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Abstract

The problemof acquiringan incomingtheaterballistic missile (TBM) presentamary complex
challengesThe missileshouldbe detectedandits stateestimatedisingthe measurementavailable
from a shortwindow of time becauséhe flight time is short. In this paperthe acquisitionof anin-
comingtacticalballistic missileusingthemeasurementfsom asurfacebasectlectronicallyScanned
Array (ESA)radaris presentedln view of theemegenceof low radarcrosssectionTBMs, it is im-
portantto be ableto acquirelow SNRtargetsat long range. Suchtargetsare characterizedy low
detectionprobability andhigh falsealarmrate. We presenta batchMaximum Lik elihood Estimator
(MLE) to acquirethe missilewhile it is exo-atmosphericThe proposedestimatoywhich combines
MLE with the ProbabilisticData Association(PDA) algorithmto handlefalsealarms/clutteralso
usesthe amplitudeinformation (signal strength),in additionto rangeand anglemeasurementgp
obtainaccuratdargetstateestimates.The useof the amplitudeinformationfacilitatestargetacqui-
sition underlow SNR conditions. Typically, ESA radarsoperateat around13dB, whereaghe new
estimatoiis shavn to be effective evenat 4dB SNR, for a Swerlinglll type fluctuatingtarget,which
representsignificantcounterstealthcapability In otherwords, this algorithmactsasan effective
“powermultiplier” for theradarby afactorof 8 (9dB). In additionto theML estimatoyatrackvalida-
tion schemewhichis usedto confirmthe presencef anincomingmissileat the estimatedocation,
is alsopresentedThe CramerRaolLower Bound,which quantifiesthe stateestimateaccuraciest-
tainablefor this low-obsenableestimationproblem,is alsopresentedindshowvn to be achiered by
the proposedestimator It is alsoshavn that the optimum detectionthresholdof the radarcanbe
found by maximizingtheinformationreductionfactorthataccountgor thelossof information.

1 Introduction

A substantiathreatcomesfrom the theaterballistic missiles(TBM) with rangeof lessthan500 miles.
This hasstimulatedextensve actvity in theareaof Ballistic Missile Defensg BMD). Thefirst require-
mentis acquiringandtrackingincoming missilesto eventuallydirectinterceptorsor otherdefenseap-
paratusto destry them. The acquisitionof a missile consistsof estimatingits position and velocity
using sensordike radarsor electrooptical sensordEOS). Someof the technicalchallengeghat must
be overcomearethe shorttime availablefor acquiringa missile,the needof acquisitionat a long range
andthe presencef spuriousmeasurementdueto the low detectionthresholdmadenecessarpy the
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tamget’s low radarcrosssection(RCS).Sincecurrentsystemswill typically initiate a trackonly if there
is a signal-to-noiseatio (SNR)of 13dB , it is of interestto investigatealgorithmsthatcanperformthis
for substantialljower SNR. Specifically this paperpresentsan algorithmthat can detecta track and
initialize it for afluctuatingtarget with anaverageSNR of 4 dB. In otherwords, this algorithmactsas
aneffective power multiplier for theradarby afactorof 8.

Theflight of a ballistic missile consistsof threephasesboostphase ballistic phase(midcourseor
freeflight phaseandterminalphasgreentryphase).Thesephasesreillustratedin Figurel. Thetotal
flight time lastsfor 5-10 minutes.Whena missileis launchedgarlywarningsatellitescandetectthe hot
exhaustplumeof the missileandprovide informationto surfacebasedadarsto searctfor the missilein
acueingregion. This paperdealswith the problemof enhancinghe performancef theexisting surface
basedadarin detectingandinitiating thetrackbeforethe missileentersheterminalphase.
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Figurel: Stagesf ballistic missiletrajectory

Therehasbeenawidespreadnterestto developtrackingalgorithmsfor aneffective defenseagainst
tactical ballistic missiles. An optimal ballistic missile track initiation algorithm basedon Maximum
Likelihood(ML) Estimatorusingmidcoursesatelliteobserationsis presentedyy (Yeddanapudiet. al.,
1997). An extensve investigationof the performanceof variousfilters basedon extendedKalmanfilter
(EKF) for the reentryphasewasdoneby (Mehra,1971)and(Siouris, et. al., 1997). Oneof the main
difficulties is to acquirethe missilesat a sufficiently early stage. This is importantbecausalefense
systemsshouldbe ableto interceptthe missilewell abore the intendedimpactpoint. The problemis
compoundedby theinherentdifficulty of detectingthetrack of low SNRtamgetsdueto the unavoidable
high falsealarmrate with which the tracker hasto deal. The relatedwork is (Yi Cong,et. al., 1997)
wheresatellitebasednfrared (IR) measurementwereusedto estimatethe trajectoryof a TBM during
boostphasgwhenit is highly visible onceit is above the clouds).Subsequentythis wasusedto predict
the positionof the TBM justprior to reentrywhenit entergheacquisitionrangeof asurfacebasedadar
Thiswill beusedin the presentvork to cuetheradarsearch.
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Targetdetectionandtrackingin the presencef cluttef hasbeentreatedextensvely in theliterature.
Thework in (Jaufret, et. al., 1990) dealswith the problemof track formationin the caseof passie
sonarsystemsHowever, the ballistic missileacquisitionproblemdemandsdditionalconsideratiordue
to theuniquedifficultiesit presentsThe equationgjoverningthe motion of thetargetarenonlinear The
extendedKalmanfilter formulationfor this problemwould not only have to dealwith usualapproxima-
tions of nonlinearitiesput it would requireidentificationof the tamget-originatedneasurementsyhich
is not feasiblein alow SNR situation. (see,e.g.,Fig 5). Thework of (Jaufret, et. al., 1996)extended
the approachof (Kirubarajan,et. al., 199) by including the amplitudeinformation(Al) of thereceved
signalin the ML estimatoito enhanceheobserability of thetamyet. Incorporatiornof thisinformationin
thelikelihoodfunctionenabledrackdetectiorandestimationatvery low SNR.Anotherwork (Lerro, et.
al., 1993)investigatedhe performanceof the interactingmultiple model (IMM) estimatorfor tracking
with tamgetamplitudefeature.

This paperis organizedasfollows. First, somebackgroundmaterialis presentedn Section2, along
with the modelof the radar model of the target andderiation of the probability distribution function
of SNR. Section3 presentghe formulationof the estimatoy the underlyingstatisticalassumptionsthe
boundsof the estimatorand the likelihood ratio test, which is usedto validatethe track. It is also
shavn thatthe optimum detectionthresholdof the radarcanbe found by maximizingthe information
reductionfactorthataccountdor thelossof information. We illustratethe numericalimplementatiorof
theestimatoiin Sectiord. Finally, Section5 summarizesheresults.

2 Background

The mainfocusof this paperis to initialize the missiletrajectorystateestimateusingthe measurements
obtainedby asurfacebasedadarfor ashortperiodof time (typically 5s),beforeit entergheatmosphere.
Thesemeasurementsontaina large numberof falsedetectionsaandthe taiget originatedmeasurements
cannotbedistinguishedrom thefalsemeasurementdn this paperaML estimatorto estimatehetamget
stateatanSNRaslow as4 dB is presentedThe ML estimateof anunknavn targetparametevectorx is
thevalueof x which maximizesthe conditionaldensityp(Z|x) of theobseration (measurementjector
Z whichis thelikelihoodfunctionof x (BarShalom.et. al., 1998). The majorfeaturesof theapproach
are:

1. Useof the exactballistic motionequationf thetamet,
2. Ability to handlefalsemeasurementdy 4 > 0) andtargetdetectionprobability Pp < 1,

3. Incorporationof tamget features— in this casethe taget RCS fluctuationmodelwith a certain
averageSNR.

2.1 Coordinate Systemsand Target M odel

The motion of the missile above the atmospherds governedby Keplers laws. Threeright handed
Cartesiarcoordinatesystemdhaving origins at differentlocationsare usedin formulatingthe problem.
The earthcenterednertial (ECI) coordinatesystemhasits origin at the centerof the earth,with the
positve z axis pointing alongthe vernalequinoxdirectionandthe positve z axis passingthroughthe
North pole. Keplers laws areexpressedn this coordinatesystem.Theearthcenteredarthfixed (ECEF)
coordinatesystemhasits origin at the centerof the earth,with the positve z axis passingthroughthe
primemeridianattheequatondthe positive z axispassinghroughtheNorth pole. Thethird coordinate

YIn mostinstancesclutter referredto randomclutter, which, like the falsealarms,can be modeledby a spatialPoisson
process.
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frameis locatedat the radar This frame hasits origin at the radar with the positive x axis pointing
towardsthe northandthe positive z axis pointing vertically up. Letx} = [pj, p},]' bethe6 dimensional
talget statevectorat time ¢, wherethe superscripR denoteghatthe vectoris expressedvith respect
to radarcoordinateframe. Thevectorspy, = [£(tx) n(tx) C(tx)] andpy, = [£(tx) 7(tx) C(t1)] arethe
positionandvelocity of thetarget,respectiely. Thestateof thetargetatthereferencagimet, isxg. The

statepropagatiorequationcanberepresenteds

xj, = £(x(, o, t) (1)
wheref(-) is givenin AppendixA.

e Missile

yECEF

yECI

T

ECI ECEF

Figure 2. Relative positionsof ECI, ECEFandRadar
coordinateaxes.

