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Abstract

The problemof acquiringan incomingtheaterballistic missile(TBM) presentsmany complex
challenges.Themissileshouldbedetectedandits stateestimatedusingthemeasurementsavailable
from a shortwindow of time becausetheflight time is short. In this papertheacquisitionof an in-
comingtacticalballisticmissileusingthemeasurementsfrom asurfacebasedElectronicallyScanned
Array (ESA) radaris presented.In view of theemergenceof low radarcrosssectionTBMs, it is im-
portantto be ableto acquirelow SNR targetsat long range.Suchtargetsarecharacterizedby low
detectionprobabilityandhigh falsealarmrate.We presenta batchMaximumLikelihoodEstimator
(MLE) to acquirethemissilewhile it is exo-atmospheric.Theproposedestimator, which combines
MLE with the ProbabilisticDataAssociation(PDA) algorithmto handlefalsealarms/clutter, also
usesthe amplitudeinformation(signalstrength),in additionto rangeandanglemeasurements,to
obtainaccuratetargetstateestimates.Theuseof theamplitudeinformationfacilitatestargetacqui-
sition underlow SNR conditions.Typically, ESA radarsoperateat around13dB,whereasthe new
estimatoris shown to beeffectiveevenat 4dB SNR,for a SwerlingIII typefluctuatingtarget,which
representssignificantcounter-stealthcapability. In otherwords, this algorithmactsasan effective
“powermultiplier” for theradarby afactorof 8 (9dB).In additionto theML estimator, atrackvalida-
tion scheme,which is usedto confirmthepresenceof anincomingmissileat theestimatedlocation,
is alsopresented.TheCramer-RaoLower Bound,which quantifiesthestateestimateaccuraciesat-
tainablefor this low-observableestimationproblem,is alsopresentedandshown to beachievedby
the proposedestimator. It is alsoshown that the optimumdetectionthresholdof the radarcanbe
foundby maximizingtheinformationreductionfactorthataccountsfor thelossof information.

1 Introduction

A substantialthreatcomesfrom the theaterballistic missiles(TBM) with rangeof lessthan500miles.
This hasstimulatedextensive activity in theareaof Ballistic Missile Defense(BMD). Thefirst require-
mentis acquiringandtrackingincomingmissilesto eventuallydirect interceptorsor otherdefenseap-
paratusto destroy them. The acquisitionof a missileconsistsof estimatingits position andvelocity
usingsensorslike radarsor electrooptical sensors(EOS).Someof the technicalchallengesthat must
beovercomearetheshorttime availablefor acquiringa missile,theneedof acquisitionat a long range
andthe presenceof spuriousmeasurementsdueto the low detectionthresholdmadenecessaryby the�
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target’s low radarcrosssection(RCS).Sincecurrentsystemswill typically initiate a trackonly if there
is a signal-to-noiseratio (SNR)of 13 dB , it is of interestto investigatealgorithmsthatcanperformthis
for substantiallylower SNR. Specifically, this paperpresentsan algorithmthat candetecta track and
initialize it for a fluctuatingtargetwith anaverageSNRof 4 dB. In otherwords,this algorithmactsas
aneffective power multiplier for theradarby a factorof 8.

The flight of a ballistic missileconsistsof threephases,boostphase,ballistic phase(midcourseor
freeflight phase)andterminalphase(reentryphase).Thesephasesareillustratedin Figure1. Thetotal
flight time lastsfor 5-10minutes.Whenamissileis launched,earlywarningsatellitescandetectthehot
exhaustplumeof themissileandprovide informationto surfacebasedradarsto searchfor themissilein
acueingregion. Thispaperdealswith theproblemof enhancingtheperformanceof theexistingsurface
basedradarin detectingandinitiating thetrackbeforethemissileenterstheterminalphase.
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Figure1: Stagesof ballisticmissiletrajectory.

Therehasbeena widespreadinterestto developtrackingalgorithmsfor aneffective defenseagainst
tactical ballistic missiles. An optimal ballistic missile track initiation algorithm basedon Maximum
Likelihood(ML) Estimatorusingmidcoursesatelliteobservationsis presentedby (Yeddanapudi,et. al.,
1997).An extensive investigationof theperformanceof variousfilters basedon extendedKalmanfilter
(EKF) for the reentryphasewasdoneby (Mehra,1971)and(Siouris,et. al., 1997). Oneof the main
difficulties is to acquirethe missilesat a sufficiently early stage. This is importantbecausedefense
systemsshouldbe ableto interceptthe missilewell above the intendedimpactpoint. The problemis
compoundedby theinherentdifficulty of detectingthetrackof low SNRtargetsdueto theunavoidable
high falsealarmratewith which the tracker hasto deal. The relatedwork is (Yi Cong,et. al., 1997)
wheresatellitebasedinfrared(IR) measurementswereusedto estimatethetrajectoryof a TBM during
boostphase(whenit is highly visibleonceit is above theclouds).Subsequently, thiswasusedto predict
thepositionof theTBM justprior to reentrywhenit enterstheacquisitionrangeof asurfacebasedradar.
Thiswill beusedin thepresentwork to cuetheradarsearch.
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Targetdetectionandtrackingin thepresenceof clutter1 hasbeentreatedextensively in theliterature.
The work in (Jauffret, et. al., 1990)dealswith the problemof track formation in the caseof passive
sonarsystems.However, theballistic missileacquisitionproblemdemandsadditionalconsiderationdue
to theuniquedifficultiesit presents.Theequationsgoverningthemotionof thetargetarenonlinear. The
extendedKalmanfilter formulationfor this problemwould not only have to dealwith usualapproxima-
tionsof nonlinearities,but it would requireidentificationof the target-originatedmeasurements,which
is not feasiblein a low SNRsituation. (see,e.g.,Fig 5). Thework of (Jauffret, et. al., 1996)extended
theapproachof (Kirubarajan,et. al., 199)by including theamplitudeinformation(AI) of thereceived
signalin theML estimatorto enhancetheobservability of thetarget. Incorporationof this informationin
thelikelihoodfunctionenablestrackdetectionandestimationatvery low SNR.Anotherwork (Lerro,et.
al., 1993)investigatedtheperformanceof the interactingmultiple model(IMM) estimatorfor tracking
with targetamplitudefeature.

This paperis organizedasfollows. First,somebackgroundmaterialis presentedin Section� , along
with the modelof the radar, modelof the target andderivation of the probability distribution function
of SNR.Section	 presentstheformulationof theestimator, theunderlyingstatisticalassumptions,the
boundsof the estimatorand the likelihood ratio test, which is usedto validate the track. It is also
shown that the optimumdetectionthresholdof the radarcanbe found by maximizingthe information
reductionfactorthataccountsfor thelossof information.We illustratethenumericalimplementationof
theestimatorin Section
 . Finally, Section� summarizestheresults.

2 Background

Themainfocusof this paperis to initialize themissiletrajectorystateestimateusingthemeasurements
obtainedby asurfacebasedradarfor ashortperiodof time(typically 5s),beforeit enterstheatmosphere.
Thesemeasurementscontaina largenumberof falsedetectionsandthetargetoriginatedmeasurements
cannotbedistinguishedfrom thefalsemeasurements.In thispaperaML estimatorto estimatethetarget
stateatanSNRaslow as4 dB is presented.TheML estimateof anunknown targetparametervector � is
thevalueof � whichmaximizestheconditionaldensity������ ��� of theobservation(measurement)vector� which is thelikelihoodfunctionof � (Bar-Shalom,et. al., 1998).Themajorfeaturesof theapproach
are:

1. Useof theexactballistic motionequationsof thetarget,

2. Ability to handlefalsemeasurements( ��������� ) andtargetdetectionprobability ��� �"! ,
3. Incorporationof target features— in this casethe target RCSfluctuationmodelwith a certain

averageSNR.

2.1 Coordinate Systems and Target Model

The motion of the missile above the atmosphereis governedby Kepler’s laws. Threeright handed
Cartesiancoordinatesystemshaving originsat differentlocationsareusedin formulatingtheproblem.
The earthcenteredinertial (ECI) coordinatesystemhasits origin at the centerof the earth,with the
positive # axis pointingalongthe vernalequinoxdirectionandthe positive $ axispassingthroughthe
Northpole.Kepler’s lawsareexpressedin thiscoordinatesystem.Theearthcenteredearthfixed(ECEF)
coordinatesystemhasits origin at thecenterof theearth,with thepositive # axis passingthroughthe
primemeridianattheequatorandthepositive $ axispassingthroughtheNorthpole.Thethird coordinate

1In most instances,clutter referredto randomclutter, which, like the falsealarms,canbe modeledby a spatialPoisson
process.
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frame is locatedat the radar. This framehasits origin at the radar, with the positive % axis pointing
towardsthenorthandthepositive & axispointingvertically up. Let ' R(*),+ -/.(10-/.(324. bethe6 dimensional
target statevectorat time 5 ( , wherethesuperscriptR denotesthat thevectoris expressedwith respect
to radarcoordinateframe.Thevectors- ( )6+ 798 5 (;:=< 8 5 (;:?> 8 5 (@: 24. and 0- ( )A+ 07B8 5 (@: 0< 8 5 (;: 0> 8 5 (;: 24. arethe
positionandvelocityof thetarget,respectively. Thestateof thetargetat thereferencetime 5DC is ' RC . The
statepropagationequationcanberepresentedas' R( )1EF8 ' RCHG 5DC G 5 (;: (1)

where EF8JI : is givenin AppendixA.

%LK3MHN %LK3MHK3O
P K3MHN

P K3MHK3O
&HK3MHN&HK3MHK3O
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S S SX]^^^ _1``` a bbbcd ef g

Figure 2: Relative positionsof ECI, ECEFandRadar
coordinateaxes.

2.2 Radar Operation

In thedevelopmentof theproblema 4 GHz amplitudecomparisonmonopulsephasedarrayradarwith
uniform illumination acrossthearrayis emulated(Blair, et. al., 1998).Eachradardwell consistsof one
phase/frequency discretecodedpulse.Therangegateis assumedto cover thecueingregiondepthwhile
severalbeamsareneededto cover this region in width. Theradarbeamis quasi-circularwith the3 dB
beamwidth,hHikj , increasingasthebeamis steeredoff thebroadsidedirection.Thebeamis pointedto the
commandeddirectiongivenby theradarmanager.

In a typicalmissileacquisitionscenariotheradarperformsavolumetricsearchscanover thesurveil-
lancevolumeusinganumberof dwells.This is achievedby changingthecommandeddirectionandthe
commandedslantrange(gatelocation)for eachdwell. The dwells canbe arrangedinto a rectangular
latticeof rows andcolumnsor into a triangularlatticestructure.Thesebeampackingconfigurationsare
illustratedin Fig 3. The distancebetweenthecircle centersrepresentsthebeamstepandthediameter
representsthebeamwidth(notnecessarilythe3 dB beamwidth)at thebeamcrossover point. Theoverall
probability of detectionof a scandependson the ratio of thebeamstepto 3 dB beamwidth(Fielding,
1993). Therelatedproblemof efficient searchingwith anagilesensorfor a target,assumedstationary,
wasconsideredin (Duncan,1996).

