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Abstract

We consider systems governed by nonlinear second order evolution equations in a Hilbert
space and establish explicit conditions for the input-output stability.

1 Introduction

The present paper is devoted to the input-output stability of nonlinear second order evolution
equations in a Hilbert space. It is well-known that wide classes of distributed systems are
governed by such equations. Many works deal with the Lyapunov stability of the first and second
order nonlinear evolution equations (see for instance (Krasnosel’skii et al., 1983; Kunimatsu and
Sano, 1994; Lakshmikantham et al., 1989; Likhtarnilov and Yakubovich, 1983) and references
given therein). At the same time, the input-output stability of nonlinear systems governed by
the second order evolution equations to the best of our knowledge was not investigated.

Let E be a real Hilbert space with a scalar product (.,.)g, and X,Y be arbitrary Banach
spaces, ||.||x means the norm in X. The concepts of functional analysis used by us can be found
in the books (Ahiezer and Glazman, 1969) and (Tanabe, 1997). Denote by L(X) = L?(R,, X)
the space of X-valued functions defined on R4 = [0, 00) and equipped with the norm

Iolleco = [ IOl @ e L)),

In addition, C(]0,[], X) is the space of all continuous X-valued functions defined on a segment
[0,1] (I < 0o) with the sup-norm, C*([0,1], X) (k = 1,2,...) is the space of all X-valued functions,
whose derivatives of the order k are in C([0, ], X).

Furthermore, let A and B be closed linear operators in . Consider in F the system

w(t) + Aw(t) + B2w(t) = F(w(t),((t), 1),

y(t) = Nsw(t) + Ni((t) (t = 0), (1.1)

where w(t) € E is the state, ((t) € X is the input, y(t) € Y is the output, and F' maps
E x X x Ry into E. In addition, Ng: E — Y, N;y: X — Y are bounded linear operators.
Take the zero initial conditions

w(0) =0, W(0) = 0. (1.2)

The definition of a solution to problem (1.1), (1.2) and conditions for solution existence and
uniqueness are given below. In the following definition, the solution existence and uniqueness
are assumed.
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Definition 1.1 System (1.1) is said to be input-output L?-stable, if under conditions (1.2), for
any § > 0, there is a constant € > 0, independent of an input ( € L?>(Ry,X), such that the
condition ||C||r(x) < 6, implies the inequality ||yl vy < € for the corresponding output y.

System (1.1) is said to be input-output L*-stable with finite gain and zero bias (L?-stable 2b),
if there exists a positive constant 2, independent of ¢ € L(X), such that

lyllLevy < 2llCllnix)- (1.3)

These definitions generalize the corresponding definitions for systems with lumped parameters
cf. the paper (Vidyasagar, 1993). About some other approaches to the input-output stability
see (Georgiou and Smith, 1997) and references therein.

In the present paper, explicit conditions for the L2-input-output stability of system (1.1) are
derived. Moreover, in Section 6 below, we separate a class of distributed systems satisfying the
generalized Aizerman conjecture in the input-output version. About the history of the Aizerman
conjecture for the finite dimensional systems see for instance (Aizerman, 1949; Reissig et al.,
1974); Gil’, 1983; 1994; Voronov, 1979), etc. The input-output version of Aizerman’s conjecture
for finite dimensional systems was considered in (Vidyasagar, 1993) and (Gil’ and Ailon, 1998).

A few words about the contents. In Sections 2 and 3 we discuss the solvability of considered
equations. The main result of the paper-Theorem 4.1 is presented in Section 4. In Section 5
we specialize the main result for equations whose operators are pencils of selfadjoint operators.
Besides, the coefficients of the pencils are matrices. Systems with positive impulse functions
and the generalized Aizerman conjecture in the input-output version are considered in Section
6. In Section 7, the relevant examples are collected.

