
%$/$1&(' 5($/,=$7,21 2) )/(;,%/( 6758&785(6

:,7+ *(1(5$/ '$03,1*� $ 32:(5 6(5,(6 $3352$&+

<RUDP +DOHYL
�

)DFXOW\ RI 0HFKDQLFDO (QJLQHHULQJ

7HFKQLRQ ± ,�,�7

+DLID ������ ,65$(/

� (�PDLO� PHUK\��#W[�WHFKQLRQ�DF�LO� )D[ �������������� 7KLV UHVHDUFK ZDV VXSSRUWHG E\ WKH IXQG IRU

WKH SURPRWLRQ RI UHVHDUFK DW WKH 7HFKQLRQ�

$EVWUDFW

$ PHWKRG RI DSSUR[LPDWLQJ WKH EDODQFHG UHDOL]DWLRQ IRU OLJKWO\ GDPSHG IOH[LEOH VWUXFWXUHV LV

SUHVHQWHG� 7KH GDPSHG V\VWHP LV WUHDWHG DV D SHUWXUEDWLRQ IURP WKH XQGDPSHG V\VWHP� DQG WKH

FRQWUROODELOLW\ DQG REVHUYDELOLW\ JUDPLDQV� DV ZHOO DV WKH EDODQFLQJ WUDQVIRUPDWLRQ DUH JLYHQ DV D

SRZHU VHULHV LQ WKH SHUWXUEDWLRQ VFDOLQJ IDFWRU� 7KH DSSUR[LPDWLRQ XWLOL]HV WKH VSHFLDO VWUXFWXUH RI

WKH V\VWHP L�H� WKH SRVLWLYH GHILQLWQHVV RI WKH LQHUWLD� GDPSLQJ DQG VWLIIQHVV PDWULFHV� DQG WKH IDFW

WKDW WKH GDPSLQJ LV VPDOO�� WR REWDLQ FORVHG IRUP H[SUHVVLRQV IRU WKH VHULHV FRHIILFLHQW PDWULFHV�

7KHVH H[SUHVVLRQV OHDG WR LQWHUHVWLQJ VWUXFWXUDO SURSHUWLHV� ZKLFK DUH GLVFXVVHG DQG UHODWHG WR

SK\VLFDO SURSHUWLHV RI YLEUDWLQJ V\VWHPV� 7KH UHVXOWV FDQ EH REWDLQHG DW DQ\ OHYHO RI DFFXUDF\ E\

DSSURSULDWH WUXQFDWLRQ RI WKH VHULHV�

� ,QWURGXFWLRQ

7KH SUREOHP RI DSSUR[LPDWLQJ D KLJK�RUGHU� OLQHDU� WLPH LQYDULDQW G\QDPLF V\VWHP E\ D ORZHU RUGHU

PRGHO LV RQH RI WKH IXQGDPHQWDO SUREOHPV RI V\VWHP WKHRU\ DQG KDV UHFHLYHG UHQHZHG LQWHUHVW LQ WKH ODVW

WZR GHFDGHV� 7KH PHWKRG WKDW UHSUHVHQWV WKH EHJLQQLQJ RI WKH QHZ HUD LQ PRGHO RUGHU UHGXFWLRQ LV WKH

WUXQFDWHG EDODQFHG UHDOL]DWLRQ PHWKRG �0RRUH� ���� 3HUQHER DQG 6LOYHUPDQ� ������ ,Q WKLV PHWKRG D

VWDWH WUDQVIRUPDWLRQ LV XVHG WR REWDLQ D UHDOL]DWLRQ ZLWK FRQWUROODELOLW\ DQG REVHUYDELOLW\ JUDPLDQV ZKLFK

DUH GLDJRQDO DQG HTXDO� 7KLV LGHQWLILHV WKH VWURQJ PRGHV RI WKH V\VWHP ZKLFK DUH UHWDLQHG ZKLOH RWKHU

PRGHV DUH WUXQFDWHG� 7KH PHWKRG LV KHXULVWLF DQG IRUPDOO\ GRHV QRW LQFRUSRUDWH DQ\ H[SOLFLW FULWHULRQ�

+RZHYHU� LW LV FORVHO\ UHODWHG WR /� PLQLPL]DWLRQ� �.DEDPED� ����� +\ODQG DQG %HUQVWHLQ� �����

+DOHYL� ����� DQG LQ PDQ\ FDVHV UHVXOWV LQ UHGXFHG PRGHOV ZKLFK DUH QHDU RSWLPDO LQ WKDW VHQVH�

0RUHRYHU� UHGXFHG PRGHOV REWDLQHG E\ WKLV PHWKRG KDYH JXDUDQWHHV ERXQG RQ WKH +∞ HUURU �(QQV�������

7KHUH LV D FRQVLGHUDEOH YROXPH RI ZRUNV GHDOLQJ ZLWK WKH SURSHUWLHV DQG DSSOLFDWLRQV RI WKH WUXQFDWHG

EDODQFHG UHDOL]DWLRQ PHWKRG DQG LWV XVHIXOQHVV VHHPV WR EH HYLGHQW�
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7KH FRPSXWDWLRQDO DVSHFWV KDYH DOVR EHHQ FRQVLGHUHG DQG HIILFLHQW DQG UHOLDEOH QXPHULFDO DOJRULWKPV IRU

