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Abstract

The identification of a linear discrete-time control system’s loop gain is addressed. The
classical Kalman filter theory for linear control systems is extended and the control system’s
state and loop gain are jointly estimated. Explicit formulae for the loop gain’s (unbiased)
estimate and estimation error covariance are derived.

1 Introduction

Feedback, and the reliance on high gain action, are used to mitigate the ill effects of the un-
structured environment where the controlled plant is operating. At the same time, the benefits
of feedback control, and, in particular, high gain action, are severely circumscribed by sen-
sor noise (Houpis and Pachter, 1997). System identification entails the estimation of a control
system’s parameters from measurements on the system’s inputs and outputs (Ljung, 1987); as
such, system identification lends itsef well to integration into modern feedback control synthesis,
because no additional hardware, i.e., sensors or actuators, above and beyond the components
used in conventional feedback control, are required. The incorporation of system identification
into feedback control law synthesis calls for additional signal processing, however, a reduction
in plant uncertainty is achieved. Therefore, lower gains in the feedback control law are possible.
Hence, there is a strong incentive for the incorporation of system identification into control law
synthesis and the employment of indirect adaptive control. Unfortunately, system identification,
which entails the estimation of all the plant’s parameters, resides in the realm of nonlinear fil-
tering. It is however recognized that of paramount importance in control law design is accurate
information on the control matrix parameters, e.g., in flight control one then refers to the “con-
trol derivatives” (Chandler et al., 1998). Now, in linear control systems, and provided that the
dynamics matrix is known, the exclusive estimation of the parameters of the control matrix only
is reducible to a problem in linear regression, and therefore, is amenable to analysis using linear
mathematics. Hence, a rigorous, i.e., an unbiased, estimate of the parameters of the control
matrix can be obtained. In this paper a simplified version of this problem is addressed and
an algorithm for the estimation of a control system’s critical loop gain parameter is developed.
The inclusion of a “forgetting factor” into this basic algorithm will afford on-line operation.
Thus, a mechanization of an indirect adaptive control system which incorporats the loop gain
identification algorithm developed in this paper is possible.

*E-mail: meir.pachter@afit.af.mil

1657



Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999

1.1 Problem Statement
The linear discrete-time control system is considered,
Tpr1 = Az + Kbug +Twyg, k=0,1,...N —1, E(wkwg) =Q
To = N(To, Pog)
K = N(K,, Ps,,)

Y1 = Cxp41

~ I~
w N
— — — ~— ~—

ot

T
241 = Ykl + Vkt1,  E(Upp1vp) = R

In the special case of a single output, the measurement equation (5) is
21 = Ykl + Vki1,  Uppr = N(0,07) (6)

The control system’s state z; € R"™. The dynamics matrix A, the control matrix b, the
observation matrix C and the vector I" are known. The respective process and sensor noise
intensities, Q and R (or o) are also known. In addition, the prior information specified in egs.
(2) and (3) is provided. It is required to identify the scalar loop gain K, given the input sequence
ug, Ui, ..., un—1 and the measurements record z1, 23, ..., zy. An stimate of the control system’s
state is also obtained.

Here, the loop gain parameter K is treated as an unknown and an algorithm for the iden-
tification of K is developed. Hence, e.g., in the flight control application, one can now handle
control surface failure: Obviously, for an unfailed plant (aircraft) the loop gain K = 1 (by
definition), viz., K is unity, until a failure at time ¢; forces K < 1.

In this paper the identification of the control system’s loop gain K is undertaken. The
classical Kalman filter theory for linear control systems (Maybeck, 1982) is extended and the
control system’s state and loop gain are jointly estimated. Explicit formulae for the loop gain’s
(unbiased) estimate and estimation error covariance are derived. The state estimate and the
covariance of the state estimation error are also obtained. The main develoment is undertaken
in Section 2 and the results are summarized and discussed in Section 3. Concluding remarks are
made in Section 4.

2 Recursive System Identification Algorithm

Since the unknown loop gain K is a constant, we augment the dynamics as follows.
K1 = Ky (7)

Hence, the augmented state dynamics evolve in R"*! and are

(&)= () () () §

and the measurement equation is

X
Zpy1 = ( cC o0 ) ( K];i > + Vg1 9)

The prior information at time k is

(%)= (&) 7n) w
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where
Pr,. Dk, >
P — Tx K 11
Ft) < pgxx Pkkk ( )

is the estimation error covariance matrix.

Note: The estimation error covariance matrix is partitioned as follows:
1
Pkm S %nxn, Pk, € §Rn, Pk € .

Hence, before the z;11 measurement is recorded, the augmented state

Teil ) _ A ugb B A ugb P AT 0 N rQr’ o
Key1 ) 0 1 K, )\ 0 1 R \ b 1 0 0

- N (< Aa:k —i—AKkbuk > ’

K,
APy, AT + u (AP, b7+ :
bl AT) + udpr, 0T +TQIT APk, e + UkPhyc b
p%;KAT + ukpkKKb Pl

Next, apply the Bayesian estimation formula

it =32 +K[z— Hi], (12)

viz.,

Ay + Kib Ay + Kib
< ﬂfk-;( kuk>+,€<2k+l_(c : O)( xk-;( kuk>>
k k

Ay + Kkbuk
Ky

< Tht1 )
K11

) T K <zk+1 —CAzy — ukf(ka)
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where the Kalman gain

AszIAT + uk(AplebT + bp%;KAT)

A b
UL Prge 00T+ TQTT Phorc + UkDhy i

pkaAT_‘_uk‘pk’KKbT pk‘KK
T
< c ) x {CAPy,, ATCT + w,[CApy, . (CH)T + (Cb)(CApy, )T
+ Uy (CD)(CD)T + oTQTTCT + R} !

APy, ATCT + ui[Apy, . (CH)T +b(CApy, )T
+Upry H(CH)T + TQITCT

pu— ><

(CApsz)T + UkDkk i (Cb)T

{CAP,, , ATCT + ui[CApy., . (CH)T + Cb(CApy, )]

+ WP (COY(CV)T + CTQTTCT + R} !

Finally,
Pit1s) = Prorey = KH Py
Hence, we calculate
AP, AT + uk(Apk KbT—|-
bf AT) + udpp BT+ TQET PR PR
pgzKAT +uk‘pk’}(}(b Pk

{AP,,, ATCT + ui[Apy, . (C)T 4+ b(C Apg, )]
w2 B(CH)T + TQUTCTY x {CAP,, ATCT
+up[CApr, ;. (CH)T + (Cb)(CAp, 1 )"] + uZPkser (CH)(CH)T
—I—CPQFTCT + R}_l X [CAPkMAT + uk(CApszbT
+Cbpy. AT) + U Phy, COOT + CTQTT

[(CApr, )T + urpry . (CH)T] x {CAP,,, ATCT
+up[C Apy, . (CH)T + (C0)(C App, ;)] + Ujpr . (CO)(CH)T
+CTQTTCT + R} x [CAP,,, AT + uip(C Apy,, , T
+Cbpf AT) 4+ U prye, CHOT + CTQTT]
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{APy,, ATCT + ug[Apy,, (CO)T + b(C Apy, ;)"

U2 pr B(O)T + TQITCTY x {C AP, ATCT
+uR[CApp, ;. (CO)T + (Cb)(CApy, ;)] + uf e (C)(CH)T

+CFQFTCT + R}fl X (CApka + UkDkye (Cb))

+ug[CApg, ()T + (CH)(C APy, )] + Uiy (CD)(CD)T
+CFQFTCT + R}fl X (CApka + UkDkye (Cb))

Thus,

+TQTT{[AP:,, AT + wp(Apg, 0" + bpi. A7)

+ Upr DO +TQTT ™ — cT{C AP, ATCT

+ug[C Ap, . (Cb)T + (Cb)(CApr, )] + UiDige (CH)(CH)T
+CTQITCT + RY 'CYHAP,,, A" + up(Apy, " + bpf.,  AT)

FUpprg WD+ TQTT] (16)

Next, recall the complete Matrix Inversion Lemma (MIL):
Lemma 1 Assume relevant matrices are compatible and invertible. Then
(A1 — AgAJ T Ag)™h = AT + AT Ao (Ay — AsAT Ap) 1 A5 AT (17)
Applying the MIL to the expression in the outer curly brackets from eq. (16), viz,
{[APy,, AT + u(Apg, b7 + bpf A7) + P, 0BT + TQTT] ™
— CT{CAP;,,ATC" + u},[C Apy,, (Cb)T + (Cb)(CAp, ;)]
+ URDiy (CH)(CH)T + CTQITCT + R} 'O}
where we set

Ay = [APy, AT + up(Apj, b7 + bpf,  AT) 4+ uppr b+ TQIT]!
Ay =CT
A3 =C
Ay = {CAP,,, ATCT + ui[CApy, . (CD)T + (CD)(CApy, )T
+ WPy (CD)(CH)T + CTQTTCT + R},

we obtain
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{[AP;,, AT + ug(Apy,, 0T + prIKAT) + Uppy WO+ TQTT| 7L — CT{C AP,  ATCT
+u[CAp, . (CH)T + (CO)(CApr, . )T] + uiprye s (CH)(CH)T + CTQTTCT + R} 1O}

= [APy,, AT + up(Apr, b + bpf AT) + U ppy 0T + TQTT] + [AP;,, AT
Fuk(Apr, b7 +bpf AT) + Ui pr 0T + TQUTICT{{CAP,,, ATCT + ui[C Apy, . (CH)T
—l—(Cb)(CAkaK)T] + u%pkKK (Cb)(Cb)T + CPQFTCT + R} — C[AP]CMAT + uk(AkaKbT
+bpp. AT) + Uik 00T + TQTTICTYICIAP,, AT + up(Apy, 0" + bpf AT)
+upr g b7 4+ TQIT]

Reducing the above gives

[APkm AT + ug (ApszbT + bpzzKAT) + u%pkKKbbT + FQFT]{[AP]CM AT + uk(Apsz bT
+bpi AT) + upry 00T + TQUT] ! + CTRTICHAP,, AT + up(Apg, 0" + bpi.  AT)
+upr e 00T 4+ TQI'T]

Hence, eq. (16) can now be reduced to:

Peia,, = {[APe,, AT + ui(Apy, b7 + bpf,  AT)
+ UPR DO+ TQTT ™ 4 TRV !

In addition,
Pk+1xrx = Pkxx — [(CApsz)T + UkPkg g (Cb)T]{CAPkm ATCT
+ Uk [CApsz (Cb)T + (Cb)(CApsz)T] + u]%‘pkKK (Cb)(Cb)T
+ CTQTTCT + R} HCAp, o + urPryy (CD))
and

Phitone = APk, + UrPry b — {APw,, ATCT + up[Apy, . (CH)T
+0(CAP,, )] + uipr,  (CD)T +TQITCTY x
{CAP,,, ATCT + ui[CApy, . (CH)T + (C)(CApy, )]
+ U Py (CD)(CH)T + CTQTTCT + R} (CApy,
+ UkDkge i (CD))

We also partition the Kalman gain vector as follows
K
e= (k)

Ky = {AP,, ATCT + u[Apy, . (CH)T +b(CApy., . )T]
+ U Py D(CD)T +TQTTCTY x CAP,, ATCT
+ ug [CApka (Cb)T + (Cb) (CApka )T] =+ U%PkKK (Cb) (Cb)T
+orQrte? + ryt

where
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and
K = [(CApp, )" + wkprye, (CH) {C AP, ATCT

+ up[C Apk, , (CH)" + (C)(CApi, ;)" + UjPise i (CH)(CH)T

+crQrte” 4+ ry! (23)
Hence,

Tkr1 = AZp + Kkbuk + /Cx(zk+1 — CAzy — Kkauk) (24)

[A(]H_l = f(k + ’CK(Zk+1 — CA.fk — Kkauk) (25)
3 Results

The above derivations are summarized in the following.
Theorem 2 Consider the following linear estimation problem: The linear dynamical system is
Tpy1 = Az + Kbug +Twg, k=0,1,..,N -1, Ewwl)=Q (26)

The prior information is

To = N(Zo, Po,) (27)
K = N(K,, P,,) (28)
The output signal
Yk+1 = Capq (29)
and the observation equation is
Zkt1 = Ykl + Uks1,  E(vgs1vig,) = R (30)

The martices A, b, C and T' are known. The respective process noise and measurement noise
covariance matrices, ) and R, are also known.

Denote by Ty, and K}, the respective estimates of the state at time k, xp, and the loop gain,
K, given the measurements record z1, ..., 2, the input sequence ug, ..., ux_1, and the prior infor-

mation on x, and K. The covariance of the estimation error of the 3[3? vector is denoted
P
by the partitioned matrix P, = < 713“ Phox >
Py Pkrk
Initially, set
i’o:i'o; f{o:Ko; -PoggI :Pozy poKK :POK) Porx =0.
Then for k=0,1,..., N — 1, the state and gain estimates are
fEk—l—l = Ai?k + Kkbuk + ICx(zkH — CAik — K}CCbuk) (31)
KkJrl = Kk + ,CK(Zk+1 - CAQAfk - Kkauk) (32)
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where the Kalman gains

Ky = {AP,, ATCT + u[Apy, . (CH)T +b(CApy., )]
+ U P D(CD)T +TQTTCTY x {CAP,,, ATCT
+ ug[C Apy, . (CD)T + (C)(C Apy, )]
+ U P (CD)(CH)T + oTQTTCT + R} (33)

and

Ki = [(CApr, )T + wprye . (CH)T] x {CAP,, ATCT
+ ug[CApy, . (CD)T + (CD)(C Apy, )7
+ WPy (CD)(CH)T +CTQTTCT + R} ! (34)

Furthermore, the estimation error covariances are

Pit1,, = {[APk, A" + up(Apy, 0" + bpj,  AT)
+ U PR BT +TQTT ]+ CTR™IC}! (35)

P+l = Pk — [(CApsz)T + UkPk (Cb)T]{CAPk’mATCT
+ uk[C Ap, , (CH)T + (C)(CAp, )" ] + UjPrsec (CH)(CH)T
+ CTQTTCT 4+ R} H(CApr, ;o + UrDryr (C)) (36)

and

Phityse = APy + Wkbhyercd — {APk, ATCT + wi[Apy, . (Cb)"
+ D(C APk, )T + UrDhse D(CH)T + TQITCTY x
{CAP,,, ATCT + ui[CApy,, . (CH)T + (Cb)(CApg, )T ]
+ U Dk (CD)(CH)T + CTQTTCT + R} x
(CApr, i + UkDryc (CD)) (37)

Remark 3 An application of the MIL will reduce the number of matrix inversions such that
only the low-order matrix

CAPy,, ATCT + up[CApy, . (CY)T + (CD)(CApy, ) '] + uipry . (CH)(CH)T + CTQTTCT + R
needs to be inverted.

It is important to realize that the absence of complete plant information, viz., the uncer-
tainty in the loop gain parameter K, causes both the loop gain and the state estimation error
covariances to be dependent on the input signal - see, e.g., egs. (35)-(37). This is a major
departure from the classical state estimation paradigm in linear control theory. Thus, the loop
gain estimate K (and alo the loop gain estimation error covariance) are now time depedent; ob-
viously, the best loop gain estmate is obtained at the end of the estimation interval, at time N.
In addition, the algorithm - provided loop gain and state estimates are correlated. Furthermore,
the loop gain and state estimates’ dependence on the input signal is nonlinear. The input signal
dependence of the loop gain and state estimation error covariances, is a unique manifestation of
the dual control effect.
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Corollary 4 Consider the classical Kalman filter paradigm where K is known, i.e., K=1. In
this special case

Dorr = 0, Do, =0, Dk = 0, Dkyre = 0 forallk=1,2,...

and it follows that

P, =Py, (38)
Kr=0 (39)
Ki = (AP, AT + TQTT)CT{CAP,  ATCT + cTQrTC” + R} ! (40)
Pry1,, = (AP, AT +TQIT) "'+ CTR7I O (41)

Thus, the classical Kalman filter formulae are recovered.

Remark 5 If z, is known, viz., x, = N(Z,,0), i.e, P,, =0, and only the loop gain parameter

K is not known, t.e., P, , =0, p,,, = 0, one nevertheless has to deal with an uncertain x at

time k (even if I' = 0 and if there is no process noise), and one must propagate < ;{k > and
k

Py

(n+1)X(n+1) "

Corollary 6 Special case: Cis a row vector (= scalar measurement).
Then the estimation algorithm is

Bp1 = Aty + Kpbug + Ko(2p41 — CAZy — Ki(Ch)uy) (42)
f(kJrl = Kk + K:k(zk+1 — CAzy, — Kk(Cb)uk) (43)

where the Kalman gain for state estimation
1 T ~T 2 T AT
Ky = Y{APkMA C" + ui[(Cb)Apg, . + (CApg, ;. )b] + ui(CO)pry b+ TQT C* } (44)
and where the scalar X,
X = CAPy, , ATC" + 2ui(Cb)C Apy,, . + u2(Ch)*pry,e + CTQTTCT + R (45)

The Kalman gain for loop gain estimation is

[C Apr, e + uk(Cb)Pregerc]

Kr = e (46)
Finally, the estimation error covariances are
_ 1 _
Pit1,, = {[APk,, AT + up(Apy, b7 +bph  AT) + ufpr, b7 +TQTT] ! + E(JTC’} L(47)
CApr, ;o + ur(Ch)pry )2
Phtixx = Phxx — [ K X( ) KK] (48)
CApy,,c + ur(Ch)pg
Phtlox = APkyg + UkDhpe b — = = ()P

(AP, ATCT + ui[(Cb) Apy, .. + (CApp, . )b] + Ui (CH)pry b+ TQTTCT}  (49)
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4 Conclusions

An algorithm for the identification of a control system’s loop gain is presented. The derived
algorithm yields joint estimates of both the system’s state and the loop gain. The loop gain/state
estimation algorithm is being referred to as a system identification algorithm, and rightfully so.
Our assertion is not just contingent on the obvious, viz., the (crucial) loop gain plant parameter
is now estimated - this, vis a vis the classical Kalman filtering paradigm where the estimation of
the state of a completely known linear system is exclusively addressed. Indeed, our estimation
algorithm, while superficially similar to the classical linear Kalman filtering algorithm, entails
time-varying dynamics. Moreover, in contrast to the classical linear Kalman filtering algorithm,
in our algorithm 1) The loop gain and state estimates and the respective covariances of the
estimation errors are dependent on the input signal, and 2) The input signal is processed in
a nonlinear fashion. Thus, a unique instance, where the dual effects of control are at work, is
analyzed. At the same time, and most importantly, unbiased estimates of the loop gain and of
the system’s state, and the respective estimation errors’ covariances, are obtained. This lays
the foundation for on-line control system loop gain identification and indirect adaptive and
reconfigurable control.
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