In thecaseof triangularlatticepackingconfiguration,for example,theprobabilityof detection,l�mon ,
in theregion of the p -th hexagon,whichenclosesasingledwell asshown in Fig 3(b), is givenbyl�mon ) qrtsuvxw/y l�mon z (2)
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(a)

(b)

Figure3: Dwell stackingarrangementsin ascan:(a) rectangularlattice;(b) triangularlattice.

where {�|o} ~ is theaverageof probabilityof detectionsover thehexagonat � -th bin dueto all thedwells
in the scanand � is thenumberof rangebins (seeAppendixF). The target locationis assumedto be
uniform in thehexagonalregion. Theprobabilityof detection{�|o} in eachof the � hexagonsvariesdue
to the(slight) changein radargain in thebeamdirection.Theoverall probabilityof detection{�� from� hexagonsis takenas2 {���� ������4�/� {�|o} (3)

2.3 Radar Model

Thissubsectionpresentstheradarmodelwhichwill beneededin thederivationof theprobabilitydensity
function(pdf) of theSNRin thenext subsection.This in turn is neededfor the likelihoodfunctionthat
includesthesignalstrengthinformation.For a radarwith a giventransmittedpower {/� , theSNRof the
outputof thematchedfilter at time �D� is givenby (Barton,1964)���� � {/�J�������3�9���*�� �*��L������/�J 3¡ �4¢J� £¥¤§¦¨ª©�« � �

¬® �*¯°�4± ��² � �²@³� ´ (4)

where � � � � SNR

2Weightedaveragesbasedonotherdistributionscanbeobtained,but they wouldmake only a smalldifference.
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µ�¶¸·
Gainof thetransmitterantenna

in thedirectionof thetargetµ�¹º·
Gainof thereceiver antennain the

directionof thetarget» ·
Transmitwavelength¼ ¶½·
Transmitterpropagationfactor¼ ¹¾·
Receiver propagationfactor¿ ·
Targetradarcrosssection(RCS)À ¶4ÁJ¶½·
Total lossesfor theradarsystemÂ§Ã · PulsewidthÄ ·
BoltzmannconstantÅ�Æ ·
Referencetemperature¼/Ç ·
Receiver noisefigureÈÊÉ · ËÌË Í É ËÌË�· Slantrangeof thetargetµ*Î°¶4Ï3Ð ÈªÑ · Sensitivity TimeControl(STC)gain

Thesensitivity time controlgainisµ*Î°¶4Ï§Ð ÈÊÉ;Ñ ·ºÒÓ ÔÖÕ ÈÊÉ*×ÖÈ Î°¶4ÏØ ¹DÙ¹JÚkÛ ÜÊÝ[Þ ÈÊÉ*ßÖÈ Î°¶4Ï (5)

where È Î°¶4Ï�·áà@â km is usedto avoid saturationof the receiver amplifierwhenthe target is closeto the
radar. The arrayradarconsistsof ãåä individual elements(i.e., ã elementsin elevation andbearing)
with cosineillumination. Thebroadsideof thearrayis directedat thebearingangleof æxç andelevation
angleof è3ç . Thereceived voltagewill be relatedto the received power as é ¹ Ã Ï�·6ê ë@ì/¹ . Thereceived
sumvoltage í É at time î É is composedof the in-phaseandquadraturephasevoltages. In the caseof
a noncoherentdetection,thenoisy in-phase( íXï É ) andquadrature( í ç É ) componentsof thesumvoltage
normalizedby thereceiver noiseareíXï É · ð É Ð°ñ É@Ñ ä�ò�ó�ôXõ É?öø÷ Ðkâúù Õ Ñ (6)í ç É · ð É Ð°ñ É@Ñ ä�ôoû4üýõ É?öø÷ Ðkâúù Õ Ñ (7)

where ÷ Ðkâúù Õ Ñ representsa zero-meanunity-variancenormalrandomvariable(the normalizednoise).
Using(4) thenormalizedamplitudeof thereceivedsignal

ð É canbeexpressedasð É · þ ÆÈ äÉ ÿ ¿ µ*Î°¶4Ï§Ð ÈÊÉ;Ñ (8)

where þ Æ · � ë@ì/¶Jµ�¶�µ�¹ ¼ ä¶ ¼ ä¹ » ä Â§ÃÐ���� Ñ Þ À ¶4ÁJ¶ Ä Å�Æ ¼/Ç (9)

is thereceivedvoltagereflectedfrom a unit radarcrosssectiontargetat unit distance.Theresultanttwo
dimensionalnormalizedradiationpattern

ñ É dueto simultaneouslobing (Skolnik, 1980)is givenbyñ É · � É Ð�� ÃÎ ç ù	��
Î ç Ñ�ö � É Ð��� ÃÎ ç ù	��
Î ç Ñ�ö� É Ð�� ÃÎ ç ù����
Î ç Ñ�ö � É Ð��� ÃÎ ç ù����
Î ç Ñ (10)

903

Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999



where �������������� ����������  ! � �#"���$%� �&�&' �)(*��������,+! � ��-.��$%� �&�&/ �)(*� ���� �10 (11)

is the two dimensionalnormalizedradiationpatternof a singlelobeand

� ���� and

� ���� arethesquintan-
glesin bearingandelevation. The angles/ � and ' � in (11) denotethe bearingandelevation pointing
commandsgivento theradarand

-.��$%� � and

"���$%� � arethebearingandelevationof thetargetwherethe
superscriptof

$%�
hasbeendropped.Thesquintanglesareevaluatedusing������2� � ���435�6�7 � / �8 / � � (12)������9� � ���435�6�7 � ' �:8 ' � � (13)

where

� ���43 is ;�< =?> . Thenormalizedradiationpatternsin bearing! � ��-.��$%� �&�&/ � � andelevation ! � �#"���$%� �&�&' � �
aregivenby ! � ��-.��$%� �&�&/ � �@� AB �4C < BED � 7	FHG ��IKJML �I 7	FHG ��JML � +N 7	FHG ��JPOQ( ;�< R A �JSC.( ;�< R A ( 7	FHG ��JPOT8 ;�< R A �JPOU8 ;�< R A V (14)! � �#"���$%� �&�&' � �@� AB �4C < BED � 7	FHG ��I / L �I 7	FHG � / L � +N 7	FHG � / OQ( ;�< R A �/ O,( ;�< R A ( 7	FHG � / OT8 ;�< R A �/ OU8 ;�< R A V (15)

where JPO � ;�< W?R 7	FHG ��-.��$%� � 8 / � � (16)
JML � ;�< R A  7	FHG ��-.��$%� � 8 / � � 8 7	FHG � / �:8 / � �10 (17)/ O � ;�< W?R 7	FHG �#"���$%� � 8 ' � � (18)/ L � ;�< R A  7	FHG �#"���$%� � 8 ' � � 8 7	FHG � ' �:8 ' � �10 (19)

The factorof

C < BED hasbeenintroducedin (14) and(15) to give a normalizedsumchannelvoltageat
boresightfor abroadsideangleof ;�> .
2.4 PDF of SNR

For aSwerlingIII typetargetthepdf of theradarcrosssectionX is givenby (Swerling,et. al., 1990)Y � X �T� B XX L3[Z�\�]_^ 8 W?XX 3S` (20)

where X 3 is theaverageradarcrosssectionof thetarget. Using(8) it canbeshown that,for a targetat a
givendistancea � , b � hasthepdf Y � b ��c $%� ��� d bfe�g L� Z�\�]ih 8 Wjb

L�g �lk (21)
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where m,npo qsrt,u[v1wHxzy�{ n?|{~}n ���
(22)

the signalpower without the radaroff-boresight-attenuation, is a functionof the target’s averageradar
crosssection

���
andslantrange{ n , which in turn is a functionof thetargetpositionvector � n . From(6)

and(7) thepdf of �S� n and ��� n canbewrittenas� y �S� n�� �fn����%nE�&��|�o�� y �fn?� rn������ ���z��| (23)� y ��� n�� �fn����%nE�&��|�o�� y �fn?� rn �	�H� ���z��| (24)

where

�2n
is a functionof targetpositionvector � n andis obtainedfrom (10)–(19).Theamplitudeof the

receivedsignal, � n , (actually, signal � noise— see(6),(7)) is givenby� rn o � r� n ��� r� n (25)

Thepdf of � n canbeshown to be(Bosśe,et. al., 1991)� y � n�� �fnE���%n?|@o � n������ �¢¡ � rn � � rn � } n£ ¤K¥¦ � y �fn?� rn � n?| (26)

where
¦ � y ¥ | is the modifiedBesselfunction of the first kind of order zero. Sincethe SNR (actually,

signal-plus-noiseto noiseratio) § n�o©¨r � rn , thepdf of § n canbewrittenas� y § n�� �fnE���%n?|@o ����� �¢¡«ª § n � � rn � } n£¬ ¤_¥¦ � y �fn~� rnE® £ § n~| (27)

Thepdf of theSNRconditionedon thetargetstatecanbeexpressedas� y § n�� �%n�|@o ¯_°� � y § � �fn����,| � y �fn�� �,|M±��fno ²?³~´¶µm rn ¯_°� ����� �¢¡«ª £m,n � � } n£·¬ � rn ¤_¥¦ � y �fn?� rn?¸ £ § |��f¹n ±��fn (28)

Theintegral on theright handsideof (28) is givenby (Watson,1994)as¯ °�»º�¼ ´ ¨ ����� y ¡ º r � r | ¦�½ y�¾ º |M± º o ¿iÀ ¼~Á ½rÃÂ À �r#ÄPÂ ½£ � ¼ ¿ y#Å � ��| ¥�����iª ¾ rÆ � r ¬ ¨	ÇT¨ ª Å ¡ÉÈ£ � �~Ê Å � �~Ê�¡ ¾ rÆ � r ¬ (29)

where

¨	ÇT¨ y�Ë Ê	±PÊ�ÌP| is aconfluenthypergeometricfunction(Watson,1994)whichcanbeexpandedas¨	ÇT¨ y�Ë Ê	±PÊ�ÌP|Ío � � Ë�~Î ± Ì � Ë?y�Ë � ��|£ Î ± y ± � ��| Ì r �Ë?y�Ë � ��| y�Ë � £ |Ï Î ± y ± � ��| y ± � £ | Ì�¹jÐÑÐÑÐÑÐ (30)
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In this caseÒÔÓÖÕ�×~Ø	Ù*ÓÚ×~Ø�Û�ÓÖÕÜ~ÝzÞ�ß�àSÝ andthe seriesrepresentationterminatesafter the first two
terms.Finally, thepdf of theSNRof a targetmeasurementis obtainedasà%á�â#ã9ä�å æ%ä?ç@Ó ×zèâ�ß�é*ê,ä?ë.ìä ç Ý2í�î�ïið Õ:ã9ä2é ê,ä?ë ìä ã9äß:é*ê,ä?ë.ìäPñ�òð ×¢é ê,ä?ë ìä ã9äß�é*ê,ä?ë ìäPñ (31)

where ê,ä?ë ìä is twice theeffective averageSNR(actually, signal-plus-noiseto noiseratio, includingthe
radarradiationpatterneffect– i.e., thereductionë2ä dueto thetargetbeingoff thebeamboresight).The
expectedvalueof ã9ä , giventhetargetstateæ%ä , is ×.éóê,ä?ë ìä Þ~ô . In thecaseof falsealarmsthepdf of õ�ä
will begivenby àSö?â1õ�ä?ç�Ó õ�ä í�î�ïið Õ õQÝäô ñ (32)

In reality thedistributionsof clutterexhibit bothhighertails andlargerstandarddeviation-to-meanratio
than the Rayleighdensityof (32) (Conte,et. al., 1991). A betterfit canbe achieved by resortingto
a Weibull distribution. The influenceon the performanceof the radardue to the mismatchof clutter
densitiescanbefoundin (Conte,et. al., 1994).To conformwith (Blair, et. al., 1998)we will continue
to use(32).