D JHQHUDO V\VWHP ZHUH SUHVHQWHG �/DXE HW DO� ����� 6DIRQRY DQG &KLDQJ� ������ 1HYHUWKHOHVV WKH PDLQ

SUREOHP LQ WKH DSSOLFDWLRQ RI WKH PHWKRG WR VWUXFWXUHV VHHPV WR EH WKH FRPSXWDWLRQDO EXUGHQ� 7KH VWHSV

WKDW DUH LQYROYHG LQ WKLV PHWKRG DUH

D� &DOFXODWLQJ WKH FRQWUROODELOLW\ DQG REVHUYDELOLW\ JUDPLDQV�

E� &DOFXODWLQJ WKH EDODQFLQJ WUDQVIRUPDWLRQ DQG WKH EDODQFHG UHDOL]DWLRQ�

F� 7UXQFDWLRQ RI WKH EDODQFHG UHDOL]DWLRQ�

7KH RUGHUV RI PRGHOV RI VWUXFWXUHV FDQ EH DV ODUJH DV KXQGUHGV RI WKRXVDQGV DQG VWHSV D� DQG E� LQ VXFK

FDVHV PD\ UHTXLUH XQDFFHSWDEO\ ORQJ FRPSXWDWLRQ WLPH� $QRWKHU VRXUFH RI GLIILFXOW\ LV WKH IDFW WKDW GXH

WR WKH VPDOO GDPSLQJ� WKH V\VWHP PDWULFHV FRQWDLQ WHUPV ZKLFK PD\ EH VHYHUDO RUGHUV RI PDJQLWXGH

DSDUW�

6HYHUDO ZRUNV GHDO ZLWK WKH DSSOLFDWLRQ RI WKH WUXQFDWHG EDODQFHG UHDOL]DWLRQ WR VWUXFWXUHV �0RWWHUVKHDG

DQG )ULVZHOO� ����� :LOOLDPV� ���� DQG ����� *DZURQVNL DQG -XDQJ ����� DQG *DZURQVNL ���� DQG

����� DQG WKH DOJRULWKPV WKHUH H[SORLW VRPH SURSHUWLHV SDUWLFXODU WR WKRVH V\VWHPV� 7KHUH DUH WZR PDLQ

GLIIHUHQFHV EHWZHHQ WKRVH PHWKRGV DQG WKH PHWKRG WKDW LV SURSRVHG LQ WKLV SDSHU� )LUVW� PRVW RI WKH

PHWKRGV FRQVLGHU V\VWHPV ZLWK PRGDO GDPSLQJ ZKLOH ZH FRQVLGHU WKH FDVH RI D JHQHUDO GDPSLQJ

PDWUL[� 6HFRQGO\� WKH\ FRQVLGHU WKH H[DFW VROXWLRQ RI WKH EDODQFLQJ SUREOHP RI ZKLOH ZH ORRN IRU DQ

DSSUR[LPDWH RQH�

,Q XQGDPSHG RU OLJKWO\ GDPSHG VWUXFWXUHV WKH PRVW FRPPRQ PHWKRG RI RUGHU UHGXFWLRQ LV PRGDO

WUXQFDWLRQ� ZKLFK LV D VSHFLDO FDVH RI WKH PHWKRG RI SDUWLDO IUDFWLRQ H[SDQVLRQ� ,Q JHQHUDO� L�H� IRU

V\VWHPV WKDW PD\ EH RYHUGDPSHG RU ZLWK ODUJH GDPSLQJ IDFWRU� WKLV PHWKRG GRHV QRW \LHOG JRRG

