
*HQHUDOL]HG YHUVLRQV RI %RGH¶V 7KHRUHP

$PRV (� *HUD

$EVWUDFW
7KH FODVVLFDO WKHRUHP RI %RGH UHODWHG WR WKH VHQVLWLYLW\ LQWHJUDO LV JHQHUDOL]HG� $ YHUVLRQ ZLWK

UHVSHFW WR ZHLJKWHG VHQVLWLYLW\ LQWHJUDOV LV SUHVHQWHG� 7KH WKHRUHP LV DOVR H[WHQGHG WR LQFOXGH WUDQVIHU

IXQFWLRQV ZLWK WLPH GHOD\� 6RPH H[DPSOHV DUH SURYLGHG WR VKRZ LWV XWLOLW\�

�� ,QWURGXFWLRQ

7KH IXQGDPHQWDO WKHRUHP RI %RGH ������ VWDWHV WKDW WKH LQWHJUDO RYHU DOO IUHTXHQFLHV RI

WKH QDWXUDO ORJ RI WKH PDJQLWXGH RI WKH VHQVLWLYLW\ IXQFWLRQ OQ _ 6�MZ� _ YDQLVKHV� 7KLV ZDV VHHQ

WR EH WUXH IRU DQ RSHQ�ORRS VWDEOH WUDQVIHU IXQFWLRQ ZLWK WKH GLIIHUHQFH EHWZHHQ WKH GHJUHHV RI

WKH QXPHUDWRU DQG GHQRPLQDWRU DW OHDVW � � &RQVHTXHQWO\� LW LV QRW SRVVLEOH WR KDYH _ 6�MZ� _ � �

RYHU DOO IUHTXHQFLHV� 7KH H[WHQVLRQ RI %RGH¶V WKHRUHP WR XQVWDEOH RSHQ�ORRS V\VWHPV KDV EHHQ

FDUULHG RXW E\ �)UHXGHQEHUJ DQG /RR]H� ����� � 7KH\ KDYH SURYHG WKDW WKH LQWHJUDO RI WKH ORJ RI

WKH VHQVLWLYLW\ IXQFWLRQ LV SURSRUWLRQDO WR WKH VXP RI WKH XQVWDEOH RSHQ�ORRS SROHV� 7KH

H[WHQVLRQ RI WKH WKHRUHP WR HOLPLQDWH WKH OLPLWDWLRQ WKDW WKH GLIIHUHQFH EHWZHHQ QXPHUDWRU DQG

GHQXPHUDWRU PXVW EH JUHDWHU WKDQ �� KDV EHHQ SHUIRUPHG E\ �.ZDDNHUQDN DQG 6LYDQ� ������

7KHLU DQDO\VLV ZDV UHVWULFWHG WR DV\PSWRWLFDOO\ VWDEOH RSHQ�ORRS V\VWHPV� :X DQG -RQHNKHHUH

������ SUHVHQWHG D VLPSOLILHG DSSURDFK WR SURYH WKH UHYLVHG JHQHUDOL]HG %RGH¶V WKHRUHP�

ZKLFK FRPELQHV WKH ZRUN RI )UHXGHQEHUJ HW DO� ������ DQG RI .ZDDNHUQDN HW DO� ������� 7KH\

DOVR LQWURGXFHG D GLVFUHWH JHQHUDOL]HG %RGH¶V WKHRUHP � &KHQ ������ KDV SURYLGHG DOWHUQDWLYH

SURRIV IRU WKRVH WKHRUHPV XVLQJ VRPH SURSHUWLHV RI /DSODFH DQG = WUDQVIRUPV�

$ JHQHUDOL]HG YHUVLRQ RI %RGH¶V WKHRUHP WR LQFOXGH ZHLJKWHG VHQVLWLYLW\ LQWHJUDOV KDV

EHHQ SUHVHQWHG E\ �6NRJHVWDG DQG 3RVWOHWKZDLWH� ����� DQG E\ �&KHQ� ������ ,Q WKH IROORZLQJ�

%RGH¶V WKHRUHP ZLOO EH JHQHUDOL]HG IRU D QHZ IDPLO\ RI ZHLJKWHG VHQVLWLYLW\ LQWHJUDOV�

7KH WKHRUHP KDV EHHQ UHVWULFWHG WR UDWLRQDO RSHQ�ORRS WUDQVIHU IXQFWLRQV� ,WV H[WHQGHG