2 Preliminaries

Denote by D(A) the domain of a linear operator A and by o(A) the spectrum of A.
It is assumed that operators A and B in (1.1) have in E dense domains and the relation

(Az,2)g > a(z,x)g (z € D(A)) (2.1)

holds with a real constant a. Let Re B, Im B be the Hermitian components of B. That is,
Re B, Im B are selfadjoint operators, such that B = Re B + ¢Im B. We will suppose that

B is invertible and I'm B is bounded. (2.2)

In other words, D(B*) = D(B) and the extension of the operator B — B* from D(B) to E is
bounded. The star means the adjointness. In addition, it is assumed that

D(A) 2 D(B). (2.3)

Consider in E the system
21 = —Azl — BZQ,ZQ = BZl. (24)

This system can be written in the space H = E ® E as

2=Tz (2= (21,%2)) (2.5)

~A -B
(5 )

with the operator
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and
D(T) ={x = (x1,22) € H:x1 € D(A),x2 € D(B)}.

Since 2ab < a? 4 b? for all real a,b, we have by (2.1) the relations
(TZ,Z)H = —(Azl,zl)E — ((B — B*)ZQ,Zl)E/2 S

—allz1l[p + [[m Bllglzi | ellz2ll5/2 < V(2. 2) (2 = (21, 22) € D(T), v = const).  (2.6)
We need the notion of the m-dissipative operator (Tanabe, 1997, pp. 310 and 311). Denote by

Iy, Ig the unit operators in H and FE respectively.

Lemma 2.1 Let conditions (2.1-2.3) hold. Then there is a constant v, such that the operator
T — ~Ig is m-dissipative.

Proof: Consider the system
—Ay1 — By2 = f1, By1 = f2 (2.7)

with given fi,fo € E. Clearly, y3 = B~ !'fs. Since D(A) 2 D(B), we have AB~'f, € E.
Thus (2.7) gives the relation yo = B~1(f1 + Ay1) = B~(f1 + AB~'y3). Therefore, for any
fi, fo € E system (2.7) has a solution. But (2.7) is equivalent to the equation Ty = f with
f=(f1,f2), y = (y1,y2). Hence, it follows that T is invertible. So according to (2.6) T'— vIgy
is m-dissipative in H. O

Since T' is m-dissipative, due to the well-known Theorem 3.1.5 (Tanabe, 1979, p. 62), T
generates a strongly continuous semigroup. Thus, the Cauchy problem for equation (2.5) is
well-posed. This means that for any zgp € D(T'), equation (2.5) has a solution z(t) : Ry — D(T)
with a strong derivative 2(t) € H, and z(t) — 29 as t — 0+ in the strong topology. Besides,
z(t) = (z1(t), 22(t)) with 21(t) € D(A), z2(t) € D(B) (t > 0).

Put in (2.4) u(t) = B7129(¢). Then u(t) € D(B?). By (2.4) we have u(t) = 21(t) € D(A),
and i(t) = 21(t) € E (t > 0). System (2.4) takes the form

i+ At + B>u =0 (t > 0). (2.8)
We thus have proved the following
Lemma 2.2 Let conditions (2.1)-(2.3) hold. Then for any finite | > 0 and all

ug € D(B?) and u; € D(A), (2.9)

there is a unique function u € C?([0,1], E) satisfying (2.8), such that

u(t) € D(B?), u(t) € D(A) (0 <t <1). (2.10)
In addition,
t£%1+u(t) = wuy, tlirgl+u(t) =uy. (2.11)

We need the following result

Lemma 2.3 Let S be a positive definite selfadjoint operator in E and R be a linear bounded
one. Then (S + R*)Y/? — (S + R)Y/? is a bounded operator provided Reo (S + R) > 0.
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Proof: Due to Corollary 1.4.5 from (Henry, 1981), T'= S + R is a sectorial operator. Due to
Theorem 1.4.2 (Henry, 1981) we have T'/2 = T'J, where

J = 7T_1/ sVHT 4 Ips)~lds.
0
Clearly,
J—J* = 71'*1/ 871/2[(T—|—8)71—(T*—{—S)il]ds _ ﬂ,fl/ Sil/Q(T—l—S)il(R—R*)(T*—i—S)ildS,
0

0

Hence,

T(J~J") =" / sTVPT(T + 5)" (R = R*)(T" + ) \ds.
0

Since o(T) has no points on the negative halfline, | T(T + s) || is uniformly bounded on [0, 00).
So

|T(J—J9)|| =71 /0 sTVT(T + ) YR+ RY)|||(T* + s)"Y|ds < .

Furthermore,
T2 — (T2 =T(J — J*) 4+ (T — T*)J*.