DSSUR[LPDWLRQV� +RZHYHU� IRU XQGDPSHG V\VWHPV ZLWK GLVMRLQW QDWXUDO IUHTXHQFLHV LW JLYHV WKH RSWLPDO

DSSUR[LPDWLRQ� DQG� E\ FRQWLQXLW\� JRRG DSSUR[LPDWLRQV IRU V\VWHPV ZLWK SURSRUWLRQDO OLJKW GDPSLQJ�

ZKHUH WKH DFFXUDF\ GHSHQGV RQ WKH OHYHO RI GDPSLQJ DQG WKH GLVWDQFH EHWZHHQ WKH QDWXUDO IUHTXHQFLHV�

:KHQ WKH GDPSLQJ PDWUL[ KDV D JHQHUDO VWUXFWXUH WKH PRGDO PHWKRGV DUH QR ORQJHU DFFXUDWH DQG FDQQRW

EH DSSOLHG

7KH PDLQ LGHD LQ WKH VXJJHVWHG PHWKRG LV WR H[SUHVV WKH OLJKWO\ GDPSHG V\VWHP DV D VPDOO SHUWXUEDWLRQ

IURP WKH XQGDPSHG DQG WR ZULWH WKH JUDPLDQV DV D SRZHU VHULHV LQ WKH SHUWXUEDWLRQ VFDODU IDFWRU� 7KH

DQDO\VLV WKDW IROORZV JLYHV FORVHG IRUP IRUPXODV IRU WKH FRHIILFLHQWV RI WKH VHULHV DV ZHOO DV IRU WKH

EDODQFLQJ WUDQVIRUPDWLRQ� )RU OLJKW GDPSLQJ RQO\ D IHZ WHUPV DUH UHTXLUHG WR FDOFXODWH WKH JUDPLDQV IRU

WKH GHVLUHG DFFXUDF\ DQG WKXV D VXEVWDQWLDO UHGXFWLRQ LQ WKH FRPSXWDWLRQ LV DFKLHYHG�

7KH PDWHULDO LV RUJDQL]HG DV IROORZV� 6HFWLRQ � FRQWDLQV WKH VWDWHPHQW RI WKH SUREOHP DQG VRPH

SUHOLPLQDU\ UHVXOWV� ,Q VHFWLRQ � WKH SRZHU VHULHV DSSUR[LPDWLRQ RI WKH FRQWUROODELOLW\ JUDPLDQ LV

LQWURGXFHG DQG FDOFXODWHG� 6HFWLRQ � GLVFXVVHV WKHVH UHVXOWV IURP D GHWHUPLQLVWLF WLPH GRPDLQ

LQWHUSUHWDWLRQ RI WKH FRQWUROODELOLW\ JUDPLDQ� ,Q VHFWLRQ � WKH GXDO UHVXOWV IRU WKH REVHUYDELOLW\ JUDPLDQ

DUH GHULYHG� 7KH DSSUR[LPDWHG EDODQFLQJ WUDQVIRUPDWLRQ LV JLYHQ LQ VHFWLRQ �� 7KH UHVXOWV RI WKH SDSHU

DUH VXPPDUL]HG LQ VHFWLRQ ��

� 3UREOHP VWDWHPHQW DQG SUHOLPLQDULHV

7KH G\QDPLFV RI D IOH[LEOH VWUXFWXUH LV JLYHQ E\

)t(Fu)t(Kq)t(qC)t(qM =++ ��� �����
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ZKHUH T∈51 LV D YHFWRU RI JHQHUDOL]HG FRRUGLQDWHV DQG X∈5P LV D YHFWRU RI JHQHUDOL]HG IRUFHV� 7KH