YHUVLRQ WR LQFOXGH V\VWHPV ZLWK WLPH GHOD\ ZLOO DOVR EH SUHVHQWHG�

�� :HLJKWHG VHQVLWLYLW\ LQWHJUDO

%HIRUH LQWURGXFLQJ D YHUVLRQ RI %RGH¶V WKHRUHP IRU ZHLJKWHG VHQVLWLYLW\� WKH

IROORZLQJ /HPPDV DUH QHFHVVDU\�
�

/HPPD � � ,I µD¶ DQG µE¶ DUH UHDO QXPEHUV� WKHQ IRU DQ\ W�

f

³ OQ µ�MZ�D���MZ�E�°
�
H
MWZ
GZ  �S�W ^>H

�EW
X�E� � H

EW
X��E� ± H

�DW
X�D� � H

DW
X��D�@ X�W�

�f �>H
�EW
X��E� ± H

�DW
X��D� � H

EW
X�E� ± H

DW
X�D�@ X��W�`

�����

�
(PDLO� JHUDBDPRV#\DKRR�FRP
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X�W� LV WKH XQLW VWHS IXQFWLRQ�

3URRI � %\ LQWHJUDWLRQ E\ SDUWV�

X  OQ �MZ � D� DQG GY  H
MWZ
GZ � Y  H

MWZ
� �MW� �

ZH KDYH

V V

³ OQ �MZ � D� H
MWZ
GZ  ���MW� >OQ �MV � D� H

MWV
� � OQ ��MV � D� H

�MWV
@ � ��W ³ H

MWZ
��MZ�D� GZ

�V �V

�����

7KH IROORZLQJ FDVHV PXVW EH FRQVLGHUHG�

,� Dz� � Ez� � ,W LV NQRZQ WKDW IRU D ! � DQG IRU DQ\ W �

f

����S� ³ H
MWZ
��MZ�D� GZ  H

�DW
X�W� �����

�f

DQG DIWHU FKDQJLQJ YDULDEOHV �W¶ �W� Zµ �Z� �

f

����S� ³ H
MWZ
��MZ�D� GZ  �H

DW
X��W� �����

�f

7KHUHIRUH� IRU DQ\ D z � �

f

³ H
MWZ
��MZ�D� GZ  �S H

�DW
>X�W� X�D� � X��W� X��D�@ �����

�f

5HIHUULQJ WR ����� ZLWK D�E z �� DQG V o ��

f

³ OQ��M�Z�D���MZ�E�� H
MWZ
GZ  

�f

 ��S�W ^H
�EW
>X�W� X�E� � X��W� X��E�@ � H

�DW
>X�W� X�D� � X��W� X��D�@` �����

DQG WKH H[SUHVVLRQ LQ ����� IROORZV WKHUHDIWHU �

,,� ,I D � RU E � �RU ERWK� �

$OWKRXJK WKH OLPLW RI WKH XQLW VWHS IXQFWLRQ X�[� DV [o � GRHVQ¶W H[LVW� LW VHHPV

DSSURSULDWH WR LQWURGXFH WKH JHQHUDOL]HG OLPLW �

X�[�o ��� >X���� � X����@  ��� DV [o � �����

$FFRUGLQJO\� WKH YDOLGLW\ RI ����� PD\ EH REVHUYHG� �

&RQFOXVLRQ � )RU Wo � � LW PD\ EH REVHUYHG WKDW

f

³ OQ µ�MZ�D���MZ�E�µ
�
GZ  �S �µDµ � µE µ� �����

�f

ZKLFK FRLQFLGHV ZLWK WKH UHVXOW RI �:X DQG -RQHNKHHUH� ������

5HPRYLQJ WKH FRQVWUDLQW WKDW µD¶ DQG µE¶ VKRXOG EH UHDO� /HPPD � LV H[WHQGHG DV IROORZV �
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f

/HPPD � � ³ OQ µ �MZ�]���MZ�S� µ
�
H

MWZ
GZ  

�f

 �S�W ^H
SW
>X�W� X��5H�S�� � X��W� X�5H�S��@

�H
]W
>X�W� X��5H�]�� � X��W� X�5H�]��@ �����

�H
�S
W

>X�W� X�5H�S�� � X��W� X��5H�S��@

�H
�]
W

>X�W� X�5H�]�� � X��W� X��5H�]��@`

ZKHUH µS¶ DQG µ]¶ DUH FRPSOH[ QXPEHUV �S
� ]
 WKHLU FRQMXJDWHV��

7KH SURRI LV D VLPSOH JHQHUDOL]DWLRQ RI WKH SURRI RI /HPPD ��

&RQFOXVLRQ � )RU Wo � �

f

³ OQ µ �MZ�]���MZ�S� µ
�
GZ  �S �µ5H�]� µ � µ5H�S� µ � ������

�f

&RQVLGHU D VLQJOH LQSXW VLQJOH RXWSXW�6,62�� OLQHDU� WLPH LQYDULDQW V\VWHP ZLWK

RSHQ�ORRS WUDQVIHU IXQFWLRQ /�V� JLYHQ E\

P Q

/�V�  .3 �V�]L� �3 �V�SM� ������

L � M �

ZKHUH . z � DQG LW LV FKRVHQ VR WKDW WKH FORVHG�ORRS V\VWHP LV DV\PSWRWLFDOO\ VWDEOH�

µQ�¶ RI WKH RSHQ�ORRS SROHV DUH VWDEOH�

/HW �

Q  Q � P

7KH VHQVLWLYLW\ IXQFWLRQ LV �

6�V�  �����/�V�� ������

7KHRUHP � �5HYLVHG *HQHUDOL]HG %RGH¶V 7KHRUHP IRU :HLJKWHG 6HQVLWLYLW\� �

)RU DQ\ W ! � �

Q Q� Q

�S�W > H[S �ULW� � H[S �S6M W� � H[S ��S
8M W�@ Q t �

L � M � M Q���

f

³ OQ µ6�MZ� µ H
MWZ
GZ  ������

�f

��S OQ µ .��µ G �W� �

Q Q� Q

� �S�W > H[S �ULW� � H[S ��S6M W� � H[S ��S
8M W�@ Q  �

L � M � M Q���

ZKHUH UL � S8L � S6L GHQRWH WKH L�WK FORVHG�ORRS SROH� WKH L�WK XQVWDEOH RSHQ�ORRS SROH� DQG WKH

L�WK VWDEOH FORVHG�ORRS SROH� UHVSHFWLYHO\�

°
°
°

¯

°°
°

®

­
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Q�
,I Q� � � WKHQ � �

M �

3URRI � ��� ,I Q t �� IROORZLQJ WKH SURRI RI WKHRUHP � RI �:X HW DO�� ������ LW PD\ EH VKRZQ WKDW

Q Q

6�V�  3 �V�SL� � 3 �V�UL� ������

L � L �

ZKHUH UL DQG SL GHQRWH WKH L�WK FORVHG�ORRS DQG RSHQ�ORRS SROHV� UHVSHFWLYHO\� 2ZLQJ WR WKH

FORVHG�ORRS VWDELOLW\� 5H �UL� � � L  ������Q � 7KH UHVXOW LV WKHQ DFKLHYHG XVLQJ ����� �/HPPD ��

� IRU DQ\ IL[HG W ! � �

��� ,I Q  � �Q P�� WKHQ

Q Q

6�V�  03 �V�SL� � 3 �V�UL� ������

L � L �

IRU ZKLFK 0 ���.��� � .z��� 7KH FDVH RI . �� PD\ EH KDQGOHG LQ D GLIIHUHQW ZD\�

$VVXPH DQ\ IL[HG W ! � � 5HIHUULQJ WR ������ �/HPPD �� � WKH UHVXOW LV REWDLQHG�

&RPPHQW � 7KH UHVXOWV RI :X HW DO�� ������ PD\ EH GHULYHG DV D OLPLW FDVH RI WKLV JHQHUDO

WKHRUHP� XVLQJ D JHQHUDOL]HG OLPLW YDOXH RI X�W� OLNH LQ ������

�� 6\VWHPV ZLWK WLPH GHOD\

$ GLIIHUHQW H[WHQVLRQ RI %RGH¶V WKHRUHP ZLOO QRZ EH SUHVHQWHG IRU RSHQ�ORRS WUDQVIHU

IXQFWLRQV WKDW LQFOXGH D WLPH GHOD\ IDFWRU �

/ �V�  /� �V� H
�V7

�����

ZKHUH 7 LV WKH WLPH GHOD\ GXUDWLRQ�

,W VHHPV ZRUWK\ WR FRPELQH WKH ZRUN RI :X HW DO�� ������ WRJHWKHU ZLWK D UDWLRQDO

DSSUR[LPDWLRQ RI WKH H[SRQHQWLDO IDFWRU� 7KH IROORZLQJ LV XVHG �

H
�V7
 OLP >� � ���V7�T�

T
@ DV Tof �����

)RU DQ\ LQWHJHU YDOXH RI µT¶� WKH DGGLWLRQDO SROHV GXH WR WKH LQFOXVLRQ RI WKH H
�V7
WHUP DUH DOO

/+3 SROHV RI WKH RSHQ�ORRS WUDQVIHU IXQFWLRQ� /LNH EHIRUH� OHW

P Q

/��V�  .3 �V�]L� � 3 �V�SM� �����

L � M �

DQG µ.¶ LV FKRVHQ VR WKDW WKH FORVHG�ORRS V\VWHP LV DV\PSWRWLFDOO\ VWDEOH�
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7KHRUHP � � )RU / �V�  /� �V� H
�V7
�

f

³ OQ µ6�MZ�µ GZ  �S 5H�S8L� �����

�f L

ZKHUH S8L DUH WKH XQVWDEOH RSHQ�ORRS SROHV RI /� �

3URRI � )RU DQ\ LQWHJHU µT¶� DSSUR[LPDWLRQ ����� RI H
�V7

LQWURGXFHV RQO\ /+3 SROHV LQWR WKH

QHZ / �V� IXQFWLRQ� DQG Q  Q�Pof DV Tof� 5HODWLRQ ����� FRPHV RXW DV D UHVXOW RI

WKHRUHP � LQ >�@� $ GLIIHUHQW SURRI KDV EHHQ JLYHQ E\ )UHXGHQEHUJ DQG /RR]H XVLQJ FRPSOH[

YDULDEOH WKHRU\ �)UHXGHQEHUJ HW DO�� ������

$QRWKHU ZD\ RI DQDO\VLV PD\ EH FDUULHG RXW WKURXJK WKH VHULHV H[SDQVLRQ �

f

OQ >��. /�MZ�@  ����
S��

� .
S
� S� /

S
�MZ� �����

S �

ZKLFK LV YDOLG IRU DQ\ Z IRU ZKLFK

µ. / �MZ�µ � � �����

7KHUHIRUH� LI

µ. µ � PLQ �� � µ/ �MZ�µ� �����

WKHQ

f f f

³OQ >��. /�MZ�@ GZ  ����
S��

�.
S
� S� ³ /

S
�MZ� GZ �����

�f S � �f

,Q FDVH RI V\VWHPV ZLWK D WLPH GHOD\ � /  /� H
�MZ7

� WKH LQWHJUDOV RQ WKH ULJKW�KDQG VLGH DUH

)RXULHU WUDQVIRUPV RI WKH SRZHUV RI WKH QRPLQDO RSHQ�ORRS WUDQVIHU IXQFWLRQ�

([DPSOH � / �V�  H
�V7
� �V�D� D ! �

,W LV NQRZQ WKDW IRU DQ\ QDWXUDO µS¶ �

f

����S� ³ H
MZS7

� �MZ�D�
S
GZ  �S7�

S��
� �S���� H

�DS7
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�f

VR WKDW f
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�MZS7

� �MZ�D�
S
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� �S���� H

DS7
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�f

&RQVHTXHQWO\� IURP ������

f
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IRU 7 ! � � µ. µ� D � ZKLFK LV LQ FRUUHODWLRQ ZLWK WKH UHVXOW RI WKHRUHP � ������

�� 1XPHULFDO ([DPSOHV

&DOFXODWLRQV KDYH EHHQ SHUIRUPHG XVLQJ WUDSH]RLGDO RU 6LPSVRQ TXDGUDWXUH� 7KH

IROORZLQJ QRPLQDO �ZLWKRXW WLPH GHOD\� RSHQ�ORRS WUDQVIHU IXQFWLRQV ZHUH FKRVHQ �

��� /� �V�  ���V���
�

��� /� �V�  ����V����V������

��� /� �V�  ���V���

��� /� �V�  �V�����V���

$ VOLJKW WLPH GHOD\ ZDV WDNHQ � 7  ��� � ,W ZDV FKHFNHG WKDW WKH FORVHG�ORRS LV DV\PSWRWLFDOO\

VWDEOH IRU HDFK H[DPSOH� 7KH YDOXH µQ¶ LV WKH RUGHU RI DSSUR[LPDWLRQ RI H
�V7
DFFRUGLQJ WR ������

,GHQWLFDO LQWHJUDWLRQ ERXQGV DQG VWHSV ZHUH XVHG IRU SXUSRVH RI FRPSDULVRQ� 7KH IROORZLQJ

UHVXOWV ZHUH FDOFXODWHG �

([DPSOH QR� ([DFW YDOXH RI

LQWHJUDO �WKHRUHP

��

1XPHULFDO

TXDGUDWXUH

$SSUR[LPDWLRQ

RUGHU �Q�

,QWHJUDWLRQ RI

DSSUR[LPDWH

WHUP �����

� � ����
�� � �����

��

� S ������ � ������

� �S ������ � ������

� � 
 � ��
��

7DEOH ��� � &RPSDULVRQ EHWZHHQ WKHRUHWLFDO UHVXOWV� QXPHULFDO LQWHJUDWLRQ

DQG DSSUR[LPDWH FDOFXODWLRQ

,W LV REVHUYHG WKDW WKH ILUVW RUGHU DSSUR[LPDWLRQ �

H
�V7
| � � V7 �����

LV SUDFWLFDOO\ VXIILFLHQW IRU WKH DQDO\VLV LQ FDVH RI D VOLJKW WLPH GHOD\ 7  ��� � 2EYLRXVO\�

KLJKHU RUGHU DSSUR[LPDWLRQV PD\ EH QHHGHG IRU ODUJHU YDOXHV RI 7�

([DPSOH QR� � H[KLELWV WKH VLWXDWLRQ IRU ZKLFK WKH UHJXODU QXPHULFDO TXDGUDWXUH GRHV

QRW FRQYHUJH GXH WR WKH RVFLOODWRU\ QDWXUH RI WKH LQWHJUDQG� ZKHUHDV LQWHJUDWLRQ RYHU WKH

DSSUR[LPDWH WHUP FRQYHUJHV ULJKW RQ� 7KLV LQGLFDWHV WKH VXSHULRULW\ RI WKH ODWHU IRU WKH FDVH RI

Q  Q � P  � �
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�� &RQFOXVLRQV

6RPH H[WHQVLRQV RI WKH UHYLVHG JHQHUDOL]HG %RGH WKRHUHP KDYH EHHQ LQWURGXFHG� 7KH

WKHRUHP LV DSSOLFDEOH WR ZHLJKWHG VHQVLWLYLW\ LQWHJUDOV� ,W LV DOVR YDOLG IRU V\VWHPV ZLWK WLPH

GHOD\� 7KH DVVXPSWLRQ �WKDW WKH RQO\ ZD\ WR SURYH %RGH¶V WKHRUHP IRU QRQUDWLRQDO WUDQVIHU

IXQFWLRQV LV E\ FRPSOH[ YDULDEOH WKHRU\� ZDV FRQWUDGLFWHG� 7KH VDPH DSSURDFK PD\ EH FDUULHG

RYHU WR WKH GLVFUHWH YHUVLRQ� %RGH¶V WKHRUHP LV WKXV REVHUYHG WR EH PXFK ZLGHU DQG PRUH

DEXQGDQW LQ LWV DSSOLFDELOLW\ WKDQ LWV RULJLQDO YHUVLRQ�

�� 5HIHUHQFHV

>�@ %RGH +�:�������� 1HWZRUN $QDO\VLV DQG )HHGEDFN $PSOLILHU 'HVLJQ� 3ULQFHWRQ� 1- �

9DQ 1RVWUDQG�

>�@ &KHQ -� ������� ³6HQVLWLYLW\ ,QWHJUDOV DQG 7UDQVIRUPDWLRQ 7HFKQLTXHV � $ 1HZ

3HUVSHFWLYH´� ,((( 7UDQV� $XWRPDW� &RQWURO�����QR� �� SS� ����������

>�@ )UHXGHQEHUJ -�6� DQG '�3� /RR]H ������� ³5LJKW KDOI�SODQH ]HURV DQG SROHV DQG GHVLJQ

WUDGHRIIV LQ IHHGEDFN V\VWHPV´� ,((( 7UDQV� $XWRPDW� &RQWU����� QR� �� SS�

��������

>�@ .ZDNHUQDDN +� DQG .� 6LYDQ ������� /LQHDU 2SWLPDO &RQWURO 6\VWHPV� 1HZ <RUN�

:LOH\�

>�@ 6NRJHVWDG 6� DQG ,� 3RVWOHWKZDLWH �������0XOWLYDULDEOH )HHGEDFN &RQWURO�

>�@ :X %�)� DQG (�$� -RQHNKHHUH ������� ³$ 6LPSOLILHG $SSURDFK WR %RGH¶V 7KHRUHP IRU

&RQWLQXRXV�7LPH DQG 'LVFUHWH�7LPH 6\VWHPV´� ,((( 7UDQV� $XWRPDW� &RQWURO��

��� QR� ��� SS� ����������
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