Since T'— T* and J* are bounded, we have the required result. O

3 Existence of mild solutions
We will say that K (t) is the impulse (Green) function of equation (2.8) if it satisfies the equation
K(t)+ AK(t) + B’ K(t) = 0

with the initial condition
K(0)=0,K(0)=1.

This means that for any h € D(B?), the function u(t) = K(t)h is in C2([0,1], E) for any finite
[, and satisfies equation (2.8) and the relations u(0) = 0,4(0) = h. The existence of K(t) under
conditions (2.1)-(2.3) is due to Lemma 2.2.

Lemma 3.1 Under conditions (2.1)-(2.3), let a twice continuously differentiable function v :
Ry — FE satisfy the problem
b4 A0+ B*v = f(t) (t > 0) (3.1)

v(0) =0(0) =0 (3.2)
with a given bounded continuous function f: Ry — E. Then the formula

o) = [ K= 5)(s)as

is valid, where K is the Green function to (2.8). Moreover,
Lo frooteo 5y vo 2\—1
K(t) = — / Mg + AN+ B2) L) (¢ = const). (3.3)
2me —ioco+co

The integral is understood in the sense of the inverse Laplace transformation.
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Proof: As it was above proven, the Cauchy problem for equation (2.5) is well-posed. Thanks to
the variation constant formula (Krein, 1971, Section 1.6, formula (6.2)), any solution of equation
(3.1) has the exponential growth. Consequently, we can apply the Laplace transformation to
equation (3.1). It gives

(A1 + AN+ B?)o(\) = f(N),

where 0()\), f (A) are the Laplace transforms to u and f, respectively. Further, since T' — I is
dissipative, A2Ig + A\ + B? is invertible in E for any A from the half-plane Re\ > ~. Hence,

(N = (Vg + AN+ B?) 7L f(A) (ReX > 7). (3.4)

By virtue of the inverse Laplace transformation and the property of the convolution we arrive
at the required result. O

Now consider the problem
i + A+ B*u = Fy(u(t),t); u(0) =0, a(0) = 0 (t > 0), (3.5)

where Fy maps E x R, into E. Due to Lemma 3.1, any function u € C?([0,1], E) (I < o0)
satisfying the problem (3.5) (if it exists), also satisfies the equation

u(t) = /O "K(t — s)Fo(u(s), s)ds. (3.6)

Using this relation, we will call a continuous function u(t) : Ry — E satisfying the integral
equation (3.6) for all t > 0, a mild solution to problem (3.5).

Lemma 3.2 Under conditions (2.1)-(2.8), let Fy(x,.) € L*([0,1], E) for any x € E and a
positive | < oo. In addition, let Fy have the Lipschitz property

[Eo(z,t) = Fo(y, Dlle < Lllz — yllg (L = const, z,y € E, 1 > 0). (3.7)
Then problem (3.5) has a unique mild solution.

Proof: Take a fixed [ < co. Define in C([0,1], E) a mapping ¥ by

((2))(t) = /OtK(t — §)F(2(s), s)ds.

Then
W (2) = ¥(y)llep < /0 Kt = s)ElF(2(s),s) = F(y(s),s)| pds <

J UG = 9sLl6) ~ yis)lpds (2.9 € C(0.1) B)).

Now the result is due to the contraction mapping theorem (cf. the trivial Lemma 15.3.1 from
(Gil’, 1998)). O
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4 The main result

In the sequel it is assumed that for any ( € L*(Ry,X) the function Fy(z,t) = F(z,((t),t)
satisfies the Lipschitz condition (3.7) and Fy(z,.) € L*([0,1],E) for all z € E and positive
[ < oo. Clearly, constant L in (3.7) depends on (, in general.

In addition, C; means the closed right half-plane.

Theorem 4.1 Let the conditions (2.1)-(2.3) and
1F(s,2,t)le < aslslle + arllzllx (g5, ar = const, s € E,z € X,t >0) (4.1)
be fulfilled. In addition, let K(\) = (A2 + AX + B2~ be regular on Cy and

M(K)= max |K(iw)|s < g3 (4.2)

—oo<w<oo

Then system (1.1) is input-output L?-stable zb. Moreover, the constant o in (1.3) can be taken
as

2 = (1= M(K)gs) ™ M(K)ar||Ns| p—y + [ N1] x—y-
Firstly, let us prove the following
Lemma 4.2 Under conditions (2.1)-(2.3), let K be reqular on C.. If, in addition, M(K) < oo,
then function v, defined by the formula

o(t) = /0 Kt — 5)f(s)ds

with f € L(E), satisfies the inequality ||v||rgy < M(K)| f|LE)-

This result is due to the Parseval equality and equality (3.4).