2.2 Radar Operation

In the developmentof the problema 4 GHz amplitudecomparisormonopulsgphasedarrayradarwith
uniformillumination acrosshearrayis emulatedBlair, et. al., 1998). Eachradardwell consistsof one
phase/frequencdiscretecodedpulse. Therangegateis assumedo cover the cueingregion depthwhile
severalbeamsare neededo cover this region in width. Theradarbeamis quasi-circulawith the 3 dB
beamwidthg,,,, increasingasthebeamis steereff thebroadsidalirection. Thebeamis pointedto the
commandedlirectiongivenby theradarmanager

In atypical missileacquisitionscenaridheradarperformsavolumetricsearchscanoverthesuneil-
lancevolumeusinga numberof dwells. This is achiezed by changingthe commandedlirectionandthe
commandedslantrange(gatelocation)for eachdwell. The dwells canbe arrangednto a rectangular
lattice of rows andcolumnsor into a triangularlattice structure. Thesebeampackingconfigurationsare
illustratedin Fig 3. The distancebetweenthe circle centersrepresentshe beamstepandthe diameter
representthe beamwidth(not necessarilyhe 3 dB beamwidth)at the beamcrosseer point. Theoverall
probability of detectionof a scandependson the ratio of the beamstepto 3 dB beamwidth(Fielding,
1993). Therelatedproblemof efficient searchingwvith an agile sensoifor a target, assumedtationary
wasconsideredn (Duncan,1996).

In the caseof triangularlattice packingconfigurationfor example,the probability of detection P, ,
in theregion of thei-th hexagon,which encloses singledwell asshavn in Fig 3(b), is givenby

Pdi = E Z Pdi]‘ (2)
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Figure3: Dwell stackingarrangements a scan:(a) rectangulatattice; (b) triangularlattice.

whereP;,; is the averageof probability of detectionsover the hexagonat j-th bin dueto all the dwells
in the scanandm is the numberof rangebins (seeAppendixF). The targetlocationis assumedo be
uniformin the hexagonalregion. The probability of detectionP;, in eachof then hexagonsvariesdue
to the (slight) changen radargainin the beamdirection. The overall probability of detectionPp from
n hexagonsis takenag’

Pp = _ZPdi 3)

2.3 Radar Modéd

Thissubsectiopresentsheradarmodelwhichwill beneededn thederivationof the probabilitydensity
function (pdf) of the SNRin the next subsectionThisin turnis neededor thelikelihoodfunctionthat
includesthe signalstrengthinformation. For a radarwith a giventransmittedoower P;, the SNR of the
outputof the matchedilter attime ¢, is givenby (Barton,1964)

® PthGrAQFt2F35< Te ) Gste(Tr) 4)
k (47T)3Ltot kTOFn TI%
where
R, = SNR

A\Weightedaveragesasedn otherdistributionscanbe obtained but they would make only a smalldifference.
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G; = Gainof thetransmitterantenna
in thedirectionof thetarget

G, = Gainof thereceverantennan the
directionof thetamet
A = Transmitwavelength
F;, = Transmittepropagatiorfactor
F, = Receverpropagatiorfactor
0 = Tametradarcrosssection(RCS)
L;,; = Totallossedor theradarsystem
7. = Pulsewidth
k = Boltzmannconstant
Ty, = Referencdemperature
F, = Recevernoisefigure
e = ||pk|| = Slantrangeof thetamet
Gqe(r) = Sensitvity Time Control(STC)gain

Thesensitvity time controlgainis

G ( ) 1 3 Tk 2 Tste (5)
ste\Tk) =
telTh (T_Zi) Tr < Tste

whererg,. = 30 km is usedto avoid saturationof the recever amplifier whenthe taigetis closeto the
radar The arrayradarconsistsof N? individual elementg(i.e., N elementsn elevation and bearing)
with cosineillumination. The broadsideof the arrayis directedat the bearingangleof b, andelevation
angleof ¢,. Thereceved voltagewill berelatedto thereceved power asV,.. = v/2P,. Thereceied
sumvoltage Sy, attime t; is composedf the in-phaseand quadraturephasevoltages. In the caseof
anoncoherentletection the noisy in-phase(S;;) andquadraturgS,;) component®f the sumvoltage
normalizedoy therecever noiseare

Sik = Ar(3k)? cos ¢y +N(0,1) (6)
qu = Ak(Zk)2 sin ¢y + N(O, 1) (7)

where N (0, 1) represents zero-mearunity-variancenormal randomvariable (the normalizednoise).
Using(4) thenormalizedamplitudeof therecevedsignal.4; canbeexpresseds

Ko /
.Ak = g (SGStC(’r'k) (8)

where

(9)

’CU _ 2PthGrFt2Fr2>\2 Te
(47T)3Lt0tkT0Fn
is therecevedvoltagereflectedfrom a unit radarcrosssectiontarget at unit distance.Theresultanttwo
dimensionahormalizedradiationpatternX; dueto simultaneousobing (Skolnik, 1980)is givenby

Y o= Ug(0%,60°% ) + Wp(—65,0% ) +

sqrVsq sq»Vsq

Wy (05, —00,) + Wi (—05,,—05,) (10)

sq?
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where

‘llk(HSqu ng) = [Vve(e(xk% ek + HSq) ’
Va(B(ck). b+ 62,)] (11)

is the two dimensionalhormalizedradiationpatternof a singlelobe ando‘s’q anddg, arethe squintan-
glesin bearingandelevation. The anglesb, ande; in (11) denotethe bearingand elevation pointing
commandgivento theradarand5(x;) ande(xy) arethe bearingandelevation of the tamgetwherethe
superscripbf x;, hasbeendropped.Thesquintanglesareevaluatedusing

0540
@b — 750 12
* cos(by — by) (12)

0540
oe, = — 200 13
51 cos(er — €q) (13)

whered,q is 0.9°. Thenormalizedadiationpatternsn bearingVy (3(xy), by ) andelevationVe (e(xy), ex)
aregivenby

7w  sin(Nag) .
4(1.43) N sin(ag)

Vo(B(xk), bk) =

[sin(ay + 0.57)  sin(a; — 0.571’):| (14)
al + 0.57 a; — 0.57
B m  sin(INby)
Velebxi)see) = 37723y Nsin(bs)
[sin(by 4+ 0.57)  sin(b; — 0.57)
by + 0.57 + by — 0.57 :| (15)
where
a; = 0.25sin(B(x) — by) (16)
azs = 0.5n[sin(B(xy) — by) — sin(by, — bg)] (17)
b1 = 0.25sin(e(xy) — eq) (18)
by = 0.5m[sin(e(xy) — eq) — sin(er — )] (19)

The factorof 1.43 hasbeenintroducedin (14) and (15) to give a normalizedsum channelvoltage at
boresightfor a broadsideangleof 0°.