Thepdf of theSNRif themeasurementis false(dueto noiseonly — averageis unity) isàSö?â#ã9ä?ç@Ó í�î�ï â�Õ:ã9ä~ç (33)

ThemeasurementswhoseSNRexceedthethresholdsetby theoperatorwill beacceptedby theradaras
valid measurements.Theoperatorwill decidethethreshold÷ usingtheprobabilityof falsealarm ø,ù�ú
which is to bemaintained.Thethreshold÷ follows fromø,ù�úûÓ üKýþpÿ�� � ÙMã (34)

Thus,thepdf of theSNRof a falsemeasurementthatexceededthethreshold÷ isà þ ö â#ã9ä~ç�Ó ×ø,ù�ú ÿ�� ��� ã9ä�� ÷ (35)

Fromthethreshold,theprobabilityof detection( ø��
	 � ) of ameasurementin the � th rangebin of  th dwell
canbecalculatedusingø��
	 �»Ó ×zèâ�ß�é*ê,ä?ë ìä ç Ý ü_ýþ í�î�ïið Õ:ãÉé ê,ä?ë ìä ãß�é*ê,ä~ë ìä¶ñ�òð ×¢é ê,ä?ë ìä ãß�é*ê,ä?ë ìäPñ ÙMã (36)

Thepdf of theSNRof a targetoriginatedmeasurementthatexceededthethreshold÷ isà þ á â#ã9ä�å æ%ä?ç@Ó ×zèø���â�ß�é*ê,ä?ë.ìä ç Ý2í�î�ïið Õ:ã é ê,ä?ë ìä ãß�é*ê,ä?ë.ìäPñ�òð ×¢é ê,ä?ë ìä ãß�é*ê,ä?ë ìäPñ ã9ä�� ÷ (37)

where ø�� is givenby (3).
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3 Maximum Likelihood Estimator

3.1 The Likelihood Ratio

We now derive the maximumlikelihoodestimator, which is usedin conjunctionwith theProbabilistic
DataAssociation(PDA) algorithm.It is assumedthat � setsof measurementsaremadeat times ���������� ������������� wheretheindex denotesthescannumber. The  th measurementin the � th scanis definedby
thevector ! �#" � $ % �#"�&'�#")(*�#",+��#"�-/. (38)

where % �#" � &'�#" �10 �#" and (*�#" areSNR,slantrange,bearing,elevation,respectively. Theradarperforms
a volumetricsearchover theregion of interest(cueingregion) obtainedfrom prior information,e.g.,as
shown in (Yeddanapudi,et. al., 1997)and(Yi Cong,et. al., 1997).It is alsoassumedthatall thedwells
in a scanaremadeat (practically) the sametime. Let therebe 23� measurements(detectionthreshold
exceedances)in the � th scanmadeat time ��� . Thissetis denotedby465 �879� : ! �#"<;'=?>"�@BA (39)

Thecumulative setof measurementsduringtheentireperiodisC � : 465 �87 ;ED�/@BA (40)

where � is the total numberof scans. In addition to the above, the following assumptionsaboutthe
statisticalcharacteristicsof themeasurementsarealsomade.

1. Themeasurementsat two differentscansareconditionallyindependent.F $ 465 �87�� 465#G 7�H I - � F $ 465 �87�H I - F $ 465#G 7�H I - (41)

2. A measurementthat originatedfrom the target at a particularscanis received by the radaronly
onceduringthescanwith probability J�K andis corruptedby zeromeanGaussiannoise.Thatis&'�#" � & � 5 I�7MLON1P�#" (42)(*�#" � ( � 5 I�7MLON1Q�#" (43)+��#" � + � 5 I�7MLONSR�#" (44)

where N P�#" �TN1Q�#" �TN R�#" are the measurementnoisecomponentswith standarddeviations U P , UVQ�#" ,
and U R�#" respectively.

3. In the caseof a falsealarm the slant rangemeasurementis distributed uniformly in the range
gate,andbearingandelevation areGaussiandistributedaroundthe commandedbearing W �#" and
elevation X �#" (beamboresight)respectively.3 Thatis&'�#"ZY\[ $ ])A'��]_^ - (45)(*�#"ZY\` 5 W �#" � 5 U Q�#" 7 ^ 7 (46)+��#"ZY\` 5 X �#" � 5 U R�#" 7 ^ 7 (47)

where ])A and ]_^ arethelower andupperlimits of therangegaterespectively.

3This is basedon the radaremulator(Blair, et. al., 1998). This is differentfrom the modelusedin (Kirubarajan,et. al.,
1996)wherethefalsemeasurementswereuniformly distributedin theentiremeasurementspace.Thecentraltendency of the
falsemeasurementsin angleaboutthebeamboresightis aconsequenceof thefactthatthemonopulseratio (Blair, et. al., 1998)
whenthereis noiseonly is zeromeanandis unlikely to assumelargevalues.
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4. Thenumberof falsemeasurementsin avolume a atasamplinginstantobeysaPoissonprobability
massfunction(pmf) with aknown expectednumberof falsemeasurementsb perunit volume,cedgf3hji9k l�m�n�o d bpa irq?sf3h�t (48)

Theparameterb is determinedby thedetectionthresholdandis givenby u�vxw multiplied by the
volumeof a resolutioncell. Eachresolutioncell is a rangecell in a beam.

If thereare f3h measurementsin the y th scan,themutuallyexclusive andexhaustive eventsgiving riseto
thesemeasurementsare

z|{ d y i}k ~���� ���� all measurementsarefalse� k��
measurement� h { is from thetarget� k����������|��f3h (49)

Thepdf of themeasurementscorrespondingto theabove eventscanbewrittenas����dj�6d y i�� z �<d y i�i�k q?s����B� ���� d���h � i/����dg�'h � i/����dg�*h � i/����d���h � i� k�� (50)� � dj�6d y i�� ��� z|{ d y i�i�k���� � d�� h { � ��i/� � dg� h { � ��i/� � dg� h { � ��i� � � d�� h { � ��i q?s����B��¡ ��¢� { ���� d���h � i/����dg�'h � i/����dg�*h � i/����d���h � i� k����������|��f3h (51)

where� denotesthestateof thetarget(at thereferencetime).
Let £ h { k � � � d�� h { � ��i� � � d�� h { ik ¤ h { d8�?¥§¦ h { � h { i l'¨ s ©�ª*s © (52)

and � � dg� h { � ��i/� � dg� h { � ��i/� � d�� h { � ��i���«dg� h { i/����dg� h { i/����d�� h { i k a�¬ ®�¯x° ¬  ±�²´³ dgµ_d � h { ����i�i (53)

where ¤ h { k �'¶ u�vxwu�· dg¸_¥º¹ h {�»?¼h { i�½ (54)¦ h { k ¹ h {�» ¼h {¸_¥º¹ h {�» ¼h { (55)µ_d � h { ����i}k ¾ dg� h { ¾¿�'h�dg��i�i ½® d ° ¬ i ½ ¾ dg� h { ¾¿�*h�dg��i�i ½® d °VÀh { i�½ ¥dg� h { ¾OÁ h { i ½® d °VÀh { i�½ ¾ d�� h { ¾O��h�dg��i�i ½® d °xÂh { i�½ ¥ d�� h { ¾ l h { i ½® d °xÂh { i�½ (56)
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and Ã�Ä is therangegatelength.Usingthetotalprobabilitytheoremthepdf of thesetof measurementsatÅ�Æ
canbewritten as(Kirubarajan,et. al., 1996)Ç�È É6ÊgË8Ì�Í ÎVÏÑÐ Ò ÊgÓ Æ ÌÔ Æ Õ?Ö×Ø�ÙBÚ Ç�ÛÜ´Ê�Ý Æ Ø Ì/Ç Ü ÊgÞ Æ Ø Ì/Ç Ü Êgß Æ Ø Ì/Ç Ü Ê�à Æ Ø Ì�áâ Ò ÊgÓ ÆVãåä Ì�æ�ç Ã�ÄÓ Æ Ò ÊgÓ Æ Ì Õ?Öèé ÙBÚëê Æ éì í�îxï Äñð�ò´ó Êgô_Êöõ Æ é´÷ Î�Ì�ÌMøùÊ äúã æ�çúÌ|û

(57)

where Ô Æ is anormalizationfactorgivenbyÔ Æ ÐüÊ äúã æ�çúÌ Ò ÊgÓ Æ Ìxøºæ�ç Ò ÊgÓ ÆVãåä Ì (58)

Thedimensionlesslikelihoodratio is obtainedby dividing theabove equationby Ç�È É6ÊgË8Ì�Í ý Ü ÊgË8ÌjÏ , namely,þ ÊjÉ6ÊgË8Ì ÷ Î�Ì�Ð Ç�ÊjÉ6ÊgË8Ì�Í Î�ÌÇ�ÊjÉ6ÊgË8Ì�Í ý Ü ÊgË8Ì�ÌÐ äÔ Æ â æ�ç Ò ÊgÓ Æ�ãåä Ì Ã�ÄÓ Æ Ò ÊgÓ Æ Ì Õ?Öèé ÙBÚÿê Æ éì í�îMï Äð�ò´ó Êgô_Êöõ Æ é�÷ Î�Ì�ÌMøùÊ äúã æ�çúÌ��Ð äÔ Æ â æ�ç� Ä Õèé ÙBÚÿê Æ éì í�îMï Ä ð�ò´ó Êgô_Êöõ Æ é�÷ Î�Ì�Ì�øÊ äúã æ�çúÌ|û (59)

where
� Ä is theexpectednumberof falsealarmsperunit distancein range.Usingtheconditionalinde-

pendenceof measurements,thepdf of theentiresetof measurements— theglobal likelihoodfunction
of Î — canbewrittenas Ç�È �SÍ ÎVÏ Ð �×Æ ÙBÚ Ç�È É6ÊgË8Ì�Í ÎVÏ (60)

Subsequentlythedimensionlesslikelihoodratiousingtheentiresetof measurementsis givenbyþ È � ÷ ÎVÏ Ð �×Æ ÙBÚ þ È É6ÊgË8Ì ÷ ÎVÏ (61)

Thenthelog-likelihoodratio is� È � ÷ ÎVÏÑÐ ���MÊ � È � ÷ ÎVÏöÌÐ �èÆ ÙBÚ ��� â æ�ç� Ä Õ?Öèé ÙBÚ ê éì í�îMï Ä?ð�ò´ó Êgô_Êöõ é�÷ Î�Ì�Ì�øÊ äúã æ�çTÌ û ã �èÆ ÙBÚ ���
	|Ô Æ � (62)

In the above equationthe secondsummationinvolving Ô Æ canbe omittedwhenfinding the maximum
likelihoodestimatesinceit doesnot dependon Î . Theuseof theglobal likelihoodfunction (60) is the
key to obtainthepower multiplier feature,aswill beseenlater.
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3.2 Numerical Calculation of Maximum Likelihood Estimate

Themaximizationof the log-likelihoodratio is doneusingthequasi-Newton (variablemetric)method.
Thiscanequivalentlybedoneby minimizingthenegative log-likelihoodratio. In variablemetricmethod
theobjective function ������ is approximatedasaquadraticform aroundthecurrentestimate��� .�������� ������������������������ ����������!" �����������$#%���&�'���(� (63)

where # is thematrixof secondpartialderivatives.Then� �������� � ����������)#%���*�����(� (64)

Theminimumpoint is determinedby setting � �������,+ , whichyields�*�����-� #/.�01� �������� (65)

The left handside is the finite stepto get to the exact minimum. This stepcan be performedif an
accurateinverseHessian2435# .�0 is available. The basicidea of the variablemetric methodis to
build up iteratively agoodapproximationto theinverseHessianmatrix. Thatis oneneedsto constructa
sequenceof matrices2 � suchthat 6�7 8�:9/; 2 �<�,2 (66)

Theprocedureis initialized with a positive definite,symmetricapproximationto # (usuallytheidentity
matrix)andsuccessive 2 � ’sareobtainedsuchthatthey remainpositivedefiniteandsymmetric.Farfrom
theminimum, this guaranteesthat onewill alwaysmove in a downhill direction(Press,et. al., 1992).
Closeto theminimum, 2 � approachesthetrueHessian.