Proof of Theorem 4.1: The existence and uniqueness of mild solutions are due to Lemma
3.2. Since K is regular in Cy, we can take in (3.3), co = 0. Hence, it easily follows that for a
sufficiently small € > 0,

K (t)||g < const e (t > 0). (4.3)

Furthermore, introduce the scalar-valued function z;(¢) defined by the relations z;(t) = 1 for
0<t<Il<ooand z(t) =0 for t > [. Consider the equation

t !
w(t) = /0 K(t—s)zi(s)F(uys),{(s),s)ds = /0 K(t—s)zi(s)F(u(s),((s),s)ds (t >1) (4.4)

Thanks to (4.3) the solution w; of (4.4) is in L(F). Due to (3.6) and the previous lemma,
condition (4.1) implies the relations

wllzmy < MUEF(u, ¢ )l ney < MK)(gsllullpe) + arllClioe)-

Therefore, (4.2) implies

il rpy < (1= M(K)qs) ™ arM(K)||¢] 1x)-

But, clearly, |[u||r(g) — ||w|/r(E) as I — oco. This proves the required result. O
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5 Equations with selfadjoint operators

In this section we are going to specialize Theorem 4.1 in the case when operators A, B are
represented by pencils of selfadjoint operators. Namely, let £ = H}} be an orthogonal sum of

the same Hilbert spaces Hy = ... = H, = Hy. We will assume that
m l
A=Y aS*, B*=> bSF (m <1/2), (5.1)
k=0 k=0

where ay,b; (k=0,...,m; j =0,...,1) are real constant n x n-matrices, S is a selfadjoint positive
definite operator in E commuting with matrices ay,b; (k=0,...,m; j =0,...,1). So

B(S) = inf o (S) > 0.

System (1.1) takes the form
m l
W(t) + Y apS*i(t) + ) bpStw(t) = F(w(t), (1), 1),
k=0 k=0

y(t) = Ngw(t) + Ni¢(t). (5.2)
In addition, assume that
am + Gy, > 05 by =b] > 05 ap +ap >0; b;=b;>0(k=1,..m—-1;j=1,.,1-1) (5.3)

Besides, ag, by are arbitrary provided that Reo(B?%) > 0. It is simple to check that (5.3) implies
(2.1). In addition, due to the Lemma 2.3 under the conditions (5.3), operator B satisfy relation
(2.2). Furthermore, clearly that D(A) = D(S™), D(B) = D(S"?) and, thus, condition (2.3)
holds.

Introduce the matrix pencil

m l
Q(s,\) = A2+ ) Z aps® + Z brs® (s € o(9); A € C).
k=0 k=0

In this section it is supposed that Reo(B?) > 0 and for any fized s € o(S), all the roots of
det Q(s,\) are in the open left half-plane. To formulate the result, put

M — -1 ) n.
Q= % o 197 G iw)le

Lemma 5.1 Under conditions (5.3) and (4.1), let
quQ < 1. (5.4)

Then system (5.2) is input-output L?-stable zb. Moreover, the constant vy in (1.3) can be taken
as

"2 = (1= Mogs) ™' Mqail|Ns|[s—y + | N1l x—v-

Proof: Omitting simple calculations, we have

m l
KN =N+ 2> a8+ st
k=0 k=0
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Hence, due to Lemma 6.3.1 from (Gil’, 1995, p. 179)
M(K) = max | K (iw)||cn = M. (5.5)
weR
Now Theorem 4.1 yields the result. O

Let W be a linear operator in a complex Euclidean space C™ with the eigenvalues A\ (W), ...,
An(W). We apply the following estimate for the resolvent from (Gil’, 1995, p. 9, Corollary 1.2.4)
(see also (Gil’, 1998, p. 353)):