24 PDF of SNR
For a Swerlinglll typetamgetthe pdf of theradarcrosssections is givenby (Swerling,et. al., 1990)

46 20
p(d) = % exp <—%> (20)

whered is the averageradarcrosssectionof thetarget. Using(8) it canbe shavn that,for atamgetata
givendistancery, Ay hasthe pdf

8A3 242
p(Aglxk) = a—2kexp <——k> (22)
k
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where
2
K:o Gstc (Tk )

74]% 60 (22)

A =

the signalpower without the radaroff-boresight-atteration, is a function of the target's averageradar
crosssectiondy andslantrangery, whichin turnis afunctionof thetargetpositionvectorp,. From(6)
and(7) thepdf of S;;, andS,;, canbewrittenas

p(Sikl A, Xk ¢) = N(ApE} cos ¢, 1) (23)
P(Sqrl Ak, Xk, ¢) = N(ApXising,1) (24)

whereXl;, is afunctionof tagetpositionvectorp; andis obtainedrom (10)—(19). Theamplitudeof the
recevedsignal, Sy, (actually signal+ noise— see(6),(7))is givenby

Sk = Sik+ S (25)
Thepdf of S, canbeshavn to be (Bos#, et. al., 1991)
S + AF%;,
p(5k|~’4kaxk) = S, exp {—% .

where Iy (-) is the modified Besselfunction of the first kind of orderzero. Sincethe SNR (actually
signal-plus-noiséo noiseratio) R, = %S,% the pdf of ;. canbewrittenas

2y4
P(Rele,x) = exp{_ <§Rk+ A,;zk)}
To(ARX2/2R}) @7)

Thepdf of the SNR conditionedon thetarget statecanbe expresseds

pOx) = [ " p(RIAg, X)p(Aglx) dA

8e % oo 2 I\
- exP{‘(a_ﬁ?)““’“ |

Io(ARE2V2R) A3 dA; (28)

Theintegral on theright handsideof (28)is givenby (Watson,1994)as

« T (N+V) ( q )V
i1 —2p [ (qt) dt = — 2L \F)
/0 exp(—+p7) L (g?) 2pHT (v + 1)

2 b 2
exp <4q?> Fy (TM YLyl —4‘]? (29)

where; Fi (¢; d; y) is aconfluenthypegeometricfunction (Watson,1994)which canbe expandedas

c c(c+1)
Fi(edy) = 14—yt ot
1i(edy) 14 T 2@

c(c+1)(c+2)
3ld(d + 1)(d+2)y3"" (30)

y? +
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In this casec = —1,d = 1,y = —q?/4p? andthe seriesrepresentatioterminatesafter the first two
terms.Finally, the pdf of the SNR of atargetmeasuremeris obtainedas
16 ap YRy,
R S Ry ETRTE )
21 (Rl 4+ azp? P < G Xy
Oékxi%k
14+ —r= 31
< + 4+ akZ% (31)

whereakzi is twice the effective averageSNR (actually signal-plus-nois¢o noiseratio, includingthe
radarradiationpatterneffect—i.e.,thereductionX; dueto thetamgetbeingoff thebeamboresight).The
expectedvalueof R, giventhetametstatex,, is 1 + akzi/z In the caseof falsealarmsthe pdf of S,
will begivenby
SQ

po(Sk) = Sgexp <—7k> (32)
In reality thedistributionsof clutterexhibit both highertails andlarger standardieviation-to-mearratio
thanthe Rayleighdensityof (32) (Conte,et. al., 1991). A betterfit canbe achieved by resortingto
a Weihull distribution. The influenceon the performanceof the radardue to the mismatchof clutter
densitiescanbe foundin (Conte,et. al., 1994). To conformwith (Blair, et. al., 1998)we will continue
to use(32).

The pdf of the SNRif the measuremerit false(dueto noiseonly — averageis unity) is

po(R) = exp(—Ny) (33)

The measurementwhoseSNR exceedthethresholdsetby the operatowill beacceptedy theradaras
valid measurementslhe operatowill decidethethresholdr usingthe probability of falsealarm Py 4
whichis to bemaintained.Thethresholdr follows from

Pra = / e R an (34)

Thus,the pdf of the SNR of afalsemeasuremerthatexceededhethresholdr is

1
ppRe) = ——e T Ry >7 (35)
Ppa
Fromthethresholdthe probability of detection(F, ;) of ameasuremeni the jth rangebin of ith dwell

canbecalculatedusing

16 00 ap X R
dij 4+ a2h)? /, ( 4+ak2§>
SR
14+ —Fr— 36
( + 4+ Oth% d¥ ( )
The pdf of the SNR of atargetoriginatedmeasuremerthatexceededhethresholdr is
. - 16 apXiR
pl(%k|xk) o PD(4+(X]€E%)2 xp < R+ 4+O¢k2%
akﬁlé?}%
1+ —F— 37
< +4+Oék2% R >71 (37)

wherePp is givenby (3).

906



Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999

3 Maximum Likelihood Estimator
3.1 Thelikelihood Ratio

We now derive the maximumlik elihood estimator which is usedin conjunctionwith the Probabilistic
DataAssociation(PDA) algorithm. It is assumedhat N setsof measurementzremadeattimest;,i =

1,2,... N wheretheindex denoteghe scannumber The kth measuremerih theith scanis definedby
thevector

zik = [Rik rir Bir €in) (38)

whereR;., ik, i andg;; areSNR,slantrange,bearing,elevation, respectiely. Theradarperforms
avolumetricsearchover the region of interest(cueingregion) obtainedfrom prior information,e.g.,as
shavn in (Yeddanapudiet. al., 1997)and(Yi Cong,et. al., 1997).1t is alsoassumedhatall thedwells
in a scanaremadeat (practically)the sametime. Let therebe m; measurement&letectionthreshold
exceedancesh theith scanmadeattime ¢;. This setis denotedby

Z(i) = Az}, (39)
Thecumulatve setof measurementduringthe entireperiodis
Z = {Z()hL (40)

whereN is the total numberof scans.In additionto the above, the following assumptionsboutthe
statisticalcharacteristicef the measuremen@realsomade.

1. Themeasurementat two differentscansareconditionallyindependent.
plZ(), Z(G)x] = plZ(i)Ix]p[Z(5)|x] (41)

2. A measuremernhat originatedfrom the target at a particularscanis receved by the radaronly
onceduringthe scanwith probability P, andis corruptedby zeromeanGaussiamoise.Thatis

Tik = T4 (X) + wfk (42)
Bk = Bilx) +wl, (43)
€k = € (X) + wfk (44)

wherew?,, w, w, arethe measurementoisecomponentswith standarddeviationso”, o,

andos, respectiely.

3. In the caseof a falsealarmthe slantrangemeasuremenis distributed uniformly in the range
gate,andbearingand elevation are Gaussiardistributed aroundthe commandedearingb;;, and
elevatione;; (beamboresightyespectiely.® Thatis

Tk ~~ U[Rl, RQ] (45)
Bi ~ N (b, (05)2) (46)
e~ N(e (05)?) (47)

whereR; and Ry arethelower andupperlimits of therangegaterespeciely.

3This is basedon the radaremulator(Blair, et. al., 1998). Thisis differentfrom the modelusedin (Kirubarajan,et. al.,
1996)wherethe falsemeasurementsereuniformly distributedin the entiremeasuremergpace.The centraltendeng of the
falsemeasurements angleaboutthebeamboresights a consequencef thefactthatthe monopulseatio (Blair, et. al., 1998)
whenthereis noiseonly is zeromeanandis unlikely to assuméargevalues.
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4. Thenumberof falsemeasuremenis avolumewv atasamplinginstantobeys a Poissorprobability
massfunction (pmf) with a knowvn expectednumberof falsemeasurements perunit volume,

e~ ()M
uimg) = OO (48)
m;!
The parameten is determinedby the detectionthresholdandis given by Pr 4 multiplied by the
volumeof aresolutioncell. Eachresolutioncell is arangecell in abeam.

If therearem; measurements theith scanthe mutually exclusive andexhaustve eventsgiving riseto
thesemeasurementsre

all measurement@refalse
. k=0
exli) = measurement;;, is from thetarget (49)

k}:l,...,mi

The pdf of themeasurementsorrespondingo the above eventscanbewritten as

po(Z(i)leo(d)) = ﬂpE(%ij)po(T’z‘j)Po(ﬁzj)po(ez‘j)

7=1
k=0 (50)
p1(Z(0)|x,ex(4)) = pT(Riklx)p1(rixlx)p1(Bikx) -
m;
pilerx) T[ 06 (Rij)po(rij)po(Bij)polei;)
j=Litk
k=1,....m (51)
wherex denoteghe stateof thetarmget (atthereferencdime).
Let
= PIOIx)
’ i (Ri)
= O (1 + vipRip ) e” it ik (52)
and
pr(rie|X)p1 (BinlX)pr(eirlx) v
Po (i) Po(Bir)po(€ir) V2ror
exp (¢ (zik, X)) (53)
where
16 Pr 4
05 = 54
k PD(4+O€¢]€Z?}C)2 ( )
aik24k
I ‘Tik 55
Vik 4 + O‘ikE;lk ( )
(rie —mi(x)*  (Bix — Bi(x))?
Zik,X) = — - +
¢( ik ) 2(0_T)2 2(0_5)2
(Bik — bir)* (e — €i(x))? (€ix — €i)?
B B €2 €2 (56)
2(0y,)? 2(o%,) 2(o5,)
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andw, is therangegatelength.Usingthetotal probabilitytheoremthe pdf of the setof measurementst
t; canbewritten as(Kirubarajan.et. al., 1996)

m;

plZ(@)lx] =

zg p(] Tz] pO(ﬂz])po(em)

p(mi = 1)Ppuy <5 pik
mip(m;) P! V2mo”

exp(9(zik, x)) + (1 — PD)}
(57)
wherec; is anormalizatiorfactorgivenby
¢i = (1 = Pp)pu(mi) + Pppu(m; — 1) (58)

Thedimensionlestikelihoodratiois obtainedby dividing theabove equationby p[Z (i)|eo(2)], namely

D L PEOR)
(20)x) = o)

1 [ Ppp(mi —Dor 5 pik

¢ mg p(m;) el V2ra”
exp((zik,x)) + (1 — Pp)}

= CZ{PDZ\/Q_:UT exp (Zik,X))"i‘

Tkl

(1—- PD)} (59)

where)\, is the expectednumberof falsealarmsperunit distancen range.Usingthe conditionalinde-
pendencef measurementshe pdf of the entiresetof measurements- the global likelihoodfunction
of x — canbewritten as

p[Z|x] Hp[Z )|x] (60)

Subsequentlyhe dimensionlessik elihoodratio usingthe entiresetof measurements givenby

o[Z,x] = ﬂ@[zu),x] (61)
Thenthelog-likelihoodratiois
9lZ,x] = In(¢[Z,x])
N
= Z]n{ 7nkzlx/2_7rorexp (2, x))+

(1 - Pp) } Z In{¢; } (62)

In the above equationthe secondsummationinvolving ¢; canbe omitted whenfinding the maximum
likelihoodestimatesinceit doesnot dependonx. The useof the globallikelihoodfunction (60) is the
key to obtainthe power multiplier feature aswill beseenater.
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3.2 Numerical Calculation of Maximum Likelihood Estimate

The maximizationof the log-likelihoodratio is doneusingthe quasi-Nevton (variablemetric) method.
This canequivalentlybedoneby minimizingthe nggative log-likelihoodratio. In variablemetricmethod
the objective function f (z) is approximatedsa quadratiform aroundthe currentestimatex,,.

fx) = Fxg) + (x = %)V F(xg) +

S 0x = xg) Alx —x,) (63)
whereA is thematrix of secondpartialderivatives. Then
Vi) = Vf(xg)+ Alx—xg) (64)
Theminimumpointis determinedy settingV f(x) = 0, whichyields
x—x, = A 'Vf(xg) (65)

The left handside s the finite stepto getto the exact minimum. This stepcan be performedif an
accurateinverseHessianH ~ A~! is available. The basicidea of the variable metric methodis to
build up iteratively agoodapproximatiorto theinverseHessiammatrix. Thatis oneneeddo constructa
sequencef matricesH, suchthat

lim H, = H (66)

q— o0

The proceduras initialized with a positive definite,symmetricapproximatiornio A (usuallytheidentity
matrix) andsuccessie H,'s areobtainedsuchthatthey remainpositive definiteandsymmetric.Farfrom
the minimum, this guaranteeshat onewill alwaysmaove in a downhill direction(Pressgt. al., 1992).
Closeto theminimum, H, approachethetrue Hessian.

The negative log-likelihood ratio may have mary local minima. Due to this the minimization pro-
ceduremay endup converging to a local minimum insteadof the global one. A multipassapproachs
usedto avoid the corvergenceto a local minimum (Jaufret, et. al., 1990). Theideais to startwith a
modifiednegative log-likelihoodratio andminimizeit over severalpassebeforesolvingthe exactprob-
lemin thelastpass.Theestimatdrom onepasss usedastheinitial estimatefor the next. The negative
log-likelihoodratio, which is minimizedin thep! passjs modifiedas

NP
VAR _Zln{ Dkzl \/;)_anr _
exp((zik, %, p)) + (1 — PD)} +o(x) )
where
o -]

v(x) = ||pl|, 7 is thetypical slantrangeof thetarget, v is thetypical speedof thetametando,, o, are
the standarddeviationsof typical slantrangeandtypical speedespectrely. Thefunction(z, x, p) is
written as

(rie —ri(x))*  (Bix — Bi(x))*

Q/)(Z’ikvxup) - - 2(0’"ap)2 - 2(0_;[2(11))2 +
(Br —bix)* (e — €i(x))* | (eir — eir)” (69)
2(056%)2 2(o5.ap)? 2(o5pap)?
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The modifying function¢(x) is usedonly in thefirst P — 1 passe®f the P passesndis setto zeroat
p = P. Also q, satisfiesa,;1 < a, forp = 1,2,... P — 1 andap = 1. This approactpreventsthe
maximizationprocedurdrom corverging to anunrealisticlocal maximumandgivesa broaderview to
the estimator A roughgrid searchis performedto automaticallyobtaintheinitial valuefor thevectorx
for thefirst pass.

3.3 Cramer-Rao Lower Bound of the Estimator

The CramefrRao lower bound(CRLB) is the minimum value of the variancethat canbe achieved by
anunbiasedestimator The ML estimatoris saidto be efficient if its covariancemeetsthe CRLB. If an
ML estimatorexists, it is theoreticallyguaranteedo achieve its CRLB asymptotically The CRLB of an
unbiasedviL estimatoris

Bl(x-%)(x-%)] > J7 (70)

TheexpectationE|-] in the above equationis over the measurement® and.J is the Fisherinformation
Matrix (FIM) givenby

J = B{[VxInp(zV]x)]-
[V Inp(Z750)]] e (72)

Themutualindependencef themeasurementlsoimpliesthatthe Fisherinformationdueto the differ-
entmeasurements additive. In practice sinceonedoesnot have thetrue stateof thetamget,the FIM is
evaluatedattheestimate As explainedin AppendixC, theFIM J for themissiletrackinitiation problem
consideredanbewritten as

J = Q(PD7A9U9797QZ4)'

N 1 /
> (Vo)

o Vb Vi) +

eV ][V ) 72)

whereq(Pp, Agvy, g, axt) is theinformationreductionfactorthataccountgor the lossof information
dueto the presencef falsealarmsandthe less-than-unityrobability of detection(Bar-Shalom.et. al.,
1995). Only the measurementahich fall within the “validationvolume” v, areconsideredn deriing
(72),wherethevalidationvolume(g-sigmaregion) is

vg = 8o P oty (73)

Thatis, themeasurement;, is consideredanly if it satisfieghefollowing conditions.

Tik — :i(x) < g (74)
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Theinformationreductionfactorg(Pp, A\,v,, g, aX*) is givenby

X 20 y(my — 1) PE™
Pp, A o) = : A
Q( D, gvgvgva ) Z 71_\/%937711-—3(4_’_ 0524)2

m=1
Iy (i, Pp, Agvg, ozZ4) (77)

wherely(m;, Pp, Agv,, aX?) is a4m fold integral givenin AppendixC.

Therationalefor the terminologyinformation reductionfactor canbe seenby noting thatthe FIM
for zerofalsealarmprobabilityandunity targetdetectionprobability.Jy is givenby (Bar-Shalomgt. al.,
1998)

N1
B = Y (Gl Gl +
=1

(07)2 [VaBi(x)][Vxi(x)]' +
1

2 Vi ()i (79)
(09)

From(72) and(78) it is clearthatg(Pp, A\,v,, g, %), which is alwayslessthanor equalto unity,
representthelossof informationdueto clutterandless-than-unityprobabilityof detection.Thenumeri-
calvaluesof ¢(-) for differentvaluesof detectiorthresholdsndfixedvaluesof ¢ andSNRarepresented
in AppendixC. Theoptimumvalueof the detectiorthresholdcanbeobtainedby choosinghethreshold
which givesthe maximumvalueof ¢(-).

In deriving (72) it is assumedhatthe bearingandelevation measurementaredistributeduniformly
in the validationregion aroundthe commandedbearingandelevation directionsrespectrely. Although
a tighter boundcan be obtainedby using the exact Gaussiardistribution for thesemeasurementthe
derivationof CRLB will beintractable.

3.4 Acceptance of the Estimate

Theestimatek obtainedby maximizingthelog-likelihoodratio (or minimizingthe negative log-likelihood
ratio) is testedwhetherit canbe acceptedsavalid track. This testis performedn orderto ensurethat
the maximizationproceduredoesnot corverge to a local maximuminsteadof the global one. Corver-
genceto alocal maximumis alwayspossiblesincethelikelihoodratiois multimodaldueto the presence
of clutter A testis constructedo distinguishbetweerthe following two hypotheses.

H, = Thereis onetrackcorrespondindgo an
existing talgetwith a maximumx (79)
Hy; = Thereisnotrack (80)

Accordingto the Neyman-Pearsohemma(Poor €. al., 1994),the uniformly mostpowerful testof
H, againstH, is to considetthedimensionles$ik elihoodratio ®(Z, x) givenin (61) or equivalently the
log-likelihoodratio ¢(Z, x) givenby (62). However, the statisticaldistribution of ¢(Z, x) is unknawvn.
The possibleapproximations to assumehatthe centrallimit theoremholdssuchthat ¢(Z, x) canbe
approximatedy a Gaussiardistribution. Thenateststatisticcanbe definedas(Pootr et. al., 1994)

A = ¢(Z7}A()_E{¢(Z7)A()|Hl}
vVar{$(Z, %) H:}

(81)
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Sincex is theglobalmaximumunderH; thefollowing approximationaremade:

E{¢(Z, %)/ H\} =~ E{¢(Z,x"")|H1} (82)
Var{¢(Z,x)|H1} =~ Var{¢(Z,x"")|H:} (83)
Definingthe quantities
mo = E{¢(Z(i),x"")|Hy} (84)
of = Var{¢(Z(i),x")|H1} (85)
the statisticin (81) canbewrittenas
N N A
_ 2im #(Z(0), %) — N
A = Now (86)

Thederivation of thefirst andsecondnomentof thelikelihoodratio to obtaing; ando; arepresented
in AppendixD. Thetestfor trackacceptances

A{ > 7 accept H, @7)

< T accept Hy

Accordingto the assumptionsthe teststatistichasa zero mean,unity varianceGaussiardistribution.
Thereforethe acquisitionprobability of thetrackfor a giventhresholdr is

PACQ == P{AZ7'1|H1} (88)

Then,for a givenacquisitionprobability of thetrack, 7; canbe calculatedusingthe standard>aussian.
Thatis

1 71 '
Prog=1— —— / e d 89
ACQ \/ﬁ e Y ( )

Thefalseacquisitionprobabilityis
Pracq = P{acceptd;|Hy} = P{A > 71|Ho} (90)
Similarly, for the conditionwherethereis no tagetonecandefine,

po = E{$(Z(i))|[Ho} (91)
o5 = Va{$(Z(i))|Ho} (92)

Using (91) and(92) asthe momentsof ¢(Z, x) in (81) andits (assumediaussiardistribution, one
canobtaina theoreticalprobability of falsetrack acquisitionPracq. However, this relieson the tails
of the (assumedizaussiarandis not reliable,in our opinion (the numericalresultsin (Kirubarajan,et.
al., 1996)yielded Pracq of the orderof 10719). In view of this, we believe thatthe bestindication of
the algorithms falsetrack rejectioncapabilitycanbe obtainedvia a large numberof Monte Carloruns
withoutatamget.
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Figure4: The 95% probabilityregionsbasedn the CRLB aroundthetrue positionof the missile.
(a)initial; (b)final
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Parameter Value
P, 1MW
N 55
Te 675 us

Gy, G, 4752
A 7.5cm
F; F, 1
Lot 144.5
k 1.38 x 10-23 J/IK
To 290K
F, 2

Tablel: Radarparameters

4 Reaults

In this sectionwe considera samplescenarioto illustrate the operationof ML/PDA estimatorunder
low SNR conditions. Simulationresultswere obtainedusing 100 Monte Carlo runswith the following
scenariothemissileentersgheradaracquisitionregionatz = 0swith pff*¢ = [—56.5 131.6 139.3]" km
andp{’® = [6.7 — 155.7 770.9]" m/sin theradarcoordinatérame(seeSection2.1). At this pointthe
radarto taigetslantrangeis 200km. Figures4(a) and(b) shav theinitial andfinal positionof thetamet
andthe 95% probability regionsfor the estimatedbasedn the CRLB.

It is assumedhattheradarcueingregionfor initial radarpointingis availablefrom prior information
(Yi Cong,et. al., 1997). Thena volumetric searchis performedby directingthe radardwells to this
region. The radarcueingvolumeis approximately(30 km)3. The averageradarcrosssectionof the
taget being searcheds 0.15 m?. The beamwidthof the radaris 1.6° andthe rangegateof a dwell
consistof 330 binsof length90m. The parametersf the emulatedadararepresentedn Table4. The
broadsideof thearrayis directedat 90° bearingand45° elevation. The abose combinationof targetand
radarparametersesultsin an averagetarget SNNR of 5.4 dB. The detectionthresholdof the radaris
5.1dB (this correspond$o 7 = 3.25 in (34)) which yields a falsealarmprobability of 0.0388 perrange
cell in a beam. The optimumvalue of the detectionthresholdr consideringthe informationreduction
factorpresentedn Table3 (AppendixC) is 3.14. However, theaccurag of theresultsis not affectedby
operatingat this slightly suboptimaletectionthresholdof 5.1 dB sincetheinformationreductionfactor
doesnotvary significantlybetweerthesetwo detectionthresholdsThe scansaaremadeat 10 Hz for 6 s.
Thedwellsarestacledin atriangularlatticearrangemenasshown in Figure3(b). Theratio of beamstep
to 3 dB beamwidthis maintainedat 1.0 sothatthe radarhasa probability of detection(calculatedrom
(36),(2),(3))of 0.55 for aSwerlinglll typetargetwith averageradarcrosssectionof 0.15 m? at200 km
slantrange.To cover the cueingregion it requiresthattherebe 19 dwellsin eachscan.Figures5(a)—(d)
presenthe setof slantrange,azimuth,elevationand SNR measurementsespecirely in onerun of the
Monte Carlosimulations.It canbeseerthattargetoriginatedmeasurementsredetectedabout30 times
in 60 scans:

Theexpectednumberof falsealarmsperunit distancecanbe calculatedas

Ppa
lengthof rangehbin

r

41t shouldbe notedthat target can be detectedmorethanoncein a scandueto multiple dwells andside-lobedetections.
Theseextra side-lobetamgetdetectionsaretreatedasfalsealarmsby the estimator
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Pra
90
= 32x107*/m (93)

Fromthistheexpectechumberof falsealarmsin adwell (with therangedimensiorof thecueingvolume
being29.7 km) andin the rangevalidationregion v, (with o” = 90/+/12 m) arefoundto be 9.50 and
8.31 x 102, respectiely, for gateparameter = 5. Thetracksobtainedoy themaximizationprocedure
arevalidatedusingthe hypothesidestingasdescribedn Section3.4. Thetrackacceptancéhresholdr
wassetso that the tracksare acceptedvith 95% probability (the track acquisitionprobability Pacq).
Figures6(a) and (b) shawv the initial points and final points of the acceptedracksformed from the
estimatesn 100 Monte Carlo runs. The numberof validatedtracksis 93 (which matcheswell the
acceptancéhresholdsetfor 95%)andit canbe seenthattheseacceptedracksfall in the corresponding
95%uncertaintyellipses.In Table4, theaveragepositionandvelocity estimatesndtheir corresponding
variancesare given. The theoretical CRLB of achiezable estimatoraccurag for the scenariounder
consideratiorare given by ocrrs. The samplestandarddeviations of the estimatesobtainedby the
ML/PDA estimatoraredenotedby . For initialization, a systematigrid searchs performedto find an
approximatanaximumpointto startoff the quasi-N&ton maximizationprocedureTherangeof values
givento theparametersor this grid searcharegivenby zit with 10 pointschoserin eachcomponentlit
canbeseenthatthe samplevarianceof the estimatess slightly lessthanthetheoreticalvariancen some
cases.This canbeexplainedby thefactthatthe CRLB modelsthe falsealarmsasuniformly distributed
over thesearchregion while, ascanbeseenfrom Fig. 5, they tendto becenteredn thebeams.

The RMS errorsindicatethe efficiency of the estimatorby consideringonly the diagonaltermsof
the covariancematrix asin Table4. A morerigoroustestof the efficiencgy of the estimatoris obtained
by checkingthe consisteng of the estimatorwherethe entire error vector and the theoreticalcovari-
ancearetestedfor consisteng. This is performedby finding the averagenormalizedestimationerror
squaredNEES)(BarShalom,et. al., 1998)andcheckingwhetherit falls within the statisticaloounds
for acceptanceThe NEESis definedas

aML _ [j:O . x‘(u]rue]lpfl[:%o o a%rue] (94)

whereP~! = J is the FIM. If the estimatoris unbiasedandthe errorsare Gaussiarwith covariance
equalto the CRLB, thena,,;, definedabore is chi-squaredlistributedwith 7, (i.e., 6 in our problem)
degreesof freedom.Takingthe averageover N Monte Carloruns,the 95% probability boundson a1,

are

2 N 2
Xen (0-975) <a 1 ML X (0.025)
2 o 95

N = ML=y = = N (95)

whereaML is the NEESin thei®" Monte Carlorun. If thefilter is inefficient or biasedthena,, will
lie outsidethesebounds.In our simulationthe averagevalueof NEESfor theacceptedracksis foundto
be5.96,whichis within the 95%bound(BarShalomgt. al., 1998),namely

X§58(0'025) X§58(0'975)
93

Henceit canbesaidthattheestimatoiis efficient, i.e., it extractedall theinformationavailablein the
data.

To evaluatethe algorithm’s capability of rejectingfalsetracks (which as discussecdearlier cannot
be donetheoretically),1000 runswere carriedout with no target present.In theseruns, no track was
acceptedas a valid track. The computationtime for one run was 11.18 minuteson a Pentium200
processorhowever, the 10° point grid evaluationof the likelihoodratio to initialize the quasi-Nevton
searchtook about11.07 minutes. Sincethis is easily parallelizablewith high efficiengy, the effective
computatiortime canbearoundl0 s for sucha (very slow) processor

=5.31 < 5.96 < = 6.72 (96)
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(@) (b)

Figure6: Actualandestimategositionsof themissilein 1200Monte Carlorunswith the 95%probability
regionsfrom the CRLB (a)initial; (b) final (o - actual+ - estimates).

5 Conclusions

Theimportantproblemof acquiringanincomingballistic missileusinga surfacebasedESA radarunder
low SNRconditionsis addresseih thispaper Themajortechnicakchallengean this problemis to acquire
the missileusingthe obserationsavailablefor a shorttime. It is alsonecessaryo acquirethe missile
at a long rangeso that the terminal phasedefensesystemsare ableto track the target andtake proper
action. The problemis compoundedy the presencef falsealarmsdueto the low detectionthreshold
madenecessaryy the tamget's low radarcrosssection. An algorithmto estimatethe stateparameters
of a ballistic missilefrom the obserationsobtainedfor a very shortdurationwhile the missileis exo-
atmospherids presented.The exact ballistic motion equationsare usedin this nonlinearacquisition
problem. A batchmaximumlik elihood estimatorwhich canhandlefalsealarmsand misseddetections
usingthe ProbabilisticData Associationapproachis derived. It is shavn thatthe incorporationof the
amplitudeinformation(signalstrength¥acilitatestheaccurateperatiornof theestimatorvenundervery
low SNR conditions. Typically, ESA radarsoperateat around13 dB SNR, whereaghe new estimator
is shawn to be effective even at 4 dB, which addscapabilityfor the acquisitionof stealthytamets. In
otherwords, this algorithm actsas an effective power multiplier for the radarby a factorof 6. This
substantiaimprovementcomparedo theexisting systemsalsoallows thesurfacebasedadarto increase
its acquisitionrange.

In additionto the ML/PDA estimator a track validationschemewhich is usedto confirmthe pres-
enceof anincomingmissile at the estimatedocation,is alsoderived. The CramefRao Lower Bound
(CRLB), whichquantifiegheattainableestimatoraccuracie$or this low-obsenableestimatiorproblem,
is alsopresentedTheinformationreductionfactorwhich accountgor thelossof informationdueto the
presencef falsealarmsandless-than-unityrobability of detectionis calculatedor differentdetection
thresholds Hencethe optimumdetectionthresholdof the radarcanbe determinedasthe thresholdthat
givesthehighestvalueof informationreductionfactor Monte Carlosimulationsshav thatthe ML/PDA
estimatomeetghe CRLB. Theestimatorandthe CRLB arederivedassuminga Swerlinglll typetamget,
which shavs a wide fluctuationin its radarcrosssection. However, the work canbe extendedto other
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tagetmodelsaswell. Theefficiengy of the estimator(its ability to extractall theinformationavailable
in themeasurementg)nderlow SNR conditionsallows the bestutilization of suchdefensesensors.

APPENDIX A. ALGORITHM FOR BALLISTIC STATE

PROPAGATION

An algorithmfor propagatinghe stateof a target on a ballistic exo-atmospheridrajectoryaroundthe
earthis presentedn this Appendix. Let the unknavn stateof the targetin the ECI frameattime ¢; be

denoteddy thevectorx;“ = [r} 1]’ = f(x

ECI
0

,to,t;). Thereferencestatex§“ = [r{, 1(]" atthereference

time £, is given. The underlyingtheoreticalconceptsandthe derivation of the equationscanbe found
in (Bate,et. al., 1971). The gravitational parametey: = 3.986012 x 10°km3/s? andthe corvergence

checkparameteTOL= 1010,

Stepl

Step2

Step3

else

Step4

To

40

q0

ag

Do

||zol| (97)
||| (98)
2 1}

- a (100)
o M

1-— aopTo

_ 101

N (101)
ao(t; — to) /i (102)
sign(t; — to) 2(v/=a0)* (t; — to)

Vv —ag o (%V—ao + posign(t; — to)) (103)
apa? (104)
1= costv) C‘;(‘/B) (105)
VB = sin(v/B)

R (106)
1- COSE(\/__ﬁ) (107)
sinb(v/=F — V=) o8

ENa (109)
poa®s + qoadc + 10 (109)
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dr

Gl 2 1- 7o 110
o poac+qoa(l — sp) + N (110)
dr1!
o = a+t {%} [(t; — to) — 7] (111)
Step5
If([(tz — to) — 7’] > TOL)
goto Step3
Step6
2
hy = 1-%°€ (112)
To
(t; — to) o’s (113)
g = i -
1 7 0 \//7
r, = h1r0 + gli‘o (114)
roo= |l (115)
Step7
o= () eo-1 () (116)
To T
2
o = 1-2° (117)
T
I.‘z' = hQI‘O + ggl"o (118)

APPENDIX B. CALCULATION OF PARTIAL DERIVATIVES OF THE
STATE

In orderto evaluatethe FIM, it is necessaryo find the 6 x 3 matrix ngpg wherex§ = [p; py)’ is the
stateof thetamgetin the radarcoordinateframeat the referencdime ;. The stateof the targetat time
t;, in the ECEFframeis denotedby x5 = [q; ;' andthe correspondingstatein the ECI frameis
denotedby x5 = [r} r}]’. Thepositionvectorsq; andr; arerelatedto eachotherby

q = Tir; (119)
whereT; is thetransformatiormatrix.
cos(6;) sin(6;) O
T, = —sin(#;) cos(6;) 0O (120)
0 0 1

whered; is the angleto the prime meridianat the equator measuredn the directionof rotationof the
earth,with referenceo the vernalequinoxdirection. The relationshipbetweenthe positionvectorsin
theradarcoordinatdrameandthe ECEFframeis givenby

p: = r [qi - qradar] (121)
whereq;.qar iS theradars positionvectorin the ECEFframe. Thetransformatiormatrix I is givenby

cos(a) cos(B+ /2) sin(a)cos(f+ n/2)  sin(f + 7/2)
r = sin(o) —cos(a) 0 (122)
cos(a)sin(f + n/2) sin(a)sin(B+ 7/2) —cos(f + 7/2)
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wherea and g arethelongitudeandlatitudeof theradar respectrely. It canbe shavn thatthe gradient
of r; is givenby

ngp; = ngx()Ec'ngcm; 1T (123)
Similar transformationstreferencdime ¢, resultin
', 0O
IECI 0 3x3
ngxo = [ Oss T4 ] (124)

which canbe substitutedn (123). The6 x 3 matrix ngcﬂ‘; canbe evaluatedwith the additionalsteps
givenbelonv wherethesuperscripECI hasbeendropped.