The negative log-likelihoodratio may have many local minima. Due to this theminimizationpro-
ceduremayendup converging to a local minimuminsteadof theglobalone. A multipassapproachis
usedto avoid the convergenceto a local minimum (Jauffret, et. al., 1990). The ideais to startwith a
modifiednegative log-likelihoodratioandminimizeit overseveralpassesbeforesolvingtheexactprob-
lem in thelastpass.Theestimatefrom onepassis usedastheinitial estimatefor thenext. Thenegative
log-likelihoodratio,which is minimizedin the =?>�@ pass,is modifiedas�BADC EBFHG:�JI5� � FKL M 0 6�N%OBPDQRTSVUXWKY M 0[Z

L Y\ "^]�_ SH`acbed ��fH�hg L Y G:�Gh=��:����� ! � PDQ �ji*�)kl����� (67)

where kl�����m� � !")n ��op�������,qor�$s_ sS � ��tJ�����D�uqtT�$s_ sv w (68)tJ�����x�zy{yc|} y{y , qo is the typical slantrangeof thetarget, qt is thetypical speedof thetargetand
_ S G _ v are

thestandarddeviationsof typical slantrangeandtypical speedrespectively. Thefunction fH�hg L Y G:�Gh=�� is
writtenas fH�hg L Y G:�Gh=��~� � ��o L Y ��o L �����:�$s" � _ S���� � s � ��� L Y ��� L �����:�$s" � _J�L Y ��� � s ���� Y ��� L Y �$s" � _J�L Y ��� � s � ��� L Y ��� L �����:�$s" � _��L Y ��� � s � ��� L Y ��� L Y �$s" � _��L Y ��� � s (69)
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Themodifying function �l����� is usedonly in thefirst ���,� passesof the � passesandis setto zeroat��� � . Also ��� satisfies���j���%����� for ��� �^�1���� � � c�V�¡� and ��¢ � � . This approachpreventsthe
maximizationprocedurefrom converging to anunrealisticlocal maximumandgivesa broaderview to
theestimator. A roughgrid searchis performedto automaticallyobtaintheinitial valuefor thevector �
for thefirst pass.

3.3 Cramer-Rao Lower Bound of the Estimator

The Cramer-Rao lower bound(CRLB) is the minimum valueof the variancethat canbe achieved by
anunbiasedestimator. TheML estimatoris saidto beefficient if its covariancemeetstheCRLB. If an
ML estimatorexists,it is theoreticallyguaranteedto achieve its CRLB asymptotically. TheCRLB of an
unbiasedML estimatoris £¥¤ �����V¦�D�c������¦���¨§ª© «D¬ � (70)

Theexpectation

£¥¤  § in theabove equationis over themeasurements® and « is theFisherInformation
Matrix (FIM) givenby « � £°¯�¤ ±%²´³�µ�¤ � �¨¶B·¹¸ ���¨§{§ ¤ ±%²X³�µ�¤ � �¨¶B·¹¸ ���¨§{§�ºe¸ ²l»
²�¼{½¿¾�À (71)

Themutualindependenceof themeasurementsalsoimpliesthattheFisherinformationdueto thediffer-
entmeasurementsis additive. In practice,sinceonedoesnot have thetruestateof thetarget,theFIM is
evaluatedat theestimate.As explainedin AppendixC, theFIM « for themissiletrackinitiation problem
consideredcanbewrittenas « � Á �h�DÂB�ÄÃTÅ(Æ^Ål��Ç?��ÈÉXÊ^� ·ËÌ » �ÎÍ ��hÏJÐ(�$Ñ ¤ ±%²ÓÒ Ì �����¨§ ¤ ±%²�Ò Ì �����¨§�ÔÕ ��hÏJÖp�$Ñ ¤ ±%²Ó× Ì �����¨§ ¤ ±%²e× Ì �����¨§�Ô Õ��hÏ�Ø�� Ñ ¤ ±%²TÙ Ì �����¨§ ¤ ±%²TÙ Ì �����¨§ Ô¿Ú (72)

where Á �h�DÂB�ÄÃTÅ�Æ^År��Ç?��ÈÉ Ê � is the informationreductionfactorthataccountsfor the lossof information
dueto thepresenceof falsealarmsandtheless-than-unityprobabilityof detection(Bar-Shalom,et. al.,
1995). Only themeasurementswhich fall within the“validationvolume” Æ^Å areconsideredin deriving
(72),wherethevalidationvolume(g-sigmaregion) isÆ^Å � Û Ï Ð Ï Ö Ï Ø Ç�Ü (73)

Thatis, themeasurementÝ Ì{Þ is consideredonly if it satisfiesthefollowing conditions.ßßßß Ò Ì{Þ � Ò Ì �����ÏJÐ ßßßßáà Ç (74)ßßßß × Ì{Þ � × Ì �����ÏJÖ ßßßßáà Ç (75)ßßßß Ù Ì{Þ � Ù Ì �����Ï Ø ßßßßáà Ç (76)
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Theinformationreductionfactor âTãhäDåBæÄçTè�é^èlæ�ê?æ�ëìXí^î is givenbyâTãhäDåBæÄçTè�é^èlæ�ê?æ�ëì í î~ï ðñò´ó�ô õ^öJ÷ ã�ø*ù
úüûjî$ä ô:ýpòXþÿ����� õ � ê�� òXþ�ý �rã��
	)ëì í î���� � ã�ø*ù$æ�äDåBæÄçTè(é^èlæ�ëì í î (77)

where
� � ã�ø*ù�æ�äDåxæÄçTè(é^èlæ�ëìXí�î is a �lø fold integral givenin AppendixC.

The rationalefor the terminologyinformationreductionfactorcanbe seenby noting that the FIM
for zerofalsealarmprobabilityandunity targetdetectionprobability, ��� is givenby (Bar-Shalom,et. al.,
1998)

��� ï �ñù ó�ô � ûã����(î���� ����� ù:ã���î � � ����� ù�ã���î �"!#	ûã���$pî�� � ����% ù�ã���î � � ����% ù:ã���î � ! 	ûã���&�î � � ���(' ù�ã���î � � ���)' ù:ã���î �"!+* (78)

From(72) and(78) it is clearthat âTãhäDåxæÄçTè(é^èlæ�ê?æ�ëìXí^î , which is alwayslessthanor equalto unity,
representsthelossof informationdueto clutterandless-than-unityprobabilityof detection.Thenumeri-
calvaluesof âTã  î for differentvaluesof detectionthresholdsandfixedvaluesof ê andSNRarepresented
in AppendixC. Theoptimumvalueof thedetectionthresholdcanbeobtainedby choosingthethreshold
whichgivesthemaximumvalueof âTã  î .In deriving (72) it is assumedthatthebearingandelevationmeasurementsaredistributeduniformly
in thevalidationregion aroundthecommandedbearingandelevationdirectionsrespectively. Although
a tighter boundcanbe obtainedby using the exact Gaussiandistribution for thesemeasurementsthe
derivationof CRLB will beintractable.

3.4 Acceptance of the Estimate

Theestimate,� obtainedbymaximizingthelog-likelihoodratio(or minimizingthenegativelog-likelihood
ratio) is testedwhetherit canbeacceptedasa valid track. This testis performedin orderto ensurethat
themaximizationproceduredoesnot converge to a local maximuminsteadof theglobalone. Conver-
genceto a localmaximumis alwayspossiblesincethelikelihoodratio is multimodaldueto thepresence
of clutter. A testis constructedto distinguishbetweenthefollowing two hypotheses.- ô ï Thereis onetrackcorrespondingto an

existing targetwith amaximum ,� (79)- � ï Thereis no track (80)

Accordingto theNeyman-PearsonLemma(Poor, et. al., 1994),theuniformly mostpowerful testof- ô against
- � is to considerthedimensionlesslikelihoodratio . ã0/<æ1��î givenin (61)or equivalently, the

log-likelihoodratio 2Dã0/<æ1��î givenby (62). However, thestatisticaldistribution of 2Dã0/<æ1��î is unknown.
The possibleapproximationis to assumethat thecentrallimit theoremholdssuchthat 2Dã0/<æ1��î canbe
approximatedby aGaussiandistribution. Thena teststatisticcanbedefinedas(Poor, et. al., 1994)3 ï 2Dã0/<æ(,�Dî�ú547682Dã0/<æ(,�Dî:9 - ô:;<

Var682Dã0/<æ(,�Dî:9 - ô:; (81)
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Since => is theglobalmaximumunder ?A@ thefollowing approximationsaremade:B7C8DFE0GIH =>KJ:L ?A@NMPO B7C8DFE0GIH >�Q�R�SNTUJ:L ?A@NM (82)

Var
C8DFE0GIH =>KJ:L ?A@NMPO Var

C8DFE0GIH >�Q�R�SNT:J:L ?A@NM (83)

Definingthequantities V @XW B7C8DFE YZE�[ J H > Q�R�SNT J:L ?A@NM (84)\�]@ W Var
C8DFE YZE�[ J H >�Q�R�SNTUJ:L ?A@NM (85)

thestatisticin (81)canbewrittenas^ W _a`b"c @ DFE YZE�[ J H =>FJ�d5e V @f e \ @ (86)

Thederivationof thefirst andsecondmomentsof thelikelihoodratio to obtain

V @ and \ @ arepresented
in AppendixD. Thetestfor trackacceptanceis^5gihkj @ accept ?A@l j @ accept ?nm (87)

Accordingto the assumptions,the teststatistichasa zeromean,unity varianceGaussiandistribution.
Thereforetheacquisitionprobabilityof thetrackfor agiventhreshold

j @ isoqpsrut W o�C ^ hkj @ L ?A@NM (88)

Then,for a givenacquisitionprobabilityof thetrack,

j @ canbecalculatedusingthestandardGaussian.
Thatis oqpsrut Wwv d vf xzy|{~}1��s��� ���1������ (89)

Thefalseacquisitionprobabilityisoq��psrut W o�C
accept?A@ L ?nm�M�W o�C ^�� j @ L ?nm�M (90)

Similarly, for theconditionwherethereis no targetonecandefine,V m�W B7C8DFE YZE�[ J1J:L ?nm�M (91)\ ]m W Var
C8DFE YZE�[ J1J:L ?nm�M (92)

Using(91) and(92) asthemomentsof
DFE0GIH >�J in (81) andits (assumed)Gaussiandistribution, one

canobtaina theoreticalprobability of falsetrack acquisition
oq��psrut

. However, this relieson the tails
of the (assumed)Gaussianandis not reliable,in our opinion(thenumericalresultsin (Kirubarajan,et.
al., 1996)yielded

oq��psrut
of theorderof v:� � @0m J . In view of this, we believe that thebestindicationof

thealgorithm’s falsetrackrejectioncapabilitycanbeobtainedvia a largenumberof MonteCarlo runs
without a target.
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Figure4: The95%probabilityregionsbasedon theCRLB aroundthetruepositionof themissile.
(a) initial; (b) final
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Parameter Value�q�
1 MW� ����:� ��� ���

s� � � �
¡
4752¢

7.5cm£q�1�¤£ ¡
1¥¦�"§��

144.5¨ ©zª «�¬na©:®�¯±°1²
J/K³�´

290K£qµ
2

Table1: Radarparameters

4 Results

In this sectionwe considera samplescenarioto illustrate the operationof ML/PDA estimatorunder
low SNRconditions.Simulationresultswereobtainedusing100MonteCarlo runswith thefollowing
scenario:themissileenterstheradaracquisitionregionat ¶¦· ®

swith ¸�¹�º�»N¼´ ·¾½ ¿ � � ª � ©U«(©zª � ©U«�À�ª «�Á"Â
km

and Ã¸�¹�º�»N¼´ ·Ä½ � ª � ¿ © ��� ª �Å��� ®(ª À�Á"Â
m/sin theradarcoordinateframe(seeSection2.1). At thispoint the

radarto targetslantrangeis 200km. Figures4(a)and(b) show theinitial andfinal positionof thetarget
andthe95%probabilityregionsfor theestimatesbasedon theCRLB.