(W — Xgn)7Y|on < Z \/Ei%(%/)\) for all regular A, (5.6)
k=0 . ’

where p(W, \) is the distance between the spectrum o(W) of W and a complex point A, and

g(W) = (N*(W) = 3~ e(W)P) 2.
k=1
Here N (W) is the Frobenius (Hilbert-Schmidt) norm of W, i.e. N>(W) = Trace(WW?*). If W
is a normal matrix: WIW* = W*W, then g(W) = 0. The following relations:
W) < y/1/2N(W* = W) and g(We'™ + zIgn) = g(W) for every 7 € R, 2 € C (5.7)

are true (Gil’, 1995, Section 1.1). Here Ion is the unit matrix.
So we have by (5.6)

where po(Q(s,iw)) is the smallest modulus of the eigenvalues of matrix Q(s,iw) with fixed s, w.
Now Lemma 5.1 yields

Theorem 5.2 Under conditions (5.3) and (4.1), let

n—1 k .
MO = su Qi) _

— < g5 . (5.8)
weER,s€0(S) = 0\/_pk+1( (S,ZW)) g

Then system (5.2) is input-output L?-stable zb. Moreover, the constant vy in (1.3) can be taken
as

72 = (1= T(Q)as) ' T(Q)arl|Ns| -y + | Nrlx—v-

For all s € 0(S5), A € C, let Q(s,A) be a normal matrix, then g(Q(\,s)) =0 and

NQ) = sup p (Qs,iw)). (5.9)

weR,seo(S)

In particular, if n = 1, then Q(s,iw) is a polynomial in w, and

NQ) = sup [Q(s,iw)| ™" (5.10)

weR,sco(S)
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6 Systems with positive impulse functions
In this section we consider in E system (5.2) with n = 1 and the constants
am,by >0, ar,b; >0(k=1,...m—1; j=1,..1—-1, m <1[/2). (6.1)

Constants ag, by are arbitrary real, such that Reo(B?) > 0.

So Q(s, A) is a scalar polynomial whose roots for all s € o(S) lie in the open left half-plane,
and S is a positive definite selfadjoint operator in E, again.

The following problem can be considered as a generalization of the Aizerman conjecture in
the input-output version:

Problem 1: To separate a class of systems (5.2) such that the asymptotic stability of the
linear system

m l
W+ Z apSFw + Z bpSFw = qrw (6.2)
k=0 k=0

with some q1 € [0,qs| provides the input-output L?-stability of system (5.2) under condition

(4.1).

Let us write

K(t,s) = (2m)~! /Oo Q1 (s, iw)dw.

—o0
Assume that
masta(S)|K(tv S)| = K(ta SO) > O’ (63)

where sy does not depend on t.

Theorem 6.1 Let condition (6.3) be satisfied. Then Q(so,0) > 0. If, in addition,

gs < Q(S(]a 0)? (64)
then system (5.2) under (6.1) is input-output L?-stable zb provided condition (4.1) holds.

Below we will check that this theorem separate a class of systems satisfying Problem 1.
The proof of this theorem is divided into a series of lemmata

Lemma 6.2 Let wy(t) be a scalar-valued function defined by the convolution

wolt) = /0 Wit — $)y(s)ds (6.5)

with a scalar integrable kernel W (t) and a scalar-valued function y € L*(Ry). In addition, let
the Laplace transform W (X) to W (t) exist and regular in Cy. Then the relation

Jwllz2(ry) < max !W(iw)!HyHmm)
1s valid.

Proof: Applying the Laplace transformation to equation (6.5), we have w(\) = W(\)F(\),
where w(\), §(\) are the Laplace transforms to wq(t),y(t). Hence, the result is due to the Par-
seval equality. O
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Lemma 6.3 Let W()\) be the Laplace transform to a positive function W € L*(Ry). Then

seR

max [ (is)| = W (0) = /Ooo W (t)dt > 0.