Step8
_ ro 1
Varg = | o0 ] (TO) (125)
_ 03><1 i
Vo = |0 ] VO) (126)
[ ]
Vit = | ] ) (127)
i —2 —21/0
Vxao = (Vxro) (g) + (Vx1yp) ( p ) (128)
Vxpo = (VXTO) <_762]> + (VTOGO) <_7’:j> (129)
step9
de  1-s8-2
i (130)
ds c—3s
T (131)
Stepl0
4 - 3p0a23+2qgac+% p0a3j—;+q0a2:j—§] (132)
2apa -1
bi = Vxao(—a’c) + Vxpo(—a’s) + Vxrg (;—%) (133)
by = (Vyag)(—a?) (134)
[Vxa Viff] = [b1b]A™ (135)
Stepll
[ d
Vi = vxrof—s — (Va)(20) = (Vf) @éﬂ [%}(136)
r _ 2
Var = [(Vx0)39) = (Va) (055 [%] (137)
Stepl2
Var, = | MU (k) () + (V) () (138)
| 9143
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APPENDIX C. DERIVATION OF FISHER INFORMATION
MATRIX (FIM)

The stepsfollowed in the derivation of the FIM arebasedon (Kirubarajan.et. al., 1996). The FIM can
bewritten asthe sumof theindividual FIMs J; at¢;. Thatis

N
Z J; (139)
1=1
J; is definedas
Ji = E{Vx lnp[Z(i) |X]V;< lnp[Z(i) |x]}|x:xt“‘e (140)

wherep[Z (i) |x] is definedasin (57) andx is the stateof the missileat thereferencedime.

It is assumedhat the falsealarmsare distributed uniformly in the validationregion of volumev,
givenin (73). Also the SwerlingRCS parametery;;, normalizedradiationpattern;;, andthe angle
measuremermandardje/iationwgc, o, aresubstitutedvith their averagevalues.Thenfrom (57),one
has

plZ()x] = pg(m;) H po(Riz)po(rij)po(Bij)poleis)
j=1
{ prg(m; — 1)Pp vg
mipg(mi)(V2m)307oloc f

Z pik exp(p(zig, x)) + (1 — PD)}

(1412)
where
(rae —7i(x))*>  (Bix — Bi(x)* (e — €i(x))?
‘ - _ _ — 142
So(zlk’ X) 2(0-7”)2 2(0’ﬂ)2 2(0-6)2 ( )
Using(35) onehas
plZ(i)|x] = exp {Z §R1k} {a > pirexp{o(zin, x)} + b} (143)
k=1
where
Pppg(mmi —1)v,~™ P " (144)
m;(v2r)30TaBoe
b = (1- PD)Hg(mi)(UgPFA)_mi (145)
ef)\gvg ()\gvg)mi
Ng(mi) = m—Z, (146)
where), is the expectedhumberof falsealarmsperunit volume. From(52)
Pik = 0(1 + VERzk) exp{u?Rik} (147)

wherefd andrv comefrom (54) and (55), respectrely, with the averagevaluesof «;; andX;;. Then
Vx Inp[Z(i)|x] canbeshavn to be

VaInplZ(i)x] = ay iy Pz’k_exp{‘{?(zikaX)}[wa(zikax)] (148)

ay ey pik expl{o(zig, x)} +0
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Substituting(148) in (140) and observingthat the crosstermsvanishdueto the independencef mea-
surementscrosshe scanspnehas

o0

S oo R Ry B2 B2 e €
J; = aaroﬁaemi/ / / / / / / /
' Z ( ) T T Ry Ry 1 1 Je €1

mi=1

y a®exp{— 271 Rij} 3 03, exp{20(zik, X) HV xp(2ik, X)) [ Vo (zik, X))
ay iy pik explo(zik, x)} +b

dZ(i) (149)

Letting
ST ( (ri1 —ri(x)) /0"
§12 (Bir — Bi(x)) /o
13 (€i1 — €i(x))/o°
§ = : =|: (150)
Emit (Tim; — ri(x))/0"

fmiQ L (ﬁzml - ﬁz(x))/(jﬂ

L §mi3 - (eimi - 61'(X))/0'6 -
resultsin theexpression

o0

J = Z a(aroﬁae)mi/Too.../Too/gg_../gg/gg_../gg/Qg_../yg

mi;=1
y exp{— 7% Rij} X4 o5 exp{— (&) + &k + E73) HARI[Au]’
ity pikexp{—3 (&) + &2y +E7y)} +b/a

dedR  (151)

where
Bl = |V GIVar (ol + S 9,8, V6, 0]
ik ik (Ur)2 x4 x!q (0/3)2 xMi xMi
2
a0l |
(152)
Becausef thesymmetryof theintegration,.J; canbesimplifiedto
J; = S rﬁemiioo...oog...g T A L
DIy AR AN BRN Y I B SR
XeXP{— PO Rij i exp{— (&1 + &8 + €53) 1 de dR Jo, (153)

Shity pik exp{—5(&F) + &y + E75)} + b/a

where
Joi = #[vxm:cmvxn(x)]' + @[vxﬁi(x)][vxm(xn' + @[vxexxmvxei(x)]' (154)
Defining

L = /TOO.../TOO/OQ.../OQ/OQ.../O‘]/OQ.../O‘Q
" exp{— 227, Rij}oq exp{— (&5, + & + €53) L

- d€ dR 155
27];’1:21 Pik exp{—%(le + 51%2 =+ 5133)} + b/a ‘ ( )
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J; canbewritten as

Ji = Y a(o"oP o)™ m 28 I gy, (156)

m;=1

Substitutingfor p;; in (155)from (147)

o0 o g 9 r9 9 19 9
o exp{— 7% Rij 10 (1 + vRin)? exp{20Ri — (€71 + &5 + E53) }eD
ka:il O(1 + vRix) exp{rRi, — %(le + 5132 + 5133)} +b/a

Finally, substitutingz andb with their valuesdefinedin (144)and(145)anddenoting

4 0o oo g 9 r9 9 r9 9
B Podggat) = [T [T [ [ [ [

exp{— 2272 Rij (1 + vRi1)? exp{20Riy — (&) + & + &) 1T

de dR  (157)

d¢ dR
_ 31— "
v (1 vRy) exp{vRip — 2(E2, + €4, + €2} + (\/2_2_;) %

(158)

onehas
20 g (my — 1) P™ 4

S 2 g (ay a2 P At 0 (159)

Defining
20 u(my — 1) P ™
q(Pp, Agvg, 9, 0424) = 21 i on g3mi—3(4 f324)21—2(mia Pp, Agug, 0424) (160)

the FIM canbewritten as

N
J = q(Pp, vy, g,ax) D" Jy; (161)

=1

The numericalvaluesof ¢(Pp, Agvy, g, ax*t) for differentprobabilitiesof detectionwith the fixed 4dB
effective averageSNR are presentedn Table3. As it canbe seenfrom this table, ¢(-) doesnot vary
significantlywith the thresholdr. Tables4, 5, 6, 7 and8 presenthe numericalvaluesof ¢(-) for the
fixedeffective averageSNR of 8dB, 10dB, 12dB, 14dB and16dB.

T 3.80 3.31 3.22 3.14 2.62 2.22
Pp 0.4 0.5 0.6 0.7 0.8 0.9
Pra  0.0224 0.0366 0.0400 0.0431 0.0726 0.1080
Agvg 02973 0.4852 0.5302 0.5722  0.9627 1.4312
q(-) 0.4017 0.4225 0.4287 0.4362 0.4134 0.3561

Table3: Valuesof ¢(Pp, Agvy, g, aX?) for g = 5 andax* = 7.0 (SNNR=5.4dB)

924



T 5.42 4.57 3.74 3.22 3.01 2.28
Pp 0.4 0.5 0.6 0.7 0.8 0.9
Prsy 0.0044 0.0103 0.0238 0.0400 0.04929 0.1022
Agvg  0.0586 0.1373 0.3155 0.5300  0.6533  1.3558
g(-) 0.5131 0.5700 0.6084 0.6085 0.6000 0.4628

Table4: Valuesof ¢(Pp, Agvy, g, aX?) for g = 5 andaX? = 12.6 (SNR=8dB)

T 7.78 6.38 5.28 4.11 3.22 2.31
Pp 0.4 0.5 0.6 0.7 0.8 0.9
Prs 0.0004 0.0017 0.0061 0.0164 0.0400 0.0989
Agvg  0.0055 0.0223 0.0674 0.2175 0.5302 1.3111
q(-) 0.5272  0.6057 0.6654 0.7153 0.6984 0.5131

Table5: Valuesof ¢(Pp, Agvy, g, aX?) for g = 5 andax* = 20.0 (SNR=10dB)

APPENDIX D. DERIVATION OF MOMENTSOF LOG-
LIKELIHOOD RATIO UNDER TARGET HYPOTHESIS (H,)

In deriving themomentof thelik elihoodratio, only themeasurementghichfall into thevalidationgate
areconsideredThen-th momentof thelog-likelihoodratio attime ¢; is

B0 ) HL) = i/*/*/}{ﬁ [r

P1Z (1), x])"p[Z(1)[x] dZ (1)
(162)

wherep[Z(i)|x] is the pdf in (143) of the validatedmeasurementanderhypothesisH;. Using the
approximationgliscussedn AppendixC, thelog-likelihoodratio canbewritten as

) 4g3PD m;
Z (1), = In|——— i ik s +(1-P 163
#12(i), % n[ﬂ Vi, 2o Pk el )} + D)] (163)
Usingthe samechange®f variablesasthoseintroducedn AppendixC, onehas
96 6= Agvg o Plfmi()\ v )mi—l
E - nH — 1 — Pr)n(1 = Pr)™ —Agyg A 9”9
(60X 1) = (= Po)(l = Po)]"e™™ ey 30 St
T 12.06 9.96 8.11 6.38 4.62 2.35
Pp 0.4 0.5 0.6 0.7 0.8 0.9

Pra 6x100 47x10° 299x10°° 00017 0.0098 0.0954
N, T7x107° 6261070  0.0040  0.0224 0.1302 1.2641
q()  0.4307 0.5136 0.5885  0.6561 0.7143 0.4993

Table6: Valuesof ¢(Pp, Agvy, g, aX?) for g = 5 andax* = 31.7 (SNR=12dB)
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T 1825  15.07 12.25 9.53 6.56 240
Pp 04 0.5 0.6 0.7 0.8 0.9
Pry 0 0 5x107% 73 x107° 0.0014 0.0907
Ay 0 4x107% 63x107°  0.0010  0.0187 1.2025
q() 02509 0.3344  0.4108 0.4832  0.5565 0.4111

Table7: Valuesof ¢(Pp, Agvg, g, aX?) for g = 5 andaX* = 50.2 (SNR= 14dB)

T 28.09 2321 18.89 14.71 10.04 2.42
Pp 0.4 0.5 0.6 0.7 0.8 0.9
Pra 0 0 0 0 44 x 107%  0.0889
AgUg 0 0 0 5x10°%  0.0006  1.1787
q(-) 0.0315 0.1141 0.1901  0.2627 0.3381  0.2763

Table8: Valuesof ¢(Pp, Agvy, g, aX?) for g = 5 andax* = 79.6 (SNR=16dB)

/TOO.../Tw/og.../og/og.../Og./og.../og n
9 {ml 0P SN R exp{v R — %<£%1+5%2+£%3)}+<1—PD)”

TV 2mAgug(4 + aX)? [
3
\/27?) (1— Pp)Agu, }

m; 1
x {2(1 + vRii) exp{rRi — 5(5/%1 + & T Ci)} + ( 29 Ppb

k=1

dR d¢ (164)

m;
X exp [— Z §R¢j

The numericalvaluesof thefirst two momentsat SNR= 4dB for differentprobabilitiesof detectionare
presentedn Table9.

T 3.80 3.31 3.22 3.14 2.62 2.22
Pp 0.4 0.5 0.6 0.7 0.8 0.9
Prsy  0.0224 0.0366 0.0400 0.0431 0.0726 0.1080
Agug  0.2973  0.4852 0.5302 0.5722 0.9627 1.4312
pr 17886 1.7429 1.7024 1.6760 1.4734 1.1958

o1 3.0813 3.0442 3.0580 3.0534 2.8776 2.6012

Table9: Valuesof iy ando, for g = 5 andaX* = 7.0 (SNR = 4dB)
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APPENDIX E. DERIVATION OF MOMENTSOF LOG-
LIKELIHOOD RATIO UNDER NO TARGET HYPOTHESIS (H)

Whenthereis notamget,then-th momentof thelog-likelihoodratio of themeasuremenis thevalidation
regionattimet; is

(ol )} = mf; [ /R /R /ﬂ /ﬁ [

(12 (1), x])"plZ(2)| Ho] dZ (i)

(165)
where¢[Z (i), x] is thesameasin (163)andp|Z (i)|Hy] is givenby
plZ(i)|Ho] = )\;me;i:j di exp {— i %ij} (166)
! =
After similar manipulationsasin AppendixD
PUAE ) = It Pp)Pe e+ 3 S8 (D)

/T°°.../T”/Og.../og/og.../ogifog.../Og

2693PFA m 1 mn
1 1+ vR; Rik — = (1 + &8+ &)+ (1= P
X { n LT /—%Agvg(él +axi)? kgl( vRir) exp{vRix 2(§k1 i + &ies) F + ( D)

AR d¢ (167)

X exp [— Zl §Rz’j

=1

Thenumericalvaluesof thefirst two momentdor differentprobabilitiesof detectionat SNR= 4dB, are
presentedn TablelO0.

T 3.80 3.31 3.22 3.14 2.62 2.22
Pp 0.4 0.5 0.6 0.7 0.8 0.9
Pry  0.0224 0.0366 0.0400 0.0431 0.0726 0.1080
Agvg  0.2973 0.4852 0.5302 0.5722 0.9627 1.4312
o  —0.4650 —0.6135 —0.8308 —1.1373 —1.4751 —1.8962
o 0.4166 0.4421 0.5172 0.6384 0.7311 1.1087

Table10: Valuesof 1y andoy for g = 5 andaX* = 7.0 (SNR= 4dB)

APPENDIX F. CALCULATION OF PROBABILITY OF
DETECTION IN A HEXAGONAL AREA

The probability of detectionin a hexagonalregion correspondingdo the triangularlattice searchpattern
(squarein therectangulacaseof Fig. 3(a))is foundby selectinga numberof pointsin this region and
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Figure7: Discretizedpointsin ahexagonwherel, , 's arefound.

finding the averageof the detectionprobabilitiesof thosepoints. The probability of the k-th pointatthe
j-th rangebin of thei-th hexagonis takenas

n

Pdijk = 1_H(1_Pdm) (168)

m=1

whereP,, istheprobability of detectiorof atargetatthe £-th pointdueto them-th dwell of thetotal .
dwells. Assuminguniform distribution for thetargetlocationover the hexagonalregion P;,; usedin (2)
is calculatedusing

1 p
Py, = =Y wpPy,, (169)

P
wherep is the numberof pointsin the hexagonandwy arethe weightsgiven to eachof thesepoints

dependingon their locationin the hexagon. At the cornersof the hexagonthe weightsare1/3 (because
sucha pointappearsn 3 hexagons)andat the onesinsidethe hexagontheweightsare1.
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