It is assumedthattheradarcueingregionfor initial radarpointingis availablefrom prior information
(Yi Cong,et. al., 1997). Thena volumetricsearchis performedby directingthe radardwells to this
region. The radarcueingvolume is approximately Æ «z® kmÇ ² . The averageradarcrosssectionof the
target beingsearchedis

®(ª"© �
m

°
. The beamwidthof the radaris

©zª ��È and the rangegateof a dwell
consistsof

«�«z®
binsof length

Àz®
m. Theparametersof theemulatedradararepresentedin Table4. The

broadsideof thearrayis directedat
Àz® È bearingand É � È elevation.Theabove combinationof targetand

radarparametersresultsin an averagetarget SNNR of 5.4 dB. The detectionthresholdof the radaris
5.1dB (this correspondsto � · «�ª Ê �

in (34)) which yieldsa falsealarmprobabilityof
®(ª ®�«�¬�¬

perrange
cell in a beam.The optimumvalueof thedetectionthreshold� consideringthe informationreduction
factorpresentedin Table3 (AppendixC) is

«�ª"© É . However, theaccuracy of theresultsis notaffectedby
operatingat this slightly suboptimaldetectionthresholdof 5.1dB sincetheinformationreductionfactor
doesnot vary significantlybetweenthesetwo detectionthresholds.Thescansaremadeat10 Hz for 6 s.
Thedwellsarestackedin atriangularlatticearrangementasshown in Figure3(b). Theratioof beamstep
to 3 dB beamwidthis maintainedat

©zª ®
sothat theradarhasa probabilityof detection(calculatedfrom

(36),(2),(3))of
®(ª ���

for aSwerlingIII typetargetwith averageradarcrosssectionof
®(ª"© �

m
°

at
Êz®�®

km
slantrange.To cover thecueingregion it requiresthattherebe

©UÀ
dwellsin eachscan.Figures5(a)–(d)

presentthesetof slantrange,azimuth,elevationandSNRmeasurementsrespectively in onerun of the
MonteCarlosimulations.It canbeseenthattargetoriginatedmeasurementsaredetectedabout

«z®
times

in 60scans.4

Theexpectednumberof falsealarmsperunit distancecanbecalculatedas¢ ¡ · ��Ë�Ì
lengthof rangebin

4It shouldbe notedthat target canbe detectedmorethanoncein a scandueto multiple dwells andside-lobedetections.
Theseextra side-lobetargetdetectionsaretreatedasfalsealarmsby theestimator.

915

Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999



Í Î�Ï�ÐÑzÒÍ Ó�Ô ÕnÖØ× Ò�ÙuÚzÛ�Ü
(93)

Fromthistheexpectednumberof falsealarmsin adwell (with therangedimensionof thecueingvolume
being Õ Ñ Ô Ý km) andin the rangevalidationregion Þzß (with à ß Í ÑzÒ�Û�á ×UÕ m) arefound to be

Ñ Ô â Ò andã Ô Ó(×IÖä× Ò Ù±å
, respectively, for gateparameteræ Íçâ . Thetracksobtainedby themaximizationprocedure

arevalidatedusingthehypothesistestingasdescribedin Section3.4. Thetrackacceptancethresholdè8é
wassetso that the tracksareacceptedwith 95% probability (the track acquisitionprobability Îqêsëuì ).
Figures6(a) and (b) show the initial points and final points of the acceptedtracks formed from the
estimatesin × Ò�Ò Monte Carlo runs. The numberof validatedtracksis 93 (which matcheswell the
acceptancethresholdsetfor 95%)andit canbeseenthattheseacceptedtracksfall in thecorresponding
95%uncertaintyellipses.In Table4, theaveragepositionandvelocityestimatesandtheircorresponding
variancesare given. The theoreticalCRLB of achievable estimatoraccuracy for the scenariounder
considerationare given by à ë)íuî�ï . The samplestandarddeviations of the estimatesobtainedby the
ML/PDA estimatoraredenotedby ðà . For initialization,a systematicgrid searchis performedto find an
approximatemaximumpoint to startoff thequasi-Newton maximizationprocedure.Therangeof values
givento theparametersfor thisgrid searcharegivenby ñ±ò óNò ôõ with × Ò pointschosenin eachcomponent.It
canbeseenthatthesamplevarianceof theestimatesis slightly lessthanthetheoreticalvariancein some
cases.This canbeexplainedby thefactthattheCRLB modelsthefalsealarmsasuniformly distributed
over thesearchregion while, ascanbeseenfrom Fig. 5, they tendto becenteredin thebeams.

The RMS errorsindicatethe efficiency of the estimatorby consideringonly the diagonaltermsof
thecovariancematrix asin Table4. A morerigoroustestof theefficiency of theestimatoris obtained
by checkingthe consistency of the estimatorwherethe entireerror vectorand the theoreticalcovari-
ancearetestedfor consistency. This is performedby finding the averagenormalizedestimationerror
squared(NEES)(Bar-Shalom,et. al., 1998)andcheckingwhetherit falls within thestatisticalbounds
for acceptance.TheNEESis definedasöF÷�ø Í ù ðñ õûú ñ ô�ü�ýNþõ ÿ � Î Ù é ù ðñ õûú ñ ô�ü�ýNþõPÿ (94)

where Î Ù é Í�� is the FIM. If the estimatoris unbiasedandthe errorsareGaussianwith covariance
equalto theCRLB, then ö ÷�ø definedabove is chi-squareddistributedwith ��� (i.e., 6 in our problem)
degreesof freedom.Takingtheaverageover N MonteCarloruns,the95%probabilityboundson �ö ÷�ø
are � å	�
� Ò Ô Ñ Ýzâ��� � �ö ÷�ø Í ×� 
�� � é öF÷�ø� � � å	�
� Ò Ô Ò Õ�â��� (95)

where ö ÷�ø� is theNEESin the � ����� MonteCarlorun. If thefilter is inefficient or biasedthen �ö ÷�ø will
lie outsidethesebounds.In oursimulationtheaveragevalueof NEESfor theacceptedtracksis foundto
be5.96,which is within the95%bound(Bar-Shalom,et. al., 1998),namely,� å������� Ò Ô Ò Õ�â��Ñ Ó Íçâ�Ô Ó(× � â�Ô Ñ�� � � å������� Ò Ô Ñ Ýzâ��Ñ Ó Í � Ô ÝzÕ (96)

Henceit canbesaidthattheestimatoris efficient, i.e., it extractedall theinformationavailablein the
data.

To evaluatethe algorithm’s capabilityof rejectingfalsetracks(which asdiscussedearlier, cannot
be donetheoretically), × Ò�Ò�Ò runswerecarriedout with no target present.In theseruns,no track was
acceptedas a valid track. The computationtime for one run was ×�×zÔ"× ã minuteson a Pentium200
processor;however, the × Ò 	 point grid evaluationof the likelihoodratio to initialize the quasi-Newton
searchtook about11.07minutes. Sincethis is easilyparallelizablewith high efficiency, the effective
computationtime canbearound10 s for sucha (very slow) processor.
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Figure5: Measurements(onerealization):(a)slantrange;(b) azimuth;(c) elevation;(d) SNR(* - target
originated;� - falsealarms).

Parameter  "!$#$%'&( Unit  *) +') !( , -/.10"2�3 4-5 ( 687�9;: 7=<�> km ? 6A@=>B6C<�>=D 687�9;: 9�E�F >G: 9�H=< >G: @=>�FI ( JKFGJL: 9�7GJ km ? J�JK7MJ'<N7OD JKFGJL: @�@�@ >G: P�H�7 >G: 9�F�@Q ( JKF�H;: F�@;J km ? JKE�7MJK7�7OD JKF�P;: H�9�@ >G: H�F�F >G: PGJK9R5 ( 9;: @LE�P m/s ? 687L>�>S7L>�>=D E�P;: @ EL>1JL: 9 JO@LE;: @RI ( 6JK7�7�@N: 7GJ m/s ? 68EL>�>�>T6UJV>�>�>=D 6JK9L>L<1: 7 E�9L>G:�J JKHGJL: HRQ ( 6A@�@=>G: H�P�E m/s ? 6JK7L>�>T6W7L>�>=D 689�E�E;: F E�@;JL: @ EL>1JL: H
Table2: Resultsof MonteCarlosimulations.
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Figure6: Actualandestimatedpositionsof themissilein 100MonteCarlorunswith the95%probability
regionsfrom theCRLB (a) initial; (b) final (o - actual+ - estimates).

5 Conclusions

Theimportantproblemof acquiringanincomingballisticmissileusingasurfacebasedESAradarunder
low SNRconditionsis addressedin thispaper. Themajortechnicalchallengein thisproblemis to acquire
themissileusingtheobservationsavailablefor a shorttime. It is alsonecessaryto acquirethemissile
at a long rangeso that the terminalphasedefensesystemsareableto track the target andtake proper
action. Theproblemis compoundedby thepresenceof falsealarmsdueto the low detectionthreshold
madenecessaryby the target’s low radarcrosssection. An algorithmto estimatethe stateparameters
of a ballistic missilefrom theobservationsobtainedfor a very shortdurationwhile themissileis exo-
atmosphericis presented.The exact ballistic motion equationsareusedin this nonlinearacquisition
problem.A batchmaximumlikelihoodestimatorwhich canhandlefalsealarmsandmisseddetections
usingthe ProbabilisticDataAssociationapproachis derived. It is shown that the incorporationof the
amplitudeinformation(signalstrength)facilitatestheaccurateoperationof theestimatorevenundervery
low SNR conditions.Typically, ESA radarsoperateat around13 dB SNR,whereasthenew estimator
is shown to be effective even at 4 dB, which addscapabilityfor the acquisitionof stealthytargets. In
otherwords, this algorithm actsas an effective power multiplier for the radarby a factor of 6. This
substantialimprovementcomparedto theexistingsystemsalsoallowsthesurfacebasedradarto increase
its acquisitionrange.

In additionto theML/PDA estimator, a trackvalidationscheme,which is usedto confirmthepres-
enceof an incomingmissileat the estimatedlocation,is alsoderived. The Cramer-RaoLower Bound
(CRLB),whichquantifiestheattainableestimatoraccuraciesfor thislow-observableestimationproblem,
is alsopresented.Theinformationreductionfactorwhichaccountsfor thelossof informationdueto the
presenceof falsealarmsandless-than-unityprobabilityof detectionis calculatedfor differentdetection
thresholds.Hencetheoptimumdetectionthresholdof theradarcanbedeterminedasthethresholdthat
givesthehighestvalueof informationreductionfactor. MonteCarlosimulationsshow thattheML/PDA
estimatormeetstheCRLB. TheestimatorandtheCRLB arederivedassumingaSwerlingIII typetarget,
which shows a wide fluctuationin its radarcrosssection.However, thework canbeextendedto other
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targetmodelsaswell. Theefficiency of theestimator(its ability to extractall theinformationavailable
in themeasurements)underlow SNRconditionsallows thebestutilizationof suchdefensesensors.

APPENDIX A. ALGORITHM FOR BALLISTIC STATE
PROPAGATION

An algorithmfor propagatingthe stateof a target on a ballistic exo-atmospherictrajectoryaroundthe
earthis presentedin this Appendix. Let theunknown stateof the target in theECI frameat time XZY be
denotedby thevector [ ECIY]\_^ `OaYWb`OaYdc a*\fe;g [ ECIhWi X h i XZYkj . Thereferencestate[ ECIh \_^ `Oah b`Oah c a at thereference
time X h is given. Theunderlyingtheoreticalconceptsandthederivation of theequationscanbe found
in (Bate,et. al., 1971). Thegravitationalparameterl \nm;o p�q�rLs1tKuwvWtVs�xOy;z|{K}L~O� andtheconvergence
checkparameterTOL \�tVs;��� h .

Step1 � h \ ��� ` h ��� (97)� h \ ��� b` h ��� (98)� h \ tl ` a h b` h (99)� h \ u� h�� � �hl (100)� h \ t � � h � h� l (101)

Step2

if g � h�� s j� \ � h g XZY � X h j � l (102)

else � \ signg XZY � X h j� � � h ����� � u1g � � � h j {�g XZY � X h j� h � � � h�� � h signg XZY � X h j=� (103)

Step3 � \ � h � � (104)

if g � hA� s j� \ t ���'��� g � � j�
(105)~�\ � � ������� g � � j� � � (106)

else � \ t ���'����� g � � � j�
(107)~�\ �����"� g � � � � � � � j� � � � (108)

Step4   \ � h � { ~ � � h � � � � � h� l � (109)
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¡N¢¡N£ ¤ ¥/¦ £¨§V©«ªW¬ ¦ £®°¯²±W³K´¶µ�ª¸· ¦¹ º (110)£¼» ¤ £|ª¾½ ¡N¢¡N£À¿GÁ�ÂÄÃ $ÅZÆÇ±CÅ ¦ µ¨±�¢;È (111)

Step5

if
 Ã $ÅZÆÇ±CÅ ¦ µ¨±�¢;ÈÊÉ

TOL
µ

go to Step3

Step6 Ë
Â ¤ ¯Ì± £ § ©· ¦ (112)Í Â ¤ $ÅZÆ/±CÅ ¦ µÄ± £¨ÎK³¹ º (113)Ï Æ ¤ Ë

Â Ï ¦ ª Í Â1ÐÏ ¦ (114)· ¤ Ñ�Ñ Ï Æ Ñ�Ñ (115)

Step7 Ë § ¤ Ò ¹ º· ¦�Ó Ô³K´|±U¯Oµ Ò £ · Ó (116)Í § ¤ ¯Ì± £ § ©· (117)ÐÏ Æ ¤ Ë § Ï ¦ ª Í § ÐÏ ¦ (118)

APPENDIX B. CALCULATION OF PARTIAL DERIVATIVES OF THE
STATE

In orderto evaluatetheFIM, it is necessaryto find the Õ×ÖÙØ matrix Ú�Û RÜKÝÄÞÆ where ß R¦ ¤ Ã ÝÄÞ¦ ÐÝÄÞ¦ È Þ is the
stateof the target in the radarcoordinateframeat the referencetime

Å ¦ . Thestateof the targetat timeÅZÆ
, in the ECEFframeis denotedby ß ECEFÆ ¤ Ã à ÞÆ Ðà ÞÆ È Þ andthe correspondingstatein the ECI frameis

denotedby ß ECIÆ ¤ Ã Ï ÞÆ ÐÏ ÞÆ È Þ . Thepositionvectorsà Æ and Ï Æ arerelatedto eachotherbyà Æ ¤âá Æ Ï Æ (119)

whereá Æ is thetransformationmatrix.á Æ ¤ ãäåçæ'è�é ëêOÆìµ é�í�î ëêOÆìµðï± é�í�î ëêOÆkµ æ'è�é ëêOÆìµTïï ï ¯òñ óô (120)

where
êOÆ

is theangleto theprime meridianat theequator, measuredin thedirectionof rotationof the
earth,with referenceto the vernalequinoxdirection. The relationshipbetweenthepositionvectorsin
theradarcoordinateframeandtheECEFframeis givenbyÝ Æ ¤ õ Ã à ÆÇ± àÇöë÷°øV÷°ö È (121)

where àÇöë÷°øV÷°ö is theradar’s positionvectorin theECEFframe.Thetransformationmatrix õ is givenbyõù¤ ãäåúæ'è�é ë£ûµ æ'è�é $´wªýüÄþLÿ�µ é�í�î ë£ûµ æ'è�é $´òªýüÄþLÿ�µ é�í�î $´wªýüÄþLÿ�µé�í�î ë£ûµ ± æ'è�é ë£ûµ ïæ'è�é ë£ûµ é�í�î $´wªWüÄþLÿ�µ é�í�î ë£ûµ é�í�î $´òªýüÄþLÿ�µÊ± æ'è�é $´wªýüÄþLÿ�µ�ñ óô (122)
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where � and
�

arethelongitudeandlatitudeof theradar, respectively. It canbeshown thatthegradient
of ��� is givenby � � R�	��
�� � � R����
 ECI� � � ECI� � 
��� 
��� 
 (123)

Similar transformationsat referencetime � � resultin� � R��� 
 ECI� � � ��� ���������������� ��� � � (124)

which canbesubstitutedin (123). The !#"%$ matrix

� � ECI� � 
� canbeevaluatedwith theadditionalsteps
givenbelow wherethesuperscriptECI hasbeendropped.

Step8 �'&)( � � � � ������+*,�.-0/( ��1 (125)�'&32 � � � �����+*4� � �.-5/2 � 1 (126)�'&�6 � � � 4� �� �7�5- /8 1 (127)�'&�9 � � : �'&)( ��; -=<?>(�@� 1BA : �'&C2 �	; -D<?> 2 �8 1 (128)�'&	E � � : �'&)( ��;GF < 9 �H 80I A : �'J � 9 ��;GF < ( �H 8,I (129)

step9 K)LK � � /G<NM � < > L> � (130)K MK � � L < $ M> � (131)

Step10 O � � $ E � � @ M A > 6 � � L A
J �P Q E � � ��RTSRVU A 6 � � @ RXWRVU> 9 � � <Y/ � (132)Z * � �'&�6 � : < � @ L ; A �'&�E � : < � � M ; A �'&[( �YF < �H 8 I (133)Z @ � : �'&�9 ��; : < � @ ; (134)\ �'& � �'& ��] � \ Z * Z @ ] O_^ * (135)

Step11 �'&3` * � a �'&)( � � L( � < : �'& � ; : > L ; < : �'& � ; - � K)LK � 1=b a �( ��b (136)�'&[c * � ad: �'& � ; : $ M ; < : �'& � ; - � K MK � 1=b � < �
@H 8 � (137)

Step12 �'& � 
�� � ` *Te��c *Te��N� A : �'&3` *f; : � 
 � ; A : �'&[c *f; : 4� 
 � ; (138)
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APPENDIX C. DERIVATION OF FISHER INFORMATION
MATRIX (FIM)

Thestepsfollowed in thederivationof theFIM arebasedon (Kirubarajan,et. al., 1996). TheFIM can
bewrittenasthesumof theindividual FIMs g[h at ijh . Thatisglk mnhpo�q g[h (139)g[h is definedas g[hk r,s�t'uwvpxzy|{ }�~������ ����t'�u vpxzy|{ }�~������ �����3� u�o�u�������� (140)

wherey|{ }�~������ ��� is definedasin (57)and � is thestateof themissileat thereferencetime.

It is assumedthat the falsealarmsaredistributeduniformly in the validationregion of volume ���
given in (73). Also the SwerlingRCSparameter� h�� , normalizedradiationpattern � h�� , andthe angle
measurementstandarddeviations ���h�� , ���h�� aresubstitutedwith theiraveragevalues.Thenfrom (57),one
has y|{ }�~������ ����k ���)~���h��w ¢¡£¤ o�q y�¥¦3~�§wh ¤ �py ¦ ~�¨	h ¤ �py ¦ ~�©+h ¤ �py ¦ ~�ªVh ¤ �« ���)~���h�¬®��j¯|°7�����h����[~���hd�f~d± ²�³z�j´���µf� � � �  ¢¡n��o�q[¶ h��Y·f¸3¹ ~�ºw~¼» h���½ �z�V�¿¾À~�G¬N¯|°Á��Â

(141)

where ºw~¼» h���½ �z�Ãk ¬ ~�¨ h�� ¬Ä¨	hV~��z�V�jÅ²C~¼� µ � Å ¬ ~�© h�� ¬Ä©+hX~��z�V�jÅ²C~¼� � � Å ¬ ~�ª h�� ¬ ªVhV~��z�V�jÅ²C~¼� � � Å (142)

Using(35)onehasy|{ }�~������ ����k ·f¸3¹ «  ¢¡n��o�q § h�� Â «zÆ  ¢¡n��o�q[¶ h���·f¸3¹ s�ºw~¼» h���½ �z�X�Á¾ÈÇ)Â (143)

where Æ k ¯|°É���)~���h�¬®��d� qVÊ  ¢¡� ¯ Ê  ¢¡Ë�Ì��hV~d± ²�³z� ´ � µ � � � � (144)ÇÍk ~�G¬N¯|°G�d����~���h��f~�����¯ Ë�Ì � Ê  ¢¡ (145)���)~���h��Îk Ï Ê�Ð�ÑTÒ�Ñ ~�ÓC�	�����  ¢¡��hjÔ (146)

where ÓC� is theexpectednumberof falsealarmsperunit volume.From(52)¶ h�� k Õ�~�¢¾×Ö+§ h�� � ·f¸3¹ s�Ö+§ h�� � (147)

where Õ and Ö comefrom (54) and(55), respectively, with the averagevaluesof � h�� and � h�� . Thent'u¢vpxzy|{ }�~������ ��� canbeshown to bet'u¢vpxzy|{ }�~������ ���k ÆGØ  ¢¡��o�q ¶ h���·f¸3¹ s�ºw~¼» h���½ �z�X��{ t'uCºw~¼» h���½ �z���Æ Ø  ¢¡��o�q ¶ h���·f¸3¹ s�ºw~¼» h���½ �z�X�Á¾×Ç (148)

922



Substituting(148) in (140)andobservingthat thecrosstermsvanishdueto the independenceof mea-
surementsacrossthescans,onehasÙ[ÚÜÛ ÝÞß¢à�á�â)ã�ä¼å�æfå�ç3å�èVé ß¢à�ê Ýëíì�ì�ì ê Ýë ê.î�ïî�ð ì�ì�ì ê.î�ïî�ð ê ç ïç ð ì�ì�ì ê ç ïç ð ê è ïè ð ì�ì�ì ê è ïè ðñ ã�ò�ófô3õ�ö[÷%ø ß¢àù á�â�ú Ú ù�û ø ß¢àü á�âCý òÚ ü ófô3õ�ö�þ�ÿwä�� Ú ü���� é û�� �
	 ÿwä�� Ú ü���� é � � �
	 ÿwä�� Ú ü���� é ��ã ø ß¢àü á�âCý Ú ü ófô3õ�ö�ÿwä�� Ú ü���� é û���� ��� ä � é (149)

Letting

� Û
������������
� âVâ� â ò� â��
...� ß¢à�â� ß¢à ò� ß¢à��

� ����������� Û
������������
ä! Ú â ÷" Ú ä � éVé�#�å æä!$ Ú â ÷"$ Ú ä � éVé�#�å çä&% Ú â ÷'% Ú ä � éVé�#�å è...ä! Ú ß¢à ÷" Ú ä � éVé�#�å æä!$ Ú ß¢à ÷"$ Ú ä � éVé�#�å çä&% Ú ß¢à ÷'% Ú ä � éVé�#�å è

� ����������� (150)

resultsin theexpressionÙ[ÚÜÛ ÝÞß¢à á�â�ã�ä¼å�æfå�ç3å�è�é ß¢à3ê Ýëíì�ì�ì ê Ýë ê)(* ( ì�ì�ì ê)(* ( ê)(* ( ì�ì�ì ê)(* ( ê)(* ( ì�ì�ì ê)(* (ñ ófô3õ�ö[÷%ø ß¢àù á�â ú Ú ù�û ø ß¢àü á�âCý òÚ ü ófô3õ�ö[÷�ä � òü â � � òü ò � � òü � é û�� + Ú ü � � + Ú ü ��ø ß¢àü á�âCý Ú ü ófô3õ�ö[÷ âò ä � òü â � � òü ò � � òü � é û,��� #�ã � � � ú (151)

where � + Ú ü � � + Ú ü � � Û - � òü âä¼å æ é ò � �
	  Ú ä � é � � �
	  Ú ä � é � � � � òü òä¼å ç é ò � �
	 $ Ú ä � é � � �
	 $ Ú ä � é � �� òü �ä¼å è é ò � �
	 % Ú ä � é � � �
	 % Ú ä � é � ��.
(152)

Becauseof thesymmetryof theintegration,
Ù[Ú

canbesimplifiedtoÙ[ÚÛ ÝÞß¢à�á�â)ã�ä¼å�æ�å�ç�å�èVé ß¢à&/ Ú ê Ýë ì�ì�ì ê Ýë ê)(* ( ì�ì�ì ê)(* ( ê)(* ( ì�ì�ì ê)(* ( ê)(* ( ì�ì�ì ê)(* (ñ ófô3õ�ö[÷ ø ß¢àù á�â ú Ú ù�û ý òÚ â ófô3õ�ö[÷�ä � òâVâ � � òâ ò � � òâ�� é û � òâVâø ß¢àü á�âCý Ú ü ófô3õ�ö[÷ âò ä � òü â � � òü ò � � òü � é û,�0� #�ã � � � ú Ù21�Ú (153)

whereÙ21�Ú�Û 3ä¼å æ é ò � �
	  Ú ä � é � � �
	  Ú ä � é � � � 3ä¼å ç é ò � �
	 $ Ú ä � é � � �
	 $ Ú ä � é � � � 3ä¼å è é ò � �
	 % Ú ä � é � � �
	 % Ú ä � é � � (154)

Defining 4 â Û ê Ýë ì�ì�ì ê Ýë ê)(1 ì�ì�ì ê)(1 ê)(1 ì�ì�ì ê)(1 ê)(1 ì�ì�ì ê)(1ñ ófô3õ�ö[÷ ø ß¢àù á�â ú Ú ù�û ý òÚ â ófô3õ�ö[÷�ä � òâVâ � � òâ ò � � òâ�� é û � òâVâø ß¢àü á�âCý Ú ü ófô3õ�ö[÷ âò ä � òü â � � òü ò � � òü � é û,�0� #�ã � � � ú (155)
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576
canbewrittenas 57698 :;<>=!?A@�BDC�EDFGEDH�EJILK <>=NM 6&O�P <>=NQ @ 52RL6 (156)

Substitutingfor S 6 @ in (155)from (147)Q @ 8 T :UWVXVXV T :U T)YR VXVXV TZYR T)YR VXVXV T)YR T)YR VXVXV T)YR[]\G^�_J`7acb <>=d ?A@fe 6 d�gih7j CLk>l�m e 6 @ K j \G^�_J` O m e 6 @ a C!n j@�@ l'n j@ j l'n j@ P K g n j@�@b <>=o ?A@ h CLkpl�m e 6 o K \G^�_q` m e 6 o a @j C!n jo @ l'n jo j lrn jo P K g l�sXtuB v n v e (157)

Finally, substitutingB and s with their valuesdefinedin (144)and(145)anddenotingQ j C M 6Lwyx{z|w~} Y���Y wy���>� K 8 T :UWVXVXV T :U T)YR VXVXV T)YR T)YR VXVXV T)YR T)YR VXVXV T)YR[ \G^�_J`7acb <>=d ?A@�e 6 dug CLk�l�m e 6 @ K j \G^�_J` O m e 6 @ a C!n j@�@ l'n j@ j l'n j@ P K g n j@�@b <>=o ?A@ CLk>l�m e 6 o K \G^�_J` m e 6 o a @j C!n jo @ l'n jo j l'n jo P K g l���� jL�j Y)� P|� @����7�q��X���L��7�D� v n v e
(158)

onehas 57698 :;<>=!?A@ O��D� Y C M 6 a kiK x @��f<>=�J���� O ��� P <>=N� P C!��l ��� � K j Q j C M 6 wyx{z¡w~} YX��Y wy���>� K 52RL6 (159)

Defining ¢
C x{z¡w~} Y���Y w � wy��� � K 8 :;<>=!?A@ O��D� C M 6 a kiK x @��f<>=�J���� O �¡� P <>=N� P C!��l ��� � K j Q j C M 6 wyx{z¡w~} Y���Y wy��� � K (160)

theFIM canbewrittenas 5£8 ¢
C x{z¡w~} YX��Y w � wy���>� K¥¤;6 ?A@ 52RL6 (161)

Thenumericalvaluesof

¢
C x{z|w~} Y���Y w � wy��� � K for differentprobabilitiesof detectionwith thefixed � dB

effective averageSNR arepresentedin Table3. As it canbe seenfrom this table,

¢
C V K doesnot vary

significantlywith the threshold¦ . Tables4, 5, 6, 7 and8 presentthe numericalvaluesof

¢
C V K for the

fixedeffective averageSNRof § dB, kX¨ dB, k O dB, kG� dB and k�© dB.¦ ª�« § ¨ ª�« ª k ª�« O¬O ª�« kG� O « © O O « O¬Ox{z
0.4 0.5 0.6 0.7 0.8 0.9x �J� ¨ « ¨ O¬O �¨ « ¨ ª ©¬©®¨ « ¨��7¨¬¨ ¨ « ¨�� ª k ¨ « ¨2¯ O ©°¨ « kX¨ § ¨} YX��Y ¨ « O¬± ¯ ª ¨ « � §¬² O ¨ « ²¬ª ¨ O ¨ « ² ¯ O¬O ¨ « ± © O ¯ k « � ª k O¢

C V K ¨ « �7¨³ki¯´¨ « � O¬O ² ¨ « � O § ¯®µ « ¶¸·�¹¸º ¨ « �fk ª �»¨ « ª¬² ©�k
Table3: Valuesof

¢
C x{z|w~} Y���Y w � wy��� � K for � 8 ² and

��� � 8 ¯ « ¨ (SNNR= ²�« � dB)
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¼ ½�¾ ¿2À ¿³¾ ½7Á Â�¾ Ái¿ Â�¾ À¬À Â�¾ Ã³Ä À�¾ À¬ÅÆ{Ç
0.4 0.5 0.6 0.7 0.8 0.9Æ�ÈJÉ Ã�¾ Ã¬Ã�¿¬¿Ã�¾ Ã³ÄXÃ7Â®Ã�¾ Ã7À¬Â¬Å Ã�¾ Ã�¿7Ã¬Ã Ã�¾ Ã�¿2Ê¬À¬Ê®Ã�¾ÄXÃ7À¬ÀË³ÌXÍ�Ì Ã�¾ Ã7½¬Å¬Î®Ã�¾Ä�Â7Á�Â®Ã�¾ Â�Ä�½¬½ Ã�¾ ½¬Â�Ã¬Ã Ã�¾ Î¬½¬Â¬Â Ä�¾ Â¬½¬½¬ÅÏ³Ð Ñ Ò Ã�¾ ½�Ä�Â�ÄÓÃ�¾ ½7ÁuÃ¬Ã°Ã�¾ Î�Ã7Åu¿»ÔJ¾ Õ�Ô�Ö¸× Ã�¾ Î�Ã¬Ã¬Ã Ã�¾ ¿2Î¬À¬Å

Table4: Valuesof Ï³Ð Æ{Ç¡Ø Ë³ÌXÍ�Ì ØLÙ�ØyÚ�Û>Ü Ò for
ÙÞÝ ½ and

Ú�Û>Ü|Ý Ä�À�¾ Î (SNR= Å dB)¼ Á2¾ Á�Å Î�¾ Â¬Å ½�¾ À¬Å ¿³¾Ä¬Ä Â�¾ À¬À À�¾ Â�ÄÆ{Ç
0.4 0.5 0.6 0.7 0.8 0.9Æ�ÈJÉ Ã�¾ Ã¬Ã¬Ã�¿Ã�¾ Ã¬Ã³ÄiÁ´Ã�¾ Ã¬Ã7½�Ä Ã�¾ Ã³Ä�Îu¿ Ã�¾ Ã�¿7Ã¬ÃÃ�¾ Ã7Ê¬Å¬ÊË³ÌXÍ�Ì Ã�¾ Ã¬Ã7½¬½®Ã�¾ Ã7À¬À¬Â®Ã�¾ Ã7Î7Ái¿ Ã�¾ À�ÄiÁ�½ Ã�¾ ½¬Â�Ã7À Ä�¾ Â�Ä¬Ä¬ÄÏ³Ð Ñ Ò Ã�¾ ½¬À7Á�À®Ã�¾ Î�Ã7½7Á´Ã�¾ Î¬Î¬½u¿»ÔJ¾àßDá�×fâ Ã�¾ Î¬Ê¬Åu¿»Ã�¾ ½�Ä�Â�Ä

Table5: Valuesof Ï³Ð Æ{Ç|Ø Ë³Ì�Í�Ì ØLÙ�ØyÚ�Û>Ü Ò for
ÙÞÝ ½ and

Ú�Û>Ü¡Ý À�Ã�¾ Ã (SNR= ÄXÃ dB)

APPENDIX D. DERIVATION OF MOMENTS OF LOG-
LIKELIHOOD RATIO UNDER TARGET HYPOTHESIS ( ãåä )
In deriving themomentsof thelikelihoodratio,only themeasurementswhichfall into thevalidationgate
areconsidered.The æ -th momentof thelog-likelihoodratioat time ç è iséëê Ð&ì{íîÐ!ïLÒ Ø�ðDñ Ò�ò{ó ôöõG÷ Ý øùú>û�üDý¸þ øÿ ÑXÑXÑ þ øÿ þ�� �

� � ÑXÑXÑ þ�� �
� � þ � �� � ÑXÑXÑ þ � �� � þ � �� � ÑXÑXÑ þ � �� �ì{í � Ð!ïLÒ Ø�ðDñ Ò ò�� í � Ð!ïLÒXó ðDñ
	 � Ð!ïLÒ

(162)

where � í � Ð!ïLÒXó ðDñ is the pdf in (143) of the validatedmeasurementsunderhypothesisôöõ . Using the
approximationsdiscussedin AppendixC, thelog-likelihoodratio canbewrittenasì{í � Ð!ïLÒ Ø�ðDñ Ý �� � ¿ Ù��XÆ{Ç��� À�� Ë³ÌXÍ�Ì ú>ûù� ü õ�� è ������� ê�� Ð � è � Ø�ð Òy÷"! Ð Ä"# Æ{Ç Ò%$ (163)

Usingthesamechangesof variablesasthoseintroducedin AppendixC, onehaséëê Ð&ì{íîÐ!ïLÒ Ø�ðDñ Ò ò ó ôöõG÷ Ý Ð Ä"# Æ{Ç ÒGí �� Ð Ä"# Æ{Ç Ò ñ ò'&�(*),+.-/+ À�01& (*),+2-/+��� À�� Ð ¿ ! Ú�Û Ü Ò43 øùú>û!ü õ Æ õ ( ú>ûÈJÉ Ð Ë³Ì�Í�Ì Ò ú>û ( õ576 Ù � ú>û ( �
¼ Ä�À�¾ Ã7Î Ê�¾ Ê¬Î Å�¾Ä¬Ä Î�¾ Â¬Å ¿³¾ Î¬À À�¾ Â¬½Æ{Ç

0.4 0.5 0.6 0.7 0.8 0.9Æ�ÈJÉ Î98 ÄXÃ ( 0 ¿�Á:8"ÄXÃ ( 0 À¬Ê¬Ê;8"ÄXÃ ( 0 Ã�¾ Ã¬Ã³ÄiÁ Ã�¾ Ã¬Ã7Ê¬Å Ã�¾ Ã7Ê¬½u¿Ë³ÌXÍ�Ì Á¬Á:8"ÄXÃ ( 0£Î¬À¬Î;8 ÄXÃ ( 0 Ã�¾ Ã¬Ã�¿7Ã Ã�¾ Ã7À¬Àu¿ Ã�¾Ä�Â�Ã7À Ä�¾ À¬Îu¿fÄÏ³Ð Ñ Ò Ã�¾ ¿2Â�Ã2Á Ã�¾ ½�Ä�Â¬Î Ã�¾ ½¬Å¬Å¬½ Ã�¾ Î¬½¬Î�Ä ÔJ¾àßDá=<¸â Ã�¾ ¿2Ê¬Ê¬Â
Table6: Valuesof Ï³Ð Æ{Ç|Ø Ë³Ì�Í�Ì ØLÙ�ØyÚ�Û>Ü Ò for

ÙÞÝ ½ and
Ú�Û>Ü¡Ý Â�Ä�¾ Á (SNR= Ä�À dB)
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> ?1@�A BDC ?1C�A E=F ?1B�A BDC G�A CDH I�A CDI B�A J�EKML
0.4 0.5 0.6 0.7 0.8 0.9K�NPO E E C:QR?,E�S*T F�H9QR?,E�S*T E�A EDE'?�J E�A E�G�E=FU'V,W�V E JXQR?,E�S*TYIDH9QR?,E�S*T E�A EDE'?,E E�A E'?1@�F ?�A B�E�BDCZ'[4\ ] E�A BDC�E�G E�A HDH�JDJ E�A J^?,E�@ E�A J=@DHDB _PA `*`^ab` E�A J^?D?D?

Table7: Valuesof Z'[ KMLdc U'V1W�V c/e*c2fhgji ] for
e;k C and

fhgjilk C�E�A B (SNR= ?�J dB)

> BD@�A E�G BDH�A B�? ?1@�A @DG ?�J'A F�? ?,E�A E�J B�A J=BKML
0.4 0.5 0.6 0.7 0.8 0.9K�NPO E E E E JDJXQR?,E�S*TmE�A E�@D@DGU'V,W�V E E E C9QR?,E�S*T E�A EDEDE�I ?�A?
F�@�FZ'[4\ ] E�A E�H�?1CnE�A?D?�J^?oE�A?1G�E'? E�A BDIDB�F _PA p*p*qsr E�A B�F�IDH

Table8: Valuesof Z'[ KMLdc U'V1W�V c/e*c2fhgji ] for
e;k C and

fhgjilk F�G�A I (SNR= ?1I dB)

t�uv \,\,\ t�uv t Vw \,\,\ t Vw t Vw \,\,\ t Vw t Vw \,\,\ t VwQ7x�yz|{ B�T e�},K�NPO~�� B�~ U'V,W�V [ J�� fhg i ]4�|�j���,��� [ ?j���^��� � ]=�����s� �^��� �d� ?B [�� ��
� � � �� � � � �� } ]2� � [ ? � KML ]%���s�
Q��� � �j���,��� [ ?j���^��� � ]=�����P� �^��� �d� ?B [�� ��
� � � �� � � � �� } ]2� ��� � B�~B e¡  } [ ? � KML ] U'V1W�VKMLj¢ £ ¤¥Q ������¦§ � �j��¨ ��� � � ¨ª©«¬ � ¬ � (164)

Thenumericalvaluesof thefirst two momentsat SNR
k J dB for differentprobabilitiesof detectionare

presentedin Table9. > H�A @�E H�A H�? H�A BDB H�A?�J B�A IDB B�A BDBKML
0.4 0.5 0.6 0.7 0.8 0.9K�NPO E�A E�BDB�J®E�A E�HDIDInE�A E�J�EDE¯E�A E�J=H�?oE�A E=F�BDInE�A?,E�@�EU'V,W�V E�A BDG�F�HnE�A J=@DCDBnE�A CDH�E�BnE�A C�F�BDBnE�A GDIDB�F°?�A J=H�?1B± � ?�A F�@D@DI ?�A F
J=BDG ?�A F�E�B�J ?�A I�F�I�E ?�A J�F�H�J ?�A?1GDCD@² � H�A E�@�?1H¯H�A E�JDJ=B¯H�A E�CD@�E®H�A E�CDH�J³B�A @�FDF�I¯B�A I�E'?1B

Table9: Valuesof ± � and ² � for
e9k C and

fhgjidk F=A E (SNR= J dB)
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APPENDIX E. DERIVATION OF MOMENTS OF LOG-
LIKELIHOOD RATIO UNDER NO TARGET HYPOTHESIS ( ´¶µ )
Whenthereis notarget,the · -th momentof thelog-likelihoodratioof themeasurementsin thevalidation
region at time ¸4¹ isº�»%¼M½¾»�¿/À.ÁÃÂÅÄ ÀÇÆ�È É;Ê
ËÍÌ ÎÏÐjÑ�Ò ÊbÓ ÎÔÖÕ,Õ,Õ Ó ÎÔ Ó�×bØ×PÙ Õ,Õ,Õ Ó�×bØ×PÙ ÓÛÚ
ØÚ�Ù Õ,Õ,Õ ÓÛÚ
ØÚ�Ù ÓÝÜ%ØÜÇÙ Õ,Õ,Õ ÓÝÜ%ØÜÇÙ»%¼M½ Þß»�¿/À.ÁÃÂÅÄ ÀÇÆ�àM½ Þß»�¿/À,È É;ÊªÄ
á�Þß»�¿/À

(165)

where
¼M½ Þß»�¿/À.ÁÃÂÅÄ

is thesameasin (163)and
àM½ Þß»�¿/À,È É;ÊªÄ

is givenbyàM½ Þß»�¿/À,È É;ÊªÄâÌ ã ÐjÑäæå�ç*è,é.ê/é
ë ç ÐjÑìPíî ¹4ï ð�ñ�òôóõ ö�÷ ÐjÑÏø Ò�ù�ú ¹ ø'û üý (166)

After similarmanipulationsasin AppendixDþ º�»%¼M½¾»�¿/À.ÁÃÂÅÄ ÀÇÆMÈ É;Ê
ËÍÌ ½ ÿ��s»�� ÷ ë�� À ÄÆ å ç*è,é.ê/é�� ÎÏÐjÑ Ò�ù å�ç*è,é2ê/éî ï � ã ä
	�äë ìPí����� ÐjÑ
Ó ÎÔ Õ,Õ,Õ Ó ÎÔ Ó äÊ Õ,Õ,Õ Ó äÊ Ó äÊ Õ,Õ,Õ Ó äÊ Ó äÊ Õ,Õ,Õ Ó äÊ
��� ÿ���� ��� �  ë ìPí��� � � ã ä
	�ä »�� ���! #" À%$ ÐjÑÏ& Ò�ù »�� �(' ú ¹ & À ð�ñ�ò º ' ú ¹ & ÷ �� »�) $& ù � ) $& $ � ) $&  À2Ë � »�� ÷ ë�� À+*-, Æ
� ð�ñ�ò(./ ÷ ÐjÑÏø Ò�ù=ú ¹ ø102 á ú á3)

(167)

Thenumericalvaluesof thefirst two momentsfor differentprobabilitiesof detectionatSNR
Ì4�

dB, are
presentedin Table10.5 6�7 8�9 6�7 6 � 6�7 �:� 6�7 �;� � 7 < � � 7 �:�ë�� 0.4 0.5 0.6 0.7 0.8 0.9ë ìPí 9�7 9 �:� � 9�7 936:<:< 9�7 9 � 9:9 9�7 9 � 6 � 9�7 9>= � < 9�7 � 938�9ã ä
	�ä 9�7 �:? =�6 9�7 � 8:@ � 9�7 @:6�9 � 9�7 @3= �:� 9�7 ? < � = � 7 � 6 � �A Ê ÷ 9�7 � <:@�9 ÷ 9�7 < � 6:@ ÷ 9�7 8:6�938 ÷ � 7 � 63=�6 ÷ � 7 � =�@ � ÷ � 7 8 ? < �B Ê 9�7 �C� <:< 9�7 �:� � � 9�7 @ � = � 9�7 <:6:8 � 9�7 =�6 �:� � 7 � 9383=

Table10: Valuesof A Ê
and B Ê

for � Ì @ and �! " Ì =>7 9 (SNR=
�
dB)

APPENDIX F. CALCULATION OF PROBABILITY OF
DETECTION IN A HEXAGONAL AREA

Theprobabilityof detectionin a hexagonalregion correspondingto thetriangularlatticesearchpattern
(squarein therectangularcaseof Fig. 3(a)) is foundby selectinga numberof pointsin this region and
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Figure7: Discretizedpointsin ahexagonwhere D�EGF H%I ’s arefound.

finding theaverageof thedetectionprobabilitiesof thosepoints.Theprobabilityof the J -th point at theK
-th rangebin of the L -th hexagonis takenas

D�EGF H%INM OQPSRTU�VXW1Y OQPZD�EG[]\ (168)

whereD�EG[ is theprobabilityof detectionof a targetat the J -th pointdueto the ^ -th dwell of thetotal _
dwells.Assuminguniform distribution for thetarget locationover thehexagonalregion D�E F H usedin (2)
is calculatedusing

D�E F H M O`bacd VXW3e d D�EGF H%I (169)

where ` is the numberof points in the hexagonand e d arethe weightsgiven to eachof thesepoints
dependingon their locationin thehexagon.At thecornersof thehexagontheweightsare Ogf�h (because
sucha pointappearsin h hexagons)andat theonesinsidethehexagontheweightsare O .
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