Proof: We have

V(is)|? = Ooe*"ts 7 = OOcos s 2 Oosz'n s 2
Ws) =1 [ e W = ([ " cos(ts)W ()dt)? + (| sin(ts)W (1t

Hence,

W (is) | = /0 - /O T W)W (t) (cos(trs)cos(ts) + sin(ts)sin(trs))dty di —

/OO /OO W (t)W (1) cos|(t — t1)s] dtr dt < /OO W(t)dt /OO W (t) dt = W2(0).
0 0 0 0

As claimed. O

Corollary 6.4 Let wo(t) be a scalar-valued function defined by (6.5) with a positive kernel
W(t) € L'(Ry) and a function y € L*(Ry). Then the Laplace transform W (X) to W (t) has the
property W(0) > 0 and the relation |[w||r2(r,y < W(0)|[yllr2(r,) is valid.

Proof of Theorem 6.1: Rewrite equation (5.2) in the form

w(t) = /0 Kt — 1) F(w(r), C(r), 7)dr, (6.6)

where K (t) again is the Green function. Let Ej be the resolution of the identity for S. Due
to the definition of the function of a selfadjoint operator cf. (Ahiezer and Glazman, 1969), we
easily get

K(t) = / ~ K(t, 5)dE,.

—00

Therefore, by virtue of condition (6.3),

IK(0)lp = mas,cos) Kt )] = K(t.50) 2 0
It follows from (6.6) that
t
[w®le < [ Kt = sl Fuw(m), (). 7) | sd

But (4.1) implies

t
lw(®)|lz < /0 K(t =7, 50)(gsllw(T)l|e + qrllC(7) ] x ) d. (6.7)
Now Corollary 6.4 yields

lwllzim) < Q" (50, 0)(asllwll sy + arliCllzix))-

Thanks to (6.4),
wll g < (1 —Q (s0,0)gs) " arQ " (50, 0) <]l 1 (x)-

This inequality proves the required result. O
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Corollary 6.5 Let conditions (4.1), (6.1) and (6.3) be satisfied. If, in addition, equation (6.2)
with q1 = qs is asymptotically stable in E, then system (5.2) is input-output L*-stable zb.

Thus, Theorem 6.1 specifies a class of equations that satisfy Problem 1.
Consider now in F the system

wyt + 28wy + ¢S*w = F(w,((t),t) (0 < ¢ = const < 1)
y(t) = Nsw(t) + Nr¢(t) (6.8)

with a positive definite selfadjoint operator S.
Corollary 6.6 Let the conditions (4.1) and

cB*(S) > gs
hold. Then system (6.8) is input-output L?-stable zb.
In fact, under consideration, the roots of P(\,s) = A% 4 25\ + cs?, are

r12(s) = —s(1£b) with b= /1 —c,

and
K(t,s) = (2bs) e 51170 — =st140)] > ),

So the derivative in s is
Ky(t,s) = —(20s%) (1 — b)ts 4+ 1)e™*t 178 — (1 + b)ts 4 1)e~sH1+D)],
The function (14 z)e™* (2 > 0) decreases. Therefore,
(1 = b)ts + 1)e™tE=Y — (1 4+ b)ts + 1)e™ 1) > 0 (¢, 5 > 0).
Thus

K(t,s) <0 (s >0) and Srznﬁet)é)f((t,s) = K(t,5(S)) > 0.

So due to Theorem 6.1 if Q(3(S5),0)) = ¢%(S) > gs, then system (6.8) is input-output L2-stable
zb, as claimed.

7 Examples
In the following examples the existence and uniqueness of mild solutions are assumed.

Example 7.1 Take X =Y = C[0,1] and consider in the real space E = L*0,1] the problem
wy + 2apwy + bow — bjwy, = F(w, {(z,t),2,t) (0 < x < 1)
w(0,t) = w(l,t) =0 (t > 0), (7.1)
y(x,t) = Mw(z,t) + ((x,t), (7.2)

where M, ag, by, b1 are real constants and ag,b; > 0. In addition, the continuous function
F:R? x[0,1] x Ry — R satisfies the condition

|F(v, z,z,t)| < qsl|v|+qr]z] (v,z€R; t>0; 0 <z <1). (7.3)
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So condition (4.1) is fulfilled. On the set
D(S) = {w € L?[0,1] : w" € L?[0,1] : w(0) = w(1) = 0} (7.4)
define the operator S by the equation (Sw)(z) = —w”(x). Then (7.1) takes the form
wit + 2apwi + bow + b1Sw = F(w,((t),x,t).

Clearly,
o(S) = {r*k% k=1,2,..}. (7.5)

So B(S) = 72. Assume that
bo + b17r2 > 0. (7.6)

Under condition (7.6), for any s > (.5) all the roots of the polynomial
Q(s,\) = A2 + 2ag\ + by + by s. (7.7)
are in the open left-plane, and

inf jw)| > by + byr2.
széieR|Q(5””)|— o+ b

So due to Lemma 5.1 the inequality ¢s < by + bym? provides the input-output L2-stability of
system (7.1), (7.2).

Example 7.2 Consider system (7.1), (7.2) in space E = L*([0,1], R") of

vector-valued functions, assuming now that ag, by, b1 are now n X n-matrices and M is an m X n
matrix. In addition, ag = aj > 0, by = b] > 0 and the continuous function

F:R"xR™x[0,1] x Ry — R"
satisfies the condition
|F(, 22, 0)lre < arllzllam + asllollme (= € R™ v € R 120, 0<z < 1)

Take X =Y = C([0,1],R™). Then condition (4.1) holds. For the sake of simplicity assume
that either
ap commutes with by and b1, (7.8)

or
b; commutes with ag and by. (7.9)

Further, on the set
D(S) = {w € L*([0,1],R") : w” € L*([0,1], C") : w(0) = w(1) = 0}
define the operator S by the equality (Sw)(z) = —w”(x). Then o(S) is given by (7.5).

Define Q(s, A) by (7.7) and assume that for each s > 0, det Q(s, \) is a Hurwitz polynomial.
In the case (7.8), due to Corollary 1.3.9 from (Gil’, 1995) according to (5.7) we have

9(Q(siw)) = g(bo + brs) < \/1/2N(bo — ) (w, s € R).
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Similarly, in the case (7.9),

9(Q(s,iw)) = glagiw + by) < 1/1/2N(by + by) (w, s € R).

Thus, g(Q(s,iw)) < go, where go = \/1/2N (bo + bf) in the case (7.9), and go = /1/2N (by — b})
in the case (7.8).

With fixed s,w, let po(Q(s, iw)) be the smallest modulus of the eigenvalues of matrix Q(s, iw).
Put

= inf  po(QUk,iw)).

Then according to (5.8),
n—1 k;
FQ) = Z fpkﬂ

So due to Theorem 5.2, the inequality

as Z \/—~k+1

provides the input-output L? stability zb of system (7.1), (7.2) in the considered case.
Example 7.3 Take X =Y = C[0,1] and consider in the real space E = L?[0,1] the problem

Wi — 2Wigy + CWazge = F(w,((z,t),2,t) (t >0; 0 <z <1; c€ (0,1))
w®(0,t) = w®(1,6) =0 (k=0,2; t > 0), (7.10)

together with equation (7.2), where M is a constant. Here the real continuous function F' :
R? x [0,1] x R,y — R satisfies condition (7.3). On set (7.4) define the operator S by the
equation (Sw)(x) = —w”(z). Then (7.10) takes the form (6.7). Further, clearly, condition (7.3)
implies relation (4.1). Thanks to Corollary 6.6 and (7.5), under condition cm* > qg, system
(7.10) is input-output L2-stable zb.

8 Concluding remarks

A lot of papers and books are devoted to solvability of the linear second order equation of the type
(2.8) (see the books (Fattorini, 1985) and (Skhlyar, 1997), and references therein). For example,
in the paper (Sandefur, 1983), it is supposed that A = A;+ A, B2 = A; Ay with linear operators
Ay, Ay. The paper (Engler, 1985) is devoted to the case A = aA; + blg, B? = cAj + dIg where
a,b, c,d are numbers. In the book (Skhlyar, 1997), A and B are normal commuting operators.
In the paper (Engel, 1994) the following restrictions are imposed: B is selfadjoint and positive
definite, Re(Bx, A~'x) > 0 for z > 0. In the paper (Neubrander, 1986), it is assumed that
D(A) C D(B?). The paper (Chen and Triggiani, 1989) is devoted to equation (2.8) with
positive definite A and B. In addition, ¢; A% < B? < ¢s A% with 1/2 < a < 1. At the same time
Lemma 2.2 gives the solvability conditions (2.1)-(2.3).
Theorems 4.1, 5.2 and 6.1 and give explicit input-output stability conditions.
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