LQHUWLD PDWUL[ 0 DQG WKH VWLIIQHVV PDWUL[ . DUH V\PPHWULF DQG SRVLWLYH GHILQLWH� 7KDW PHDQV WKDW WKH

V\VWHP GRHV QRW KDYH ULJLG ERG\ GHJUHHV RI IUHHGRP� SRVVLEO\ EHFDXVH RI D GHILQLWLRQ DV WKH GHYLDWLRQ

IURP WKH ULJLG ERG\ PRWLRQ� 7KH GDPSLQJ PDWUL[ & LV QRQQHJDWLYH GHILQLWH DQG PD\ EH VLQJXODU�

+RZHYHU LW LV DVVXPHG WKDW WKH V\VWHP LV DV\PSWRWLFDOO\ VWDEOH� L�H� DOO WKH VROXWLRQV RI

��.&V0V�GHW � =++ �����

KDYH VWULFWO\ QHJDWLYH UHDO SDUW� $ QHFHVVDU\ DQG VXIILFLHQW FRQGLWLRQ IRU WKDW LV WKDW

L�& L
∀≠φ �����

ZKHUH φ i LV D PRGHVKDSH RI WKH XQGDPSHG V\VWHP �0� .�� $Q\ & ! �� DQG JHQHULFDOO\ DOO & ≥ �

VDWLVI\ WKLV PLOG FRQGLWLRQ� 6LQFH V\VWHPV ZLWK OLJKW GDPSLQJ DUH FRQVLGHUHG� & LV VPDOO �RQH ZD\ WR

H[SUHVV WKDW µVPDOOQHVV¶ LV __&__ �� �__0__ __.__���� � DQG ZH XVH WKH SDUDPHWUL]DWLRQ

&  α&R �����

� !! α ! � LV D VFDODU DQG __&R__ LV �URXJKO\� RI WKH RUGHU RI PDJQLWXGH �__0__ __.__����� 7KXV &R

FRQWDLQV LQIRUPDWLRQ UHJDUGLQJ WKH H[LVWHQFH RI GDPSLQJ HOHPHQWV� WKHLU FRQQHFWLYLW\ DQG UHODWLYH YDOXHV�

6LQFH WKH VWDELOLW\ FRQGLWLRQ ����� LV JHRPHWULF LW LV D SURSHUW\ RI &R RQO\� )XUWKHUPRUH� LW ZLOO EH VKRZQ

ODWHU WKDW WKH DOO WKH UHVXOWV RI WKLV SDSHU DUH LQGHSHQGHQW RI WKH PDJQLWXGH GLVWULEXWLRQ EHWZHHQ

α DQG &R.

7KH RXWSXW� \∈5U FRQVLVWV RI OLQHDU FRPELQDWLRQV RI WKH JHQHUDOL]HG YHORFLWLHV�

�W�T+�W�\ Y
�= �����

�7KH FDVH RI GLVSODFHPHQWV RXWSXW LV DQDORJRXV DQG ZLOO QRW EH GLVFXVVHG LQ WKLV SDSHU�� 'HILQLQJ WKH

VWDWH YHFWRU [ ]777
TT] �= � WKH VWDWH VSDFH UHDOL]DWLRQ RI WKH V\VWHP ZKLFK KDV DQ RUGHU Q  �1 LV JLYHQ

DV

�W�X
)0

�
�W�]

&0.0

,�
�W�]

��� 







+








−−

= −−−� ����D�

\�W�  >� +Y@ ]�W� ����E�

7KH ILUVW VWHS LQ WKH GHULYDWLRQ LV WKH FDOFXODWLRQ RI WKH PRGDO IRUP RI WKH XQGDPSHG V\VWHP �0� .�� 7R

VLPSOLI\ WKH DQDO\VLV ZH DVVXPH WKDW WKH QDWXUDO IUHTXHQFLHV RI WKH V\VWHP DUH GLVWLQFW� /HW Ω EH WKH

GLDJRQDO PDWUL[ RI WKH QDWXUDO IUHTXHQFLHV DQG Φ WKH PDVV QRUPDOL]HG PRGDO PDWUL[� 7KHQ ZH KDYH

1
7 ,0 =ΦΦ �����

�7
. Ω=ΦΦ �����

7KH VWDWH WUDQVIRUPDWLRQ ] 7[� ZKHUH
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5HVXOWV LQ WKH IROORZLQJ UHDOL]DWLