK�SROH�SODFHPHQW�XVLQJ�WKH�FRQILJXUDWLRQ�GHSLFWHG�LQ�)LJXUH

���FRQVLVWV�LQ�ILQGLQJ�D�SHULRGLF�FRQWUROOHU�I�W���VXFK�WKDW

( )det � ( )z p zf
TI k c− + ≡ΦΦ ����D�

ZKHUH

( )� ( ) �
�p z z i

i

n

= − =
=

∏ λ
1

z a z a z an n
n n+ + + +−

−� � �1
1

1� � ����E�

6LQFH�� ( ) ( )det detz zf
T T

f
TI k c I ck− + ≡ − +ΦΦ ΦΦ ��UHODWLRQ�����D���LV�HTXLYDOHQW�WR�WKH�UHODWLRQ

( )det �( )z p zT
f
TI ck− + =ΦΦ �����

8QGHU�$VVXPSWLRQ� ����� WKH� YHFWRU� k f � VDWLVI\LQJ� ������ �DQG� FRQVHTXHQWO\� ����D��� LV� JLYHQ� E\� WKH

ZHOO�NQRZQ�$FNHUPDQ¶V�IRUPXOD��ZKLFK�KDV�WKH�IROORZLQJ�IRUP

( )k e Rf
T T Tp = � ΦΦ �����

ZKHUH� ( )eT = 0 0 1, , ,� ��5� LV� WKH�ZHOO�NQRZQ�REVHUYDELOLW\�PDWUL[�RI� WKH�SDLU� ( )ΦΦ,cT � DQG� ( )�p TΦΦ � LV

JLYHQ�E\

( ) ( ) ( )� � � �p a a aT T n T n

n
T

nΦΦ ΦΦ ΦΦ ΦΦ= + + + +
−

−1

1

1� I �����

8VLQJ� WKH� YHFWRU� k f � DV� VSHFLILHG� E\� ������� ZH� FDQ� GHWHUPLQH� WKH� PRGXODWLQJ� IXQFWLRQ� I�W��� E\

VROYLQJ��������8QGHU�$VVXPSWLRQ������RQ�WKH�FRQWUROODELOLW\�RI�WKH�SDLU� ( )A b, ��D�VROXWLRQ�RI�������LV�WKH

IROORZLQJ��.DEDPED�������

( )[ ] ( )f t T t TT T
f( ) exp , ,= − −b A W A b k0

1
0 �����

ZKHUH� ( )W A b, ,T0 �LV�WKH�FRQWUROODELOLW\�*UDPPLDQ�RI�WKH�SDLU� ( )A b, �RQ�[ ]0 0,T ��ZKLFK�KDV�WKH�IRUP
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H0 f(t) HN PLANT

CONTROLLER BLOCK

f(t+T0)=f�������7
* ≤ W������7

*

u*(t) y(t)

T*

�

w(kT0)
r(t) ��N70)

T0+
-

)LJXUH����7KH�VWUXFWXUH�RI�WKH�DGDSWLYH�FRQWURO�V\VWHP

�
+

+

v(t)

IDENTIFIER

u(t)

22

X��2� \��2�

ADAPTIVE CONTROL BLOCK
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( ) ( )[ ] ( )[ ]W A b A bb A, , exp expT T T dT T
T

0 0 0
0

0

= − −∫ λ λ λ

1RWH�WKDW�WKH�FRQWUROODELOLW\�*UDPPLDQ� ( )W A b, ,T0 �LV�QRQVLQJXODU�DQG�KHQFH�D�VROXWLRQ�RI�������RI

WKH�IRUP�������H[LVWV�LI�WKH�SDLU� ( )A b, �LV�FRQWUROODEOH�

� 6ROXWLRQ�RI�WKH�3UREOHP�$SSURSULDWH�IRU�WKH�$GDSWLYH�&DVH

,Q�RUGHU� WR�REWDLQ� D� VROXWLRQ�RI� WKH� DIRUHPHQWLRQHG�SROH�SODFHPHQW� SUREOHP�ZKLFK�ZLOO� EH�PRUH

DSSURSULDWH�IRU�DSSOLFDWLRQ�LQ�WKH�FDVH�RI�V\VWHPV�ZLWK�XQNQRZQ�SDUDPHWHUV��ZH�VOLJKWO\�PRGLI\�LQ�WKH

VHTXHO�WKH�FRQWURO�VWDWHJ\�RI�)LJXUH���DV�LW�LV�VKRZQ�LQ�)LJXUH����,Q�SDUWLFXODU��ZH�IRFXV�RXU�DWWHQWLRQ�WR

WKH� VSHFLDO� FODVV� RI� WKH� WLPH�YDU\LQJ� T0 − SHULRGLF� PRGXODWLQJ� IXQFWLRQV� I�W��� ZKLFK� DUH� SLHFHZLVH

FRQVWDQW�RYHU�LQWHUYDOV�RI�OHQJWK�T* ��L�H�

[ )f t f t T T N( ) , ( ) , ,...,* *= ∀ ∈ + = −µ µ µ µ  ,     ,   1 0 1 1 �����

7KH�SHUVLVWHQW�H[FLWDWLRQ�VLJQDO�Y�W��LV�GHILQHG�DV

[ ]v t t t q t q tT T
N( ) ( ) ( ) ( ), , ( ) =    ,    =  q v q 0 1� −

+HUH��T�W��WKH�T* �SHULRGLF�YHFWRU�IXQFWLRQ�ZLWK�HOHPHQWV�KDYLQJ�WKH�IRUP

[ ]q t T T N Ni i( ) , ( ) , ,..., , ,...,,
* * =  q   ,   for t   ,   i   ,   µ µ µ µ∈ + = − = −1 0 1 1 0 1 1 �����

ZKHUH�qi,µ �LV�FRQVWDQW�WDNLQJ�WKH�IROORZLQJ�YDOXHV

q
i

ii,µ
µ
µ

 =   
 ,  for 

 ,  for 

1

0

=
≠





�����

,W�LV�SRLQWHG�RXW�WKDW�Y�LV�DV�\HW�XQNQRZQ��:H�UHPDUN�WKDW�WKH�DGGLWLYH�WHUP� v t tT( ) ( ) =  q v ��LQ�WKH
LQSXW�RI�WKH�FRQWLQXRXV�WLPH�V\VWHP��LV�XVHG�RQO\�IRU�LGHQWLILFDWLRQ�SXUSRVHV�DQG�DV�LW�ZLOO�EH�VKRZQ

ODWHU��LW�LV�VHOHFWHG�VXFK�DV�LW�ZLOO�QRW�LQIOXHQFH�WKH�SROH�SODFHPHQW�SUREOHP��)XUWKHUPRUH�GHILQH

( ) ( )� � exp � � exp*

*

A A b A b= = ∫T d
T

  ,   λ λ
0

:H�DUH�QRZ�DEOH�WR�HVWDEOLVK�WKH�IROORZLQJ�7KHRUHP�

7KHRUHP������)RU�WKH�PRGXODWLQJ�IXQFWLRQ�RI�WKH�IRUP��������WKH�UHVXOWLQJ�FORVHG�ORRS�V\VWHP�KDV

WKH�IRUP

( )[ ] ( )x Bfc x Bf B v c xk T kT w kT kT kTT T+ − + + >1 00 0 0 0 0 =    ,   y  =    ,   kΦ � � ( ) � � ( ) ( ) ( )* �����

ZKHUH

[ ]� � � � � �B b Ab A b= −
�

N 1

�f �LV�WKH�1�GLPHQVLRQDO�YHFWRU�RI�WKH�IRUP

�f =
















−f

f

N 1

0

� �����

DQG�B * �LV�WKH� n N× �PDWUL[�KDYLQJ�WKH�IRUP

[ ]B A b A b b* � � � � � =        N N− −1 2
�

3URRI��7R�VKRZ�WKDW�WKH�FORVHG�ORRS�V\VWHP�FDQ�EH�ZULWWHQ�LQ�WKH�IRUP��������ZH�VWDUW�E\�GLVFUHWL�

]LQJ�V\VWHP�������ZLWK�VDPSOLQJ�SHULRG�T0 ��WR�\LHOG
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( )[ ] ( ) ( )[ ]{ }x x A bk T kT k T u d
kT

k T

+ + + −
+

∫1 10 0 0

1

0

0

 =  Φ exp ( )
( )

λ λ λ �����

%\�REVHUYLQJ�WKDW� u t r t tT( ) ( ) ( )= + q v �DQG�WDNLQJ�LQWR�DFFRXQW�WKH�VWUXFWXUH�RI�WKH�FRQWURO�VFKHPH
RI�)LJXUH����ZH�REWDLQ

( ) ( )[ )u t f t kT t T TT( ) ( ) ( ) ,* *= + ∈ +ε µ µ0 1q v  ,   for t �����

ZKHUH

( ) ( ) ( ) ( ) ( )ε kT w kT y kT w kT kTT
0 0 0 0 0= − = − c x �����

&RPELQLQJ�UHODWLRQV��������������ZH�REWDLQ�WKH�IROORZLQJ�UHODWLRQVKLS

( )[ ] ( )x k c x k vk T kT w kTf
T

f+ − + +1 0 0 0 =  Φ Γ( ) ( ) �����

ZKHUH

( )[ ]{ }Γ = + −
+

∫ exp ( )
( )

A bqk T dT

kT

k T

1 0

1

0

0

λ λ λ

1RZ��SDUWLWLRQ�Γ �DV�IROORZV

[ ]Γ Γ Γ Γ= 1 2 � N

7KHQ��WKH��L����WK�FROXPQ�RI�WKH�PDWUL[�Γ ��GHQRWHG�E\�Γi+1 ��IRU�L ��������1����FDQ�EH�H[SUHVVHG�DV

( )[ ]Γi i

T

T q d N+ = − = −∫1 0
0

0 1 1
0

exp ( ) , ,...,A bλ λ λ  ,   for i ������

,QWURGXFLQJ�������LQ���������\LHOGV

( )[ ]Γi i

T

TN

T q d N+

+

=

−
= − = −∫∑1 0

1

0

1

0 1 1exp , ,...,,

( )

*

*

A bλ λµ
µ

µ

µ
  ,   for q ������

5HODWLRQ��������PD\�IXUWKHU�EH�ZULWWHQ�DV

( )[ ] ( )[ ]Γi i

TN

i N

N

q N T T d q+
=

−

−
−

=
= − − − =









∫∑ ∑1

00

1
1

1

1,
* *

,exp exp � �

*

µ
µ

ξ
ξ

ξ
µ λ λA A b A b  

%\�PDNLQJ�XVH�RI�UHODWLRQ��������ZH�DUULYH�DW�WKH�IROORZLQJ�UHODWLRQVKLS

Γi
N i

+
− −=1

1� �A b

&OHDUO\��Γ ≡ B *
��$SSOLFDWLRQ�RI�WKH�DERYH�DOJRULWKP�WR�WKH�ILUVW�WZR�WHUPV�RI�������JLYHV�k Bff = � �

�VHH�$UDNL�DQG�+DJLZDUD��������IRU�WKH�GHWDLOV���7KLV�FRPSOHWHV�WKH�SURRI�RI�WKH�7KHRUHP �

7KH�IROORZLQJ�/HPPD�ZKRVH�SURRI� LV�JLYHQ� LQ�$UDNL�DQG�+DJLZDUD���������ZLOO�EH�XVHIXO� LQ� WKH

VHTXHO�

/HPPD������,I�1�LV�FKRVHQ�VXFK�WKDW�1!Q��WKH�PDWUL[� �B �KDV�IXOO�URZ�UDQN��IRU�DOPRVW�HYHU\�T0 �

7KXV�IDU��ZH�KDYH�HVWDEOLVKHG�WKDW�WKH�SROH�SODFHPHQW�FRQWUROOHU�YHFWRU� k f �LV�UHODWHG�WR�WKH�YHFWRU

�f �YLD�WKH�UHODWLRQ� k Bff = � � ��,W�UHPDLQV�WR�GHWHUPLQH� �f ��7R�WKLV�HQG�OHW� �S �EH�WKH�IROORZLQJ�PDWUL[

[ ]� � � � � �S b Ab A b= −
�

n 1 ������

)URP�/HPPD������LW�LV�FOHDU�WKDW�WKH�PDWUL[� �S �LV�QRQVLQJXODU�IRU�DOPRVW�HYHU\�T0 ��/HW�DOVR�(�EH�WKH

QRQVLQJXODU�SHUPXWDWLRQ�PDWUL[�ZLWK�WKH�SURSHUW\�E E− =1 T �DQG�KDYLQJ�WKH�IRUP

[ ]E E E= 1 2
T

ZKHUH

[ ] [ ]E E1 1 2 2 1 2= = + +ε ε ε ε ε ε� �n n n N  ,   
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ZKHUH��LQ�JHQHUDO�� ε j
N∈5 �LV�WKH�FROXPQ�YHFWRU�ZKRVH�HOHPHQWV�DUH�]HURV�H[FHSW�WR�D�XQLW\�DSSHDULQJ

LQ�WKH�MWK�SRVLWLRQ��'HILQH

[ ]~
� � � �B BE S Q= ≡−1

ZKHUH�WKH�PDWUL[� �Q �KDV�WKH�IRUP

[ ]� � � � � � �Q A b A b A b= + −n n N1 1
�

$OVR��OHW�∆  be the �QRQVLQJXODU�SHUPXWDWLRQ�PDWUL[�ZLWK�WKH�SURSHUW\�∆ ∆− ≡1 T �DQG�KDYLQJ�WKH�IRUP

[ ]∆ ∆ ∆ ∆= 1 2 3
T

ZKHUH

[ ] [ ]∆ ∆ ∆1 1 2 2 3 1 2 1= = =− + − + − − − − −ε ε ε ε ε ε εN n N n N N n N n N n� �  ,     ,   

)XUWKHUPRUH��OHW

[ ]~
� � � � �* * * *B B S A b Q= ≡∆ n

ZKHUH

[ ]� � � � � �*S A b A b b =        n n− −1 2
� ����� [ ]� � � � � � �*Q A b A b A b =        N N n− − +1 2 1

� ������

8VLQJ�WKH�DERYH�GHILQLWLRQV��RQH�PD\�GHWHUPLQH� �f �E\�LQVSHFWLRQ��WR�KDYH�WKH�IRUP

( )�
� �

f E
S R e

0
=











−
T

Tp1 Φ
������

,W�RQO\�UHPDLQV�WR�GHWHUPLQH�WKH�DSSURSULDWH�YHFWRU�Y�ZKLFK�GRHV�QRW�LQIOXHQFH�WKH�SROH�SODFHPHQW

SUREOHP�� ,Q� RWKHU�ZRUGV� v B B v 0∈ =ker * *,  or �� $Q� REYLRXV� VHOHFWLRQ� RI� VXFK� Y� REWDLQHG� DOVR� E\

LQVSHFWLRQ�LV�WKH�IROORZLQJ

v

S A b

0

=
−















−

− − ×

∆T

n

N n

� � �*

( )

1

1 1

1 ������

7KH�JHQHUDO�IRUP�RI�Y�LV

v B=



















−

0

1

2*

ρ
ρ

ρ
�

N n

������

ZKHUH� B0
* � LV� WKH� N N n× −( ) � PDWUL[� ZKRVH� FROXPQV� DUH� WKH� OLQHDUO\� LQGHSHGHQW� 1�GLPHQVLRQDO

YHFWRUV� ZKLFK� DUH� RUWKRJRQDO� WR� WKH� URZV� RI� B * � DQG� ZKHUH� ρ j N n,  j = −1 2, ,..., � DUH� DUELWUDU\� UHDO

SDUDPHWHUV�

,W� LV�QRWHG� WKDW� WKH�YHFWRU�Y�� HYHQWKRXJK�GRHV�QRW� DIIHFW� WKH�SROH�SODFHPHQW�SUREOHP�� LW�SURYLGHV

SHUVLVWHQW� H[FLWDWLRQ�XVHIXO� IRU� WKH� LGHQWLILFDWLRQ�RI� WKH� V\VWHP��DV� LW�ZLOO�EH� VKRZQ� LQ� WKH� IROORZLQJ

6HFWLRQ�

&OHDUO\��WKH�PRGXODWLQJ�IXQFWLRQ�I�W��LQ�WKH�FRQILJXUDWLRQ�GHSLFWHG�LQ�)LJXUH���KDV�WKH�IRUP

[ )f t t T TN( ) � , ( )* *= ∀ ∈ +−e fµ µ µ µ  ,     ,   = 0,1,..., N -11 ������

ZKHUH� eN−µ � LV� WKH�1�GLPHQVLRQDO� URZ�YHFWRU�GHILQHG�DV� eN N
T

− −=µ µε ��1RWH� WKDW�� WKH�DERYH�SHULRGLF

IXQFWLRQ�LV�ODUJHO\�DIIHFWHG�XSRQ�WKH�PXOWLUDWH�PHFKDQLVP��ZKLOH�WKH�PRGXODWLQJ�IXQFWLRQ�I�W��RI�)LJXUH

��� LV� QRW�� )XUWKHUPRUH�� WKH� LQWURGXFWLRQ� RI� WKH� UHIHUHQFH� VLJQDO� Y�W�� LQ� WKH� FRQWURO� ORRS�� JUHDWO\

IDFLOLWDWHV�WKH�HVWLPDWLRQ�RI� WKH�SODQW�SDUDPHWHUV� LQ� WKH�FDVH�RI�XQNQRZQ�V\VWHPV��)RU� WKHVH�UHDVRQV�
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WKH� FRQWURO� VWUDWHJ\� RI� )LJXUH� �� LV� PRUH� DSSURSULDWH� WKDQ� WKH� FRQWURO� VWUDWHJ\� RI� )LJXUH� �� IRU� WKH

GHYHORSPHQW�RI�WKH�LQGLUHFW�DGDSWLYH�FRQWURO�VFKHPH�WKDW�IROORZV�

� &RQWURO�6WUDWHJ\�IRU�WKH�$GDSWLYH�&DVH

7KH�FRQWURO�VFKHPH�SUHVHQWHG�LQ�6HFWLRQV���DQG���KDV�D�FRUUHVSRQGLQJ�VFKHPH�LQ� WKH�FDVH�ZKHUH

WKH�V\VWHP�LV�XQNQRZQ��)RU�WKH�FDVH�RI�XQNQRZQ�V\VWHPV��WKH�FRQWURO�VWUDWHJ\�LV�PDLQO\�EDVHG�RQ�WKH

FRPSXWDWLRQ� RI� WKH� YHFWRUV� �f DQG� Y� IURP� VXLWDEOH� HVWLPDWHV� RI� WKH� SDUDPHWHUV� RI� WKH� SODQW� ZLWK
XSGDWLQJ� WDNLQJ� SODFH� HYHU\� kT0 0,  k ≥ � DQG� UHVXOWV� WR� D� JOREDOO\� VWDEOH� FORVHG�ORRS� V\VWHP� ZKRVH

SROHV�DUH�ORFDWHG�WR�WKH�SUHVSHFLILHG�YDOXHV� � , � , �λ λ λ1 2  ,  � n �

�����,GHQWLILFDWLRQ�RI�WKH�V\VWHP

6\VWHP��������ZKHQ�GHVFUHWL]HG�ZLWK�VDPSOLQJ�SHULRG� τ =
+

T

n

*

2 1
��WDNHV�WKH�IRUP

( )[ ]x x b c xν τ ντ ντ ντ ντ ντ τ+ = + = ≥1 0Φ ( ) � ( ) ( ) ( )u T  ,   y   ,   �����

ZKHUH

( ) ( )[ ]Φ τ τ

τ

τ τ λ λ= = −∫exp � expA b A b  ,     d
0

�����

,WHUDWLQJ� HTXDWLRQ� ������� �Q��� WLPHV� DQG� REVHUYLQJ� WKDW� u( )ντ � LV� FRQVWDQW� IRU

[ )ντ ∈ + ≥mT m T* *, ( )1 0,  m �\LHOGV

( )[ ]x x b cm T mT u mT mT mT
T T

T+ = + = ≥1 0* * * * *
* *( ) � ( ) ( ) ( )Φ   ,   y   ,   mξ

ZKHUH

Φ Φ Φ
T

n
T

n

* *
� � � �≡ = ≡ =+

=
∑A b b bτ τ

ρ
τ

ρ

2 1

0

2

  and  �����

:H�DOVR�QRWH�WKDW�PDWUL[�Φ �FDQ�EH�ZULWWHQ�DV

Φ Φ≡ = +� ( )A N n N
τ
2 1 �����

)URP� WKH� DERYH� DQDO\VLV�� LW� LV� FOHDU� WKDW� WKH�PDWULFHV� Φ, � �  and b A � �ZKLFK� DUH� WKH� RQO\�PDWULFHV

LQYROYHG� LQ� FRPSXWLQJ� WKH�YHFWRUV� k vf
T  and �� FDQ�EH� FRPSXWHG�RQ� WKH�EDVLV� RI� WKH�SDLU� ( )Φ τ τ ,  �b �

0RUHRYHU��IL[LQJ�WKH�FRRUGLQDWH�V\VWHP�VXFK�WKDW

[ ]Φ τ τ

α
α

α

β
β

β

=

−
−

−



















=



















=− −

0 0 0

1 0 0

0 0 1

0 0 11

1

1

1

�

�

� � � �

�

� �
�    ,     ,   

n

n

n

n T�b c �����

RQO\� α βi i n and ,  i= 1 2, ,..., � DUH� FRQVLGHUHG� DV� XQNQRZQ� SDUDPHWHUV�� 1RWH� WKDW� UHODWLRQV� ������ DQG

�������DUH�HTXLYDOHQW�WR�WKH�IROORZLQJ�GLIIHUHQFH�HTXDWLRQ

y y ui

n

i

n

( ) ( ) ( )ντ α ντ ρτ β ντ ρτ ν
ρ ρ

+ − − ≥
= =

∑ ∑ =    ,    
1 1

0 � �����

5HODWLRQ��������FDQ�QRZ�EH�XVHG�IRU�WKH�LGHQWLILFDWLRQ�RI�WKH�SDUDPHWHUV�RI�WKH�XQNQRZQ�V\VWHP��7R

WKLV�HQG��UHODWLRQ�������FDQ�EH�ZULWWHQ�LQ�WKH�IROORZLQJ�OLQHDU�UHJUHVVLRQ�IRUP

y T( ) ( )ντ ϕ ντ θ=
ZKHUH
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[ ]ϕ ντ ντ τ ντ τ ντ τ ντ τ( ) ( ) ( ) ( ) ( )= − − − − − −y y n u u n
T

� �  

DQG

[ ]θ α α β β= 1 � �n n  1

1H[W��GHILQH

( ) ( )[ ][ ]Y kT y kT y kT y k T0 0 0 01= − −( ) ( )τ    �

( ) ( )[ ][ ]Z kT kT kT k T0 0 0 01= − −ϕ ϕ τ ϕ( ) ( )   �

[ ]� � ( ) � ( ) � ( ) � ( )θ α α β βk n nkT kT kT kT= 1 0 0 1 0 0� �   

&OHDUO\��ZH�KDYH�WKH�UHODWLRQ

( ) ( )Y ZkT kTT
0 0= θ

:H�QRZ�FKRRVH�WKH�UHFXUVLYH�DOJRULWKP�IRU�WKH�HVWLPDWLRQ�RI� �θ k �DV

[ ] [ ]� � ( ) ( ) ( ) ( ) � ( )θ θ θk k
T T

ka kT kT kT kT kT+
−

= − + −1 0 0

1

0 0 0I Z Z Z Z Y �����

ZKHUH�a∈ +
� �LV�DUELWUDU\�DQG� �θ0 �LV�DUELWUDULO\�VSHFLILHG��,W�LV�SRLQWHG�RXW�WKDW�WKH�WHUP�D,�LQ��������LV

DGGHG�LQ�RUGHU�WR�DYRLG�QXPHULFDO�LOO�FRQGLWLRQLQJ��DULVLQJ�LQ�WKH�LGHQWLILFDWLRQ�SURFHGXUH�EDVHG�RQ�WKH

XVXDO�OHDVW�VTXDUH�DOJRULWKP��ZKHQ�WKH�GHWHUPLQDQW�RI�WKH�PDWUL[�Z ZT kT kT( ) ( )0 0 �WDNHV�VPDOO�YDOXHV�

&OHDUO\�� WKH� DGDSWLYH� ODZ� ������ GHVFULEHV� DQ� RQ�OLQH� HVWLPDWLRQ� SURFHGXUH� ZKLFK� GHDOV� ZLWK

VHTXHQWLDO� GDWD� RI� WKH� LQSXWV� DQG� WKH�RXWSXWV� RI� WKH�SODQW� DQG� LQ�ZKLFK� WKH� SDUDPHWHU� HVWLPDWHV� DUH

UHFXUVLYHO\�XSGDWHG�ZLWKLQ�WKH�WLPH�OLPLW� LPSRVHG�E\�WKH�VDPSOLQJ�SHULRG� T0 ��7KH�FRQYHUJHQFH�DQG

WKH�ERXQGHGQHVV�SURSHUWLHV�RI�WKH�SURSRVHG�LGHQWLILFDWLRQ�SURFHGXUH�DUH�VXPPDUL]HG�LQ�WKH�IROORZLQJ

SURSRVLWLRQ�

3URSRVLWLRQ������/HW�
~θk �EH�WKH�SDUDPHWHU�HVWLPDWLRQ�HUURU��GHILQHG�DV

~ �θ θ θk k= − �����

7KHQ��IRU�WKH�SDUDPHWHU�HVWLPDWLRQ�DOJRULWKP��������WKH�IROORZLQJ�SURSHUWLHV�KROG

(a)  �θ ξ ξk ≤ ∈ +  ,   for some finite 5 �

(b)  ,I� ( ) ( )( )lim lim �
min

k

T
k

k
kT T

→∞ = →∞∑ = ∞ =λ ρ ρ θ θ
ρ

Z Z0 0
0

  then  

ZKHUH�� ( )λ min • �GHQRWHV�WKH�PLQLPXP�HLJHQYDOXH�RI�D�PDWUL[�

3URRI�� �D�� ,QWURGXFLQJ� ������ LQ� ������ DQG� WDNLQJ� LQWR� DFFRXQW� WKDW� ( ) ( )Z Y 0T kT kT0 0θ − = �� ZH

UHDGLO\�REWDLQ

( ) ( )[ ] ( ) ( )~ ~θ θk
T T

ka kT kT kT kT+
−

= − +
1 0 0

1

0 0I I Z Z Z Z �����

2Q�WKH�EDVLV�RI�WKH�0DWUL[�,QYHUVLRQ�/HPPD��UHODWLRQ�������PD\�IXUWKHU�EH�ZULWWHQ�DV

( ) ( )~ ~θ θk
T

ka
kT kT+

−

= +







1 0 0

1
1

I Z Z ������

7KHUHIRUH�

( ) ( )
( ) ( )( )~ ~ ~ ~ ~ ~min

θ θ θ θ
λ

θ θk
T

k k
T T

k

T

k
T

ka
kT kT

kT kT

a+ +

−
−

= +







≤ +












1 1 0 0

2
0 0

2

1
1I Z Z

Z Z
������

%\�UHSHDWHGO\�XVLQJ�WKH�DERYH�LQHTXDOLW\��ZH�REWDLQ
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( ) ( )( ) ( ) ( )( )~ ~ ~ ~ ~ ~min

minθ θ
λ ρ ρ

θ θ λ ρ ρ θ θ
ρ ρ

k
T

k

T
k

T T
k

T
T T

a a
T T+ +

=

−

=

−

≤ +

























≤ +









∏ ∑1 1

0 0

0

2

0 0 0 0
0

2

0 01 1
1Z Z

Z Z ������

ZKHUH��
~ �θ θ θ0 0= − ��+HQFH��

~θk � LV� XQLIRUPO\� ERXQGHG� E\�
~θ0 �� DQG� VLQFH� θ � LV� ILQLWH�� �θ k � LV� DOVR

XQLIRUPO\�ERXQGHG�IRU�VRPH�ILQLWH�ξ ∈ +
5 �

�E�� ,I� ( ) ( )( )lim min
k

T
k

kT kT
→∞ =

∑ = ∞λ
ρ

Z Z0 0
0

�� WKHQ� IURP� ������� LW� IROORZV� WKDW� lim
~

k
k→∞

=θ 0 �� DQG

WKHUHIRUH�� lim �
k

k→∞
=θ θ �

&OHDUO\��3URSRVLWLRQ�����VWDWHV�WKDW�IRU�WKH�FRQYHUJHQFH�RI�WKH�SODQW�SDUDPHWHU�HVWLPDWHV� �θ k �WR�WKHLU

WUXH�YDOXHV� θ ��LW�LV�VXIILFLHQW�WKDW�WKH�UHJUHVVLRQ�YHFWRU� ( )Z kT0 �LV�SHUVLVWHQWO\�H[FLWLQJ�WR�WKH�DPRXQW

WKDW

( ) ( )( )lim min
k

T
k

kT kT
→∞ =

∑ = ∞λ
ρ

Z Z0 0
0

7KHUHIRUH�� VLQFH� DGDSWDWLRQ� DQG� VWDELOLW\� RI� WKH� DGDSWLYH� VFKHPH� GHSHQG� RQ� WKH� FRQYHUJHQFH� RI� WKH

SDUDPHWHU�HVWLPDWHV�WR�WKHLU�WUXH�YDOXHV��LW�LV�QHFHVVDU\�WR�SURYH�H[FLWDWLRQ�RI� ( )Z kT0 ��7KLV�LV�GRQH�LQ

6XEVHFWLRQ������WKDW�IROORZV��VHH�7KHRUHP������WKHUHLQ��

5HPDUN������,W�LV�ZRUWK�QRWLFHG��DW�WKLV�SRLQW�WKDW�WKH�RQO\�UHDVRQ�IRU�FKRRVLQJ�WKH�VDPSOLQJ�SHULRG

IRU� WKH� LGHQWLILFDWLRQ� SURFHGXUH� DV� τ =
+

T

n

*

2 1
� LV� GXH� WR� WKH� IDFW� WKDW� XVLQJ� WKLV� SHULRG� PXFK�PRUH

LQIRUPDWLRQ�IURP�WKH�SODQW�LQSXW�DQG�RXWSXW�GDWD�LV�DYDLODEOH��IRU�WKH�HVWLPDWLRQ�RI�WKH�XQNQRZQ�SODQW

SDUDPHWHU�YHFWRU� �θ k �� ,QGHHG�� LI�ZH�XVH� D� VDPSOLQJ�SHULRG� H�J�� RI� WKH� IRUP� τ = T* ��ZH� FDQ�GLUHFWO\

LGHQWLI\�PDWUL[� �A �DV�ZHOO�DV�YHFWRU� �b � �DQG�KHQFH� ΦΦ �XVLQJ���������+RZHYHU�� LQ� WKH� ODWHU�FDVH��RQO\

1��� YDOXHV� RI� WKH� SODQW� LQSXW� DV� ZHOO� DV� 1��� YDOXHV� RI� WKH� SODQW� RXWSXW� DUH� DYDLODEOH� IRU� WKH

LGHQWLILFDWLRQ�SURFHGXUH��LQVWHDG�RI�WKH���Q���1���YDOXHV�RI�WKH�LQSXW�DQG�WKH���Q���1���YDOXHV�RI�WKH

RXWSXW�� DYDLODEOH� LQ� WKH� FDVH�ZKHUH τ =
+

T

n

*

2 1
�� 7KLV� IDFW� FDQ� GHWHULRUDWH� WKH� UHVXOWV� REWDLQHG� E\� WKH

LGHQWLILFDWLRQ�SURFHVV��ZKHQHYHU� τ = T* �

�����$GDSWLYH�FRQWUROOHU�V\QWKHVLV�DOJRULWKP

2Q�WKH�EDVLV�RI�WKH�HVWLPDWHG�SDUDPHWHU�YHFWRU� �θk �REWDLQHG�IURP��������DV�ZHOO�DV�RQ�WKH�EDVLV�RI

WKH� UHODWLRQV� ������������� RQH� FDQ� WDNH� WKH� HVWLPDWHV�� ZKLFK� DUH� QHHGHG� IRU� WKH� FRPSXWDWLRQ� RI� WKH

PDWULFHV� ( )cT
k

�θ �� ( )� � � ,A A≡ θk  ( )ΦΦ ΦΦ≡ �θ k � DQG� ( )� � �b b≡ θ k �� ZKLFK� DUH� LQYROYHG� LQ� WKH� DOJRULWKPV

SUHVHQWHG�LQ�WKH�SUHYLRXV�6HFWLRQV��0RUHRYHU��VLQFH�WKH�PDWULFHV�5�DQG� ( )�p TΦΦ �FDQ�EH�FRQVWUXFWHG�RQ

WKH� EDVLV� RI� WKH� PDWULFHV� ( ) ( )ΦΦ � �θ θk
T

k and c �� WKHQ� SURYLGHG� WKDW� WKH� PDWUL[� WULSOHW

( ) ( )( )ΦΦ
T k T k

T
* *
� , � �θ θ ,   b c � LV� PLQLPDO�� IRU� DOO� SRVVLEOH� YDOXHV� RI� �θk �� ZH� FDQ� REWDLQ� WKH� IROORZLQJ

UHVXOWV�

( ) ( )� � � �f f v v≡ ≡θ θk k  ,   ������

2YHUDOO��WKH�SURFHGXUH�IRU�WKH�V\QWKHVLV�RI�D�SHULRGLF�PXOWLUDWH�DGDSWLYH�SROH�SODFHU�RI�WKH�IRUP
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�������FRQVLVWV�RQ�WKH�PDLQ�VWHSV�JLYHQ�EHOORZ�

6WHS����&KRRVH�WKH�VDPSOLQJ�SHULRG� τ �VXFK�WKDW τ =
+

=
+

T

n N

T

n
0

2 1 2 1( )

*

�

6WHS����8SGDWH�WKH�HVWLPDWHV�XVLQJ�������

6WHS����8VH�������WR�FRPSXWH�WKH�PDWULFHV�Φ τ τ,   and �b cT �

6WHS����8VH�������DQG�������WR�FRPSXWH�WKH�PDWULFHV� � , �A b  and Φ �

6WHS����&RPSXWH�WKH�YHFWRU�k f �XVLQJ�UHODWLRQV�������DQG�������

6WHS����&RPSXWH�WKH�PDWULFHV� �S �DQG� �
*S XVLQJ�UHODWLRQV��������DQG��������

6WHS����&RPSXWH�WKH�YHFWRUV� �f v and �XVLQJ�UHODWLRQV��������DQG��������RU��������
6WHS����,PSOHPHQW�WKH�SHULRGLF�PXOWLUDWH�PRGXODWLQJ�IXQFWLRQ�I�W��XVLQJ�UHODWLRQ��������

����6WDELOLW\�DQDO\VLV�RI�WKH�DGDSWLYH�FRQWURO�VFKHPH

:H�QRZ� LQYHVWLJDWH� WKH� VWDELOLW\�RI� WKH� FORVHG� ORRS� V\VWHP� IRU� DUELWUDU\� LQLWLDO� FRQGLWLRQV�RQ� WKH

SODQW��7R�WKLV�HQG��WKH�IROORZLQJ�IXQGDPHQWDO�UHVXOW��FDQ�EH�HVWDEOLVKHG�

7KHRUHP������7KH�UHJUHVVRU�VHTXHQFH�ϕ ντ( ) �LV�SHUVLVWHQWO\�H[FLWLQJ��L�H��WKHUH�LV�D�δ > 0 ��VXFK�WKDW

( ) ( ) ( ) ( )Z Z IkT kT kT kTT T
n N

0 0 0 0
0

2 1

= − − ≥
=

+

∑ ϕ ντ ϕ ντ δ
ν

( )

������

3URRI��/HW� u t tT( ) ( )= q v �DQG�REVHUYH�WKDW� LQWURGXFLQJ�WKH�SVHXGRYDULDEOH� ζ ντ( ) �� WKH�SODQW� WDNHV
WKH�IRUP

ζ ντ α ζ ντ τ ντ ντ β ζ ντ τ ν( ) ( ) ( ) ( ) ( )+ − = = − ≥
= =
∑ ∑i
i

n

i
i

n

i u i
1 1

1  ,   y   ,   ������

'HILQLQJ�WKH�IROORZLQJ�YHFWRUV

[ ]� ( ) ( ) ( ) ( ) ( )ϕ ντ ντ ντ τ ντ τ ντ τ= − − −u u n y y n
T

� �  

[ ]�( ) ( ) ( )ζ ντ ζ ντ ζ ντ τ= −� n
T

LW�LV�HDV\�WR�VHH�WKDW

� ( ) �( )ϕ ντ ζ ντ= P ������

ZKHUH�3�LV�D�6\OYHVWHU�PDWUL[�ZKLFK�LV�QRQVLQJXODU�GXH�WR�$VVXPSWLRQ������DQG�KDV�WKH�IROORZLQJ�IRUP

P =
































−

−

− −

1

0

0

0

0

0

0

0

0

0

0

0

0

0

1

0 0 0

0 0 0

0 0 0

0 0

2

1

1

3

2

2

1

1

1

2 1

1

1 2

2 3

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

� � � �

�

�

�

� � � �

�

  

1

0

0

0

0

            

1α α
α

β

α
α

β
β

α
α

β
β

α

β
β

β

α α α

β

β β β

n

n

n

n

n

n

n

n

n

n 
2EVHUYH�DOVR�WKDW�WKH�YHFWRUV�ϕ ντ ϕ ντ( ) � ( ) and �DUH�LQWHUUHODWHG�XSRQ�WKH�IROORZLQJ�UHODWLRQ

ϕ ντ ϕ ντ( ) � ( )= T ������

ZKHUH�T ∈ × +
5

2 2 1n n( ) �LV�WKH�IXOO�URZ�UDQN�PDWUL[�RI�WKH�IRUP

T 0
0 I

I 0
=

−







×

× ×

× ×
2 1n

n n n n

n n n n
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,W� LV� QRZ� REYLRXV� WKDW� H[FLWDWLRQ� RI� �( )ζ ντ � LPSOLHV� H[FLWDWLRQ� RI� ϕ ντ( ) �� 7KHUHIRUH�� ZH� QH[W

LQYHVWLJDWH�H[FLWDWLRQ�RI� �( )ζ ντ �7R�WKLV�HQG��REVHUYH�WKDW�IURP�UHODWLRQ���������ZH�FDQ�ZULWH

γ ζ ντ ντT u�( ) ( )= ������

ZKHUH� γ T n∈ +
5

2 1�LV�WKH�IROORZLQJ�YHFWRU

[ ]γ α α αT
n= 1 0 01 2 � �

1RZ��OHW�X( )ντ ∈ ×
5

2 2n n �EH�WKH�IROORZLQJ�V\PPHWULF�PDWUL[

[ ]X( ) �( ) �( ) �( )ντ ζ ντ ζ ντ τ ζ ντ τ= − −� 2n ������

DQG� � ( )u ντ ∈5
2n �EH�WKH�IROORZLQJ�YHFWRU

[ ]� ( ) ( ) ( ) ( )u ντ ντ ντ τ ντ τ= − −u u u n
T

� 2 ������

&RPELQLQJ�UHODWLRQV����������������ZH�REWDLQ

γ ντ ντT TX u( ) � ( )=
7KHUHIRUH��IRU�HYHU\�FROXPQ�YHFWRU�η ��ZLWK�QRUP�HTXDO�WR�XQLW\��ZH�KDYH

η ντ η ντ γ γ ντ η γ ντ ηT T T T T� ( ) ( ) ( ) ( )u X X X
2 2 2 2 2

= = ≤

6XPPLQJ�RYHU�WKH�LQWHUYDO�[ ]kT n n0 02 1 4 1+ + + +( ) ( )τ τ ,  kT DQG�REVHUYLQJ�WKDW

( ) ( ) ( )[ ]� ( ) � ( ) � ( ) � ( )u u u UkT n kT n kT n kT0 0 0 02 1 2 2 4 1

1 1 1

0 1 1

0 0 1

+ + + + + + =



















=τ τ τ�

�

�

� � � �

�

ZH�REWDLQ

( ) ( )[ ]η ντ η γ ντ η γ ζ ντ η
ν ν ν

T

n

n
T

n

n
T

n

kT kT n kT� � ( ) ( ) ( ) �u U X0

2

2 1

4 1

0

2 2 2

2 1

4 1 2
0

2

1

4 1

2 1+ = ≤ ≤ + +
= +

+

= +

+

=

+

∑ ∑ ∑
+HQFH�

( )[ ] [ ]� ( ) � ( )ζ ντ η γ η
ν

T
n

kT n kT0

2

1

4 1 2 1

0

2
2 1+ ≥ +

=

+ −

∑ U

6LQFH�WKH�VPDOOHVW�VLQJXODU�YDOXH�RI� � ( )U kT0 �LV�JUHDWHU�WKDQ�D�FRQVWDQW��WKHUH�LV�D�FRQVWDQW� δ > 0 �VXFK
WKDW

( ) ( )� �ζ ντ ζ ντ δ
ν

kT kTT
n

0 0
1

4 1

+ + ≥
=

+

∑

7KHUHIRUH��WKH�YHFWRU� �( )ζ ντ � LV�SHUVLVWHQWO\�H[FLWLQJ��$FFRUGLQJ�WR��������DQG��������� WKH�UHJUHVVRU

VHTXHQFH�ϕ ντ( ) ��LV�DOVR�SHUVLVWHQWO\�H[FLWLQJ��7KLV�FRPSOHWHV�WKH�SURRI�RI�WKH�7KHRUHP�� �

:H�DUH�QRZ�DEOH�WR�HVWDEOLVK�WKH�VWDELOLW\�RI�WKH�DGDSWLYH�FRQWURO�V\VWHP�

3URSRVLWLRQ������7KH�FORVHG�ORRS�DGDSWLYH�FRQWURO�V\VWHP�LV�JOREDOO\�VWDEOH��L�H��IRU�DUELWUDU\�ILQLWH

LQLWLDO�FRQGLWLRQV��DOO�VWDWHV�DUH�XQLIRUPO\�ERXQGHG��DQG�DV� k → ∞ �� WKH�FORVHG�ORRS�V\VWHP�SROHV�DUH

GULYHQ� WR� WKH� SUHVSHFLILHG� ORFDWLRQV� � , � , �λ λ λ1 2  ...,  n �� )XUWKHUPRUH�� WKH� SURSRVHG� DGDSWLYH� VFKHPH

SURYLGHV�H[SRQHQWLDO�FRQYHUJHQFH�RI�WKH�HVWLPDWHG�SDUDPHWHUV�

3URRI��6LQFH� DFFRUGLQJ� WR�7KHRUHP������ WKH� UHJUHVVRU� VHTXHQFH� LV� SHUVLVWHQWO\� H[FLWLQJ�� WKHQ� WKH

GLIIHUHQFH� �θ θk − � FRQYHUJHV� WR� ]HUR�� 7KDW� LV�� WKH� SODQW� SDUDPHWHU� HVWLPDWHV� FRQYHUJH� WR� WKHLU� WUXH

YDOXHV�� $V� D� FRQVHTXHQFH� RI� WKLV� DQG� RI� WKH� IDFW� WKDW� �θ k � LV� XQLIRUPO\� ERXQGHG�� WKH� FRQWUROOHU

SDUDPHWHU� HVWLPDWHV� ������� DOVR� FRQYHUJH� WR� WKHLU� WUXH� YDOXHV�� 7KHUHIRUH�� DW� WKH� VDPSOLQJ� LQVWDQWV
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XQLIRUP� ERXQGHGQHVV� RI� DOO� VWDWHV� DQG� VWDELOL]DWLRQ� WKURXJK� SROH� SODFHPHQW� IROORZ� RQ� WKH� EDVLV� RI

�������8QLIRUP� ERXQGHGQHVV� RI� u t t( ) ( ) and x � WKHQ� IROORZV� IURP� ������� ������� ������ DQG� WKH� IDFW� WKDW

( )w kT0 �LV�ERXQGHG�E\�DVVXPSWLRQ��)LQDOO\��H[SRQHQWLDO�FRQYHUJHQFH�RI�WKH�SODQW�SDUDPHWHU�HVWLPDWHV

IROORZV�IURP���������ZKLFK�WRJHWKHU�ZLWK���������HQVXUHV�WKDW� �θ θk → �H[SRQHQWLDOO\�DV� k → ∞ �� �

� ,OOXVWUDWLYH�([DPSOHV�DQG�6LPXODWLRQ�6WXG\

,Q�WKLV�6HFWLRQ�� WKH�SURSRVHG�DGDSWLYH�SROH�SODFHPHQW�DOJRULWKP�LV� WHVWHG�WKURXJK�WZR�LOOXVWUDWLYH

VLPXODWLRQ� H[DPSOHV�� 7KH� VLPXODWLRQ� UHVXOWV� WKDW� IROORZV� KDYH� EHHQ� REWDLQHG� E\� WKH� XVH� RI� WKH

©SSPULFª�SURFHGXUH��ZKLFK�KDV�EHHQ�SURJUDPPHG�IRU�WKLV�SXUSRVH�LQ�0$7/$%����F�IRU�:,1'2:6�

([DPSOH������ ,Q�WKLV�H[DPSOH��ZH�DGGUHVV�WKH�VDPH�FRQWLQXRXV�WLPH�SODQW�XWLOL]HG�LQ�.LQDHUW�DQG

%ORQGHO���������ZKLFK�LV�WKH�XQVWDEOH�VHFRQG�RUGHU�V\VWHP�ZLWK�WUDQVIHU�IXQFWLRQ

H s
s

s s
( )

( )
= −

−
10

1
7KH�SODQW�KDV�D�QRQ�PLQLPXP�SKDVH�]HUR�DW�V ����1RWH�WKDW�WKH�SODQW�SRVVHVVHV�WKH�S�L�S��DQG�KHQFH�LW

LV�VWURQJO\�VWDELOL]DEOH��7KH�SODQW�LV�GLVFUHWL]HG�E\�XVLQJ�D�]HUR�RUGHU�KROG�DQG�D�VDPSOLQJ�LQWHUYDO�RI

7� �����VHFV��WKDW�\LHOGV�WKH�IROORZLQJ�GLVFUHWH�WLPH�SODQW

H z
z

z z
( )

. .

. .
= −

− +
0 0182 0 0222

2 0202 102022

ZKLFK�KDV�D�SROH�DW�] ���DQ�XQVWDEOH�SROH�DW�] �������DQG�DQ�XQVWDEOH�]HUR�DW�] ��������2XU�DLP�KHUH

LV�WR�ILQG�DQ�DGDSWLYH�SHULRGLF�PXOWLUDWH�SROH�SODFHU�RI�WKH�IRUP��������VXFK�WKDW�WKH�HLJHQYDOXHV�RI�WKH

FORVHG�ORRS�V\VWHP�WR�EH� � � .λ λ1 0 9231= =2 ��7KLV�UHYHDOV�WKDW�WKH�FORVHG�ORRS�V\VWHP�PRGHO�LV

H z
z

z z
m ( )

. .

. .
= −

− +
0 0182 0 0222

18462 085212

ZKLFK�UHSUHVHQWV�D�VHFRQG�RUGHU�V\VWHP�ZLWK�GDPSLQJ�UDWLR�FRHIILFLHQW�RI���DQG�D�QDWXUDO�IUHTXHQF\�RI

��UDGV�VHF�

7KH�DERYH�SROH�SODFHPHQW�SUREOHP��FDQ�EH�VROYHG�E\�XVLQJ�D�G\QDPLF�FRQWUROOHU��ZKLFK�FRQVLVWV�RQ

D�SUHFRPSHQVDWRU�
T z

R z

( )

( )
� DQG�DQ�RXWSXW� IHHGEDFN�FRPSHQVDWRU�

S z

R z

( )

( )
�� L�H��ZLWK�D�FRPSHQVDWRU�RI� WKH

IRUP

U z
T z

R z
W z

S z

R z
Y z( )

( )

( )
( )

( )

( )
( )= − �����

ZKHUH�:�]��DQG�<�]��DUH�WKH�XVXDO�= �WUDQVIRUPV�RI�Z ( )kT0 �DQG�\ ( )kT0 ��UHVSHFWLYHO\�

$V� LW� FDQ� EH� HDVLO\� FKHFNHG�� IURP� WKH� VROXWLRQ� RI� WKH� 'LRSKDQWLQH� HTXDWLRQ�� WKH� UHVXOWLQJ

FRPSHQVDWRUV�DUH�FRQVWLWXWHG�E\�WKH�IROORZLQJ�SRO\QRPLDOV

T z z  , z z z z( ) ( ) . ( ) . .= = + = − +  R   ,   S12275 57 8852 56 4102
7KH� FRPSHQVDWRUV� DUH� XQVWDEOH� DQG� KDYH� XQERXQGHG� RXWSXWV�� ,Q� D� VKRUW� WLPH�� WKH� FRQWUROOHU

SURGXFHV�DQ�QRQ�QHJOLJLEOH�HUURU�LQ�FRPSXWLQJ�WKH�FRQWURO�VLJQDO�ZKLFK�XQDEOHV�WR�VWDELOL]H�WKH�SODQW�

,Q�WKLV�FDVH�WKH�VROXWLRQ�LV�SXUHO\�PDWKHPDWLFDO�DQG�XVHOHVV�IRU�DSSOLFDWLRQV��7KHUHIRUH��LW�LV�QHFHVVDU\

WR�XVH�RWKHU�FRQWUROOHUV�RU�SURFHGXUHV�WR�REWDLQ�VROXWLRQV�ZLWK�VWDEOH�FRPSHQVDWRUV�

/HW�XV�WU\�WR�DSSO\�WKH�SURSRVHG�SURFHGXUH��EDVHG�RQ�052&V��%\�VHOHFWLQJ�WKH�RXWSXW�PXOWLSOLFLW\

RI�WKH�VDPSOLQJ�1�VXFK�WKDW�1 ���WKH�VDPSOLQJ�SHULRG� τ �KDV�WKH�YDOXH� τ  ��PVHF��$SSOLFDWLRQ�RI�WKH
UHVXOWV�RI�6HFWLRQV���DQG����UHVXOW�WR�WKH�IROORZLQJ�SHULRGLF�PXOWLUDWH�PRGXODWLQJ�IXQFWLRQ

[ ]f t N( ) . . , , ,= − =−e µ µ8901630 896 0177 0 0 012 3
T

  ,   

,Q�WKH�XQNQRZQ�SODQW�FDVH��WKH�VLPXODWLRQ�KDV�EHHQ�SHUIRUPHG�XVLQJ�WKH�SURSRVHG�PRGLILHG�UHFXU�
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VLYH�OHDVW�VTXDUH�DOJRULWKP�JLYHQ�LQ��������7KH�QRPLQDO�SDUDPHWHU�YHFWRU�θ �KDV�WKH�IRUP

[ ]θ = − −2 0010 10010 0 0010 0 0010. . . .
T

7KH�LGHQWLILFDWLRQ�DOJRULWKP�ZDV�LQLWLDOL]HG�ZLWK�WKH�IROORZLQJ�SDUDPHWHU�YHFWRU

[ ]�θ0 1 1 1 1= T

DQG� ZLWK� D ����� 6LPXODWLRQ� UHVXOWV� DUH� JLYHQ� LQ� )LJXUHV� ����� 7R� REWDLQ� WKH� VLPXODWLRQ� UHVXOWV� ERWK

QRPLQDO�DQG�HVWLPDWHG�FORVHG�ORRS�V\VWHP�DUH�H[FLWHG�E\�D�UHIHUHQFH�VLJQDO��ZKLFK�LV�D�XQLW\�VTXDUH

ZDYH�ZLWK�SHULRG�RI����VHFV��6LPLODU�VLPXODWLRQ�H[DPSOHV�FDQ�EH�REWDLQHG�LQ�WKH�FDVH�ZKHUH� �θ0 �RU�D�

WDNH�RWKHU�YDOXHV��H�J��D ����RU�����DQG

[ ] [ ]� �θ θ0 04 4 3 3 2 2 1 4= = −T T
 or 

([DPSOH������&RQVLGHU�WKH�IROORZLQJ�XQVWDEOH�WKLUG�RUGHU�V\VWHP�ZLWK�WUDQVIHU�IXQFWLRQ

H s
s s

s s s
( )

( )( )

( )( )( )
= − +

− + +
1 5

2 1 3
1RWH� WKDW� WKH� SODQW� KDV� D� QRQ�PLQLPXP� SKDVH� EORFNLQJ� ]HUR� DW� V �� DQG� DQ� XQVWDEOH� SROH� DW� V ��

1DPHO\�� WKLV� SODQW� GRHV� QRW� SRVVHVVHV� WKH� S�L�S�� LQ� WKH� FRQWLQXRXV�WLPH� VHQVH� DQG� KHQFH� LW� LV� QRW

VWURQJO\� VWDELOL]DEOH��7KH�SODQW� LV� GLVFUHWL]HG�E\�XVLQJ�D� ]HUR�RUGHU�KROG� DQG�D� VDPSOLQJ� LQWHUYDO�RI

T0 0 2= .  secs��WKDW�\LHOGV�WKH�IROORZLQJ�GLVFUHWH�WLPH�SODQW

H z
z z

z z z
( )

. . .

. . .
= − +

− + −
0 2361 0 3721 01025

2 8594 2 4895 0 6703

2

3 2

ZKLFK�KDV�WZR�SROHV�DW�] �������DQG�] ��������DQ�XQVWDEOH�SROH�DW�] ��������D�]HUR�DW�] �������DQG�D

QRQ�PLQLPXP�SKDVH�]HUR�DW�] ��������7KH�GLVFUHWL]HG�V\VWHP�DOVR�GRHV�QRW�SRVVHVVHV� WKH�S�L�S��2XU

DLP� KHUH� LV� WR� ILQG� DQ� DGDSWLYH� SHULRGLF� PXOWLUDWH� SROH� SODFHU� RI� WKH� IRUP� ������� VXFK� WKDW� WKH

HLJHQYDOXHV�RI� WKH�FORVHG� ORRS�V\VWHP� WR�EH� � . � . � .λ λ λ1 0 9 0 7 0 6= = = − ,   and 2 3 �� D� IDFW�ZKLFK� UHYHDOV

WKDW�WKH�FORVHG�ORRS�V\VWHP�KDV�WKH�IROORZLQJ�GLVFUHWH�WUDQVIHU�IXQFWLRQ

H zm( ) = 0 2361 0 3721 01025

0 3301 0 3780

2

3 2

. . .

. .

z z

z z z

− +
− − +

7KH�IRUHJRLQJ�SROH�SODFHPHQW�SUREOHP��FDQ�EH�VROYHG�E\�XVLQJ�D�G\QDPLF�FRQWUROOHU�RI�WKH�IRUP�������

$V�LW�FDQ�EH�HDVLO\�FKHFNHG��IURP�WKH�VROXWLRQ�RI�WKH�'LRSKDQWLQH�HTXDWLRQ��WKH�UHVXOWLQJ�FRPSHQVDWRUV

DUH�FRQVWLWXWHG�E\�WKH�IROORZLQJ�SRO\QRPLDOV

T z z z z z z z z( ) ( ) . . ( ) . . .= = − + = − +2 2 28 4540 2 6579 436825 56 7412 17 3813  ,   R   ,   S
7KH�URRWV�RI�5�]��DUH�] �������DQG�] ��������&OHDUO\��WKH�FRPSHQVDWRUV�DUH�XQVWDEOH�DQG�XVHOHVV�

7KHUHIRUH�� LW� LV� QHFHVVDU\� WR� XVH� RWKHU� FRQWUROOHUV� RU� SURFHGXUHV� WR� REWDLQ� VROXWLRQV� ZLWK� VWDEOH

FRPSHQVDWRUV�� +RZHYHU�� QR� VXFK� SURFHGXUH� H[LVWV� KLWKHUWR�� VLQFH�� DV� DOUHDG\� PHQWLRQHG�� WKH� JLYHQ

V\VWHP�GRHV�QRW�SRVVHVVHV�WKH�S�L�S��

/HW�XV�WU\�WR�DSSO\�WKH�SURSRVHG�SURFHGXUH��%\�VHOHFWLQJ�WKH�RXWSXW�PXOWLSOLFLW\�RI�WKH�VDPSOLQJ�1

VXFK� WKDW� 1 ��� WKH� VDPSOLQJ� SHULRG� τ � KDV� WKH� YDOXH� τ  ����� PVHF�� $SSOLFDWLRQ� RI� WKH� UHVXOWV� RI
6HFWLRQV���DQG����UHVXOW�WR�WKH�IROORZLQJ�SHULRGLF�PXOWLUDWH�PRGXODWLQJ�IXQFWLRQ

[ ]f t N( ) . . . , , , ,= − =−e µ µ2196 6 4756 0 2570 4 0 0 012 3 4
T

  ,   

,Q� WKH� XQNQRZQ� SODQW� FDVH�� WKH� VLPXODWLRQ� KDV� EHHQ� SHUIRUPHG� XVLQJ� WKH� SURSRVHG� PRGLILHG

UHFXUVLYH�OHDVW�VTXDUH�DOJRULWKP�JLYHQ�LQ��������7KH�QRPLQDO�SDUDPHWHU�YHFWRU�θ �KDV�WKH�IRUP

[ ]θ = − − −2 9888 2 9774 0 9886 0 0057 0 0114 0 0056. . . . . .
T

7KH�LGHQWLILFDWLRQ�DOJRULWKP�ZDV�LQLWLDOL]HG�ZLWK�WKH�IROORZLQJ�SDUDPHWHU�YHFWRU

[ ]�θ0 2 4 2 1 2 2= − T

DQG�ZLWK�D ���6LPXODWLRQ�UHVXOWV�DUH�JLYHQ�LQ�)LJXUHV�������7R�REWDLQ�WKH�VLPXODWLRQ�UHVXOWV�ERWK�QRPL�
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QDO�DQG�HVWLPDWHG�FORVHG�ORRS�V\VWHP�DUH�H[FLWHG�E\�D�UHIHUHQFH�VLJQDO��ZKLFK�LV�D�XQLW\�VTXDUH�ZDYH

ZLWK�SHULRG�RI����VHFV��6LPLODU�VLPXODWLRQ�UHVXOWV�FDQ�EH�REWDLQHG�LQ�WKH�FDVH�ZKHUH� �θ0 �RU�D��WDNH�RWKHU

YDOXHV��H�J��D ����RU�����DQG

[ ] [ ]� �θ θ0 05 4 2 1 1 1 1 1 1 1 1 1= − − =T T
 or 

)URP� WKH� WZR� LOOXVWUDWLYH� H[DPSOHV�� LW� LV� HDVLO\� VHHQ� WKDW� WKH� SURSRVHG� DGDSWLYH� SROH� SODFHPHQW

DOJRULWKP�EDVHG�RQ�05,&V�KDV�D�JRRG�SHUIRUPDQFH�HYHQ�LI�LW�LV�DSSOLHG�WR�QRQPLQLPXP�SKDVH�SODQWV

DQG�WR�V\VWHPV�ZKLFK�GR�QRW�SRVVHVVHV�WKH�S�L�S�

,W�LV�UHPDUNHG�DW�WKLV�SRLQW�WKDW��WKH�VTXDUH�ZDYH�ZLWK�SHULRG�RI����VHFV�XVHG�LQ�ERWK�H[DPSOHV��DV

WKH� UHIHUHQFH� VLJQDO�� SURYLGHV� VXIILFLHQW� H[FLWDWLRQ� WR� WKH� SODQW� XQGHU� FRQWURO�� 6R� LQ� WKLV� FDVH� WKH

H[FLWDWLRQ�VLJQDO�Y�W��LV�XVHOHVV��,Q�WKH�FDVH�ZKHUH�Y�W��LV�DGGHG�LQ�WKH�FRQWURO�ORRS��VLPXODWLRQ�UHVXOWV

VKRZ�WKDW��LQ�WKH�FDVH�ZKHUH�Y�LV�HYDOXDWHG�E\���������WKH�FRQYHUJHQFH�RI�WKH�LGHQWLILFDWLRQ�DOJRULWKP�LV

DPHOLRUDWHG��,W� LV�ZRUWK�QRWLFHG�WKDW�LQ�WKLV�FDVH��WKH�H[FLWDWLRQ�Y�W��FDXVHV�WR�WKH�FORVHG�ORRS�V\VWHP

RXWSXW�� D� VWDWLF� VWHDG\� VWDWH� HUURU�RI� DSSUR[LPDWHO\������+RZHYHU�� WKLV� VWDWLF� HUURU� LV� HOLPLQDWHG�E\

HYDOXDWLQJ� Y� WKURXJK� ������� DQG� E\� VHOHFWLQJ� DSSURSULDWHO\� WKH� DUELWUDU\� SDUDPHWHUV� ρ j �� M ���� �H�J�

ρ1 �����ρ2  ������LQ�WKH�FDVH�RI�([DPSOH������

� &RQFOXVLRQV

$�QHZ�SHULRGLF�PXOWLUDWH�VDPSOHG�GDWD�DGDSWLYH�SROH�SODFHU�IRU�FRQWLQXRXV�WLPH�OLQHDU�V\VWHPV�KDV

EHHQ�H[KLELWHG�LQ�WKH�SUHVHQW�SDSHU��7KH�SURSRVHG�FRQWURO�VWUDWHJ\�KDV�VHYHUDO�DGYDQWDJHV�RYHU�NQRZQ

LQGLUHFW�DGDSWLYH�SROH�SODFHPHQW�WHFKQLTXHV��7KH�PDLQ�RI�WKHP�DUH�

(a) ,W� LV� UHDGLO\� DSSOLFDEOH� WR� QRVWDEO\� LQYHUWLEOH� SODQWV� KDYLQJ� DUELWUDU\� SROHV� DQG� ]HURV� DQG
UHODWLYH� GHJUHH�� 7KLV� GXH� WR� WKH� IDFW� WKDW� WKH� DSSURDFK� XVHG� WR� VROYH� WKH� DGDSWLYH� SROH

SODFHPHQW�SUREOHP�GRHV�QRW�UHO\�RQ�SROH�]HUR�FDQFHOODWLRQV�

(b) )ROORZLQJ� WKH� SURSRVHG� WHFKQLTXH� D� JDLQ� FRQWUROOHU� LV� HVVHQWLDOO\� QHHGHG� WR� EH� GHVLJQHG�� DV
FRPSDUHG�WR�G\QDPLF�FRPSHQVDWRUV�RU�VWDWH�REVHUYHUV�QHHGHG�E\�NQRZQ�LQGLUHFW�DGDSWLYH�SROH

SODFHPHQW� VFKHPHV�� &RQVHTXHQWO\�� WKH� SURSRVHG� DSSURDFK� DYRLGV� WKH� SUREOHPV� RI� NQRZQ

DGDSWLYH� SROH� SODFHPHQW� WHFKQLTXHV�� LQWHUZRYHQ� ZLWK� WKH� SRVVLEO\� XQVWDEOH� VROXWLRQV� RI� WKH

'LRSKDQWLQH�HTXDWLRQ��0RUHRYHU��QR�H[RJHQRXV�G\QDPLFV�DUH�LQWURGXFHG�LQ�WKH�FRQWURO�ORRS�E\

WKH�SURSRVHG� WHFKQLTXH��ZKHUHDV� LQ�PDQ\�NQRZQ� WHFKQLTXHV� WKH�G\QDPLFV� LQWURGXFHG� DUH� RI

KLJK� RUGHU�� 7KLV� IDFW� LPSURYHV� WKH� FRPSXWDWLRQDO� DVSHFW� RI� WKH� SUREOHP�� VLQFH� WKH� SURSRVHG

WHFKQLTXH� GRHV� QRW� UHTXLUH� PDQ\� RQ�OLQH� FRPSXWDWLRQV� DQG� LWV� SUDFWLFDO� LPSOHPHQWDWLRQ

UHTXLUHV� FRPSXWHU�PHPRU\� RQO\� IRU� VWRULQJ� WKH�PRGXODWLQJ� IXQFWLRQ� I�W�� RYHU� RQH� SHULRG� RI

WLPH�

(c)  )LQDOO\��SHUVLVWHQF\�RI�H[FLWDWLRQ�RI�WKH�SODQW�XQGHU�FRQWURO�DQG�KHQFH�SDUDPHWHU�FRQYHUJHQFH�
LV� SURYLGHG�� ZLWKRXW� PDNLQJ� DQ\� VSHFLDO� ULFKHQHVV� DVVXPSWLRQ� RQ� RI� WKH� UHIHUHQFH� VLJQDOV�� DV

FRPSDUHG�WR�NQRZQ�LQGLUHFW�DGDSWLYH�SROH�SODFHPHQW�FRQWURO�VFKHPHV�

7KH� SUHVHQW� SDSHU� JLYHV� VRPH� QHZ� LQVLJKWV� WR� WKH� DGDSWLYH� SROH� SODFHPHQW� SUREOHP� RI� OLQHDU

V\VWHPV��7KH�SURSRVHG�WHFKQLTXH�FDQ�EH�HDVLO\�H[WHQGHG�WR�VROYH�RWKHU�LPSRUWDQW�SUREOHPV�RI�WKH�DUHD

RI�DGDSWLYH�FRQWURO��VXFK�DV�PRGHO�UHIHUHQFH�DGDSWLYH�FRQWURO��DGDSWLYH�/4*�UHJXODWLRQ��HWF��DQG�IRU

RWKHU� W\SHV� RI� V\VWHPV�� VXFK� DV� WLPH�YDU\LQJ� SHULRGLF� DQG� QRQ�SHULRGLF� OLQHDU� V\VWHPV�� $GDSWLYH

FRQWURO� VFKHPHV� EDVHG� RQ� DOWHUQDWLYH� SDUDPHWHU�HVWLPDWLRQ� DOJRULWKPV� RU� RQ� DOWHUQDWLYH� PXOWLUDWH

FRQWUROOHUV�DUH�FXUUHQWO\�XQGHU�LQYHVWLJDWLRQ�

5HIHUHQFHV

$EUDPRYLWFK��'�<���DQG�*�)��)UDQNOLQ����������2Q�WKH�VWDELOLW\�RI�DGDSWLYH�SROH�SODFHPHQW�FRQWUROOHUV

ZLWK�D�VDWXUDWLQJ�DFWXDWRU���,(((�7UDQV��$XWRP��&RQWURO��$&�������������

$O�5DKPDQL��+�0���DQG�*�)�)UDQNOLQ���������³/LQHDU�SHULRGLF�V\VWHPV��(LJHQYDOXH�DVVLJQPHQW�XVLQJ
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GLVFUHWH�SHULRGLF�IHHGEDFN´��,(((�7UDQV��$XWRP��&RQWURO��$&������������

$QGHUVRQ�� %�'�2��� DQG� 5�0�� -RKQVWRQH� �������� �*OREDO� DGDSWLYH� SROH� SRVLWLRQLQJ��� ,(((� � 7UDQV�

$XWRP��&RQWURO��$&�����������

$UDNL��0���DQG�7�+DJLZDUD���������³3ROH�DVVLJQPHQW�E\�PXOWLUDWH�VDPSOHG�GDWD�RXWSXW�IHHGEDFN´��,QW�

-��&RQWURO����������������

$UYDQLWLV��.�*�������D���³$GDSWLYH�GHFRXSOLQJ�RI�OLQHDU�V\VWHPV�XVLQJ�PXOWLUDWH�JHQHUDOL]HG�VDPSOHG�

GDWD�KROG�IXQFWLRQV´��,0$�-��0DWK��&RQWURO�,QI���������������

$UYDQLWLV��.�*�� �����E��� ³$Q� LQGLUHFW� DGDSWLYH� SORH� SODFHU� IRU�0,02� V\VWHPV�� EDVHG� RQ�PXOWLUDWH

VDPSOLQJ�RI�WKH�SODQW�RXWSXW´��,0$�-��0DWK��&RQWURO�,QI���������������

$UYDQLWLV�� .�*�� �������� ³$Q� LQGLUHFW� PRGHO� UHIHUHQFH� DGDSWLYH� FRQWUROOHU� EDVHG� RQ� WKH� PXOWLUDWH

VDPSOLQJ�RI�WKH�SODQW�RXWSXW´��,QW��-��$GDSWLYH�&RQWU��6LJQ��3URFHVV���������������

$UYDQLWLV�� .�*�� �������� ³$Q� LQGLUHFW� PRGHO� UHIHUHQFH� DGDSWLYH� FRQWURO� DOJRULWKP� EDVHG� RQ

PXOWLGHWHFWHG�RXWSXW�FRQWUROOHUV´��$SSO��0DWK��&RPSXW��6FL��������������

$UYDQLWLV�� .�*��� DQG� 3�1�3DUDVNHYRSRXORV� �������� ³([DFW� PRGHO� PDWFKLQJ� RI� OLQHDU� V\VWHPV� XVLQJ

PXOWLUDWH� GLJLWDO� FRQWUROOHUV´��3URF�� �QG� (XURS�� &RQWURO� &RQI���*URQLQJHQ�� 7KH�1HWKHUODQGV����

����������

$UYDQLWLV�� .�*��� DQG� 3�1�3DUDVNHYRSRXORV� �������� ³'LVFUHWH� PRGHO� UHIHUHQFH� DGDSWLYH� FRQWURO� RI

OLQHDU�PXOWLYDULDEOH� FRQWLQXRXV�WLPH� V\VWHPV�YLD�PXOWLUDWH� VDPSOHG�GDWD� FRQWUROOHUV´��-��2SWLP�

7KHRU\�$SSO���������������

$VWURP��.�-���DQG�%�:LWWHQPDUN����������$QDO\VLV�RI�D�VHOI�WXQLQJ�UHJXODWRU�IRU�QRQ�PLQLPXP�SKDVH

V\VWHPV���3URF��,)$&�6WRFKDVW��&RQWU��6\PS���%XGDSHVW��+XQJDU\����������

$VWURP��.�-��� DQG� %��:LWWHQPDUN� �������� �6HOI�WXQLQJ� FRQWUROOHUV� EDVHG� RQ� SROH�]HUR� � SODFHPHQW��

3URF��,((�SW��'���������������

&KDPPDV��$�%���DQG�&�7�/HRQGHV���������³2Q�WKH�GHVLJQ�RI�OLQHDU�WLPH�LQYDULDQW�V\VWHPV�E\�SHULRGLF

RXWSXW�IHHGEDFN´��3DUWV�,�DQG�,,��,QW��-��&RQWURO��������������

'DV��0���DQG�5�&ULVWL����������5REXVWQHVV�RI�DQ�DGDSWLYH�SROH�SODFHPHQW�DOJRULWKP�LQ�WKH�SUHVHQFH�RI

ERXQGHG�GLVWXUEDQFHV�DQG�VORZ�WLPH�YDULDWLRQ�RI�SDUDPHWHUV���,(((�7UDQV��$XWRP��&RQWURO��$&�

������������

(JDUGW��%�����������6WDELOLW\�DQDO\VLV�RI�GLVFUHWH�WLPH�DGDSWLYH�FRQWURO�VFKHPH���,(((�7UDQV��$XWRP�

&RQWURO��$&�������������

(OOLRWW��+�����������'LUHFW�DGDSWLYH�SROH�SODFHPHQW�ZLWK�DSSOLFDWLRQ�WR�QRQPLQLPXP�SKDVH�V\VWHPV��

,(((�7UDQV��$XWRP��&RQWURO��$&�������������

(OOLRWW�� +��� :�$�� :RORYLFK�� DQG� 0�� 'DV� �������� �$UELWUDU\� DGDSWLYH� SROH� SODFHPHQW� IRU� OLQHDU

PXOWLYDULDEOH�V\VWHPV���,(((�7UDQV��$XWRP��&RQWURO��$&�������������

(OOLRWW��+���5�&ULVWL��DQG�0��'DV����������*OREDO�VWDELOLW\�DGDSWLYH�SROH�SODFHPHQW�DOJRULWKPV���,(((

7UDQV��$XWRP��&RQWURO��$&�������������

*LUL�� )��� 0��0
6DDG�� /�� 'XJDUG�� DQG� -�0�� 'LRQ� �������� �5REXVW� SROH� SODFHPHQW� LQGLUHFW� DGDSWLYH

FRQWUROOHU���,QW��-��$GDSWLYH�&RQWU��6LJQ��3URF������������

*LUL�� )��� -�0�� 'LRQ�� /�� 'XJDUG�� DQG� 0�� 0
6DDG� �������� �5REXVW� SROH� SODFHPHQW� GLUHFW� DGDSWLYH

FRQWURO���,(((�7UDQV��$XWRP��&RQWURO��$&�������������

*UHVKDN�� -�3��� DQG� *�&�9HUJHVH� �������� ³3HULRGLFDOO\� YDU\LQJ� FRPSHQVDWLRQ� RI� WLPH�LQYDULDQW

V\VWHPV´��6\VW��&RQWURO�/HWW�����������

+DJLZDUD�� 7��� DQG� 0�$UDNL� �������� ³'HVLJQ� RI� D� VWDEOH� VWDWH� IHHGEDFN� FRQWUROOHU� EDVHG� RQ� WKH

PXOWLUDWH�VDPSOLQJ�RI�WKH�SODQW�RXWSXW´��,(((�7UDQV��$XWRP��&RQWURO��$&�������������

+DJLZDUD�� 7��� 7�)XMLPXUD�� DQG� 0�$UDNL� �������� ³*HQHUDOL]HG� PXOWLUDWH�RXWSXW� FRQWUROOHUV´�� ,QW�� -�

&RQWURO��������������

.DEDPED�� 3�7�� �������� ³&RQWURO� RI� OLQHDU� V\VWHPV� XVLQJ� JHQHUDOL]HG� VDPSOHG�GDWD� KROG� IXQFWLRQV´�

,(((�7UDQV��$XWRP��&RQWURO��$&�������������

.KDUJRQHNDU�� 3�3��� .�3RROOD�� DQG� $�7DQQHQEDXP� �������� ³5REXVW� FRQWURO� RI� OLQHDU� WLPH�LQYDULDQW

SODQWV�XVLQJ�SHULRGLF�FRPSHQVDWLRQ´��,(((�7UDQV��$XWRPP��&RQWURO��$&���������������
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.LP�� -��+��� <��&�+RQJ�� DQG� .��.�� &KRL� �������� �'LUHFW� PRGHO� UHIHUHQFH� DGDSWLYH� SROH� SODFHPHQW

FRQWURO�ZLWK�H[SRQHQWLDO�ZHLJKWLQJ�SURSHUWLHV���,(((�7UDQV�$XWRP��&RQWURO��$&���������������

.LQQDHUW�� 0��� DQG� 9�%ORQGHO� �������� ³'LVFUHWH�WLPH� SROH� SODFHPHQW� ZLWK� VWDEOH� FRQWUROOHU´�

$XWRPDWLFD��������������

/R]DQR�/HDO�� 5��� DQG� *�&�� *RRGZLQ� �������� �$� JOREDOO\� FRQYHUJHQW� DGDSWLYH� SROH� SODFHPHQW

DOJRULWKP�ZLWKRXW�D�SHUVLVWHQF\�RI�H[FLWDWLRQ�UHTXLUHPHQW���,(((�7UDQV��$XWRP��&RQWURO��$&����

��������

0LWD��7���%�&�3DQJ��DQG�.�=�/LX� ��������³'HVLJQ�RI�2SWLPDO�VWURQJO\�VWDEOH�GLJLWDO�FRQWURO� V\VWHPV

DQG�DSSOLFDWLRQ�WR�RXWSXW�IHHGEDFN�FRQWURO�RI�PHFKDQLFDO�V\VWHPV´��,QW�-�&RQWURO����������������

0R��/��� DQG�0�0��%D\RXPL� �������� �$� QRYHO� DSSURDFK� WR� WKH� H[SOLFLW� SROH� DVVLJQPHQW� VHOI�WXQLQJ

FRQWUROOHU�GHVLJQ���,(((�7UDQV��$XWRP��&RQWURO��$&�������������

3DUDVNHYRSRXORV�� 3�1��� DQG� .�*�$UYDQLWLV� �������� ³([DFW� PDWFKLQJ� RI� OLQHDU� V\VWHPV� XVLQJ

JHQHUDOL]HG�VDPSOHG�GDWD�KROG�IXQFWLRQV´��$XWRPDWLFD��������������

:HOOVWHDG�� 3�(��� -�0�(GPXQGV�� '�3UDJHU�� DQG� 3�=DQNHU� �������� �6HOI�WXQLQJ� SROH�]HUR� DVVLJQPHQW

UHJXODWRUV���,QW��-��&RQWURO�����������

<RXOD�� '�&��� -�-�%RQJLRUQR�� DQG� &�1�/X� �������� ³6LQJOH�ORRS� IHHGEDFN� VWDELOL]DWLRQ� RI� OLQHDU

PXOWLYDULDEOH�G\QDPLFDO�V\VWHPV´��$XWRPDWLFD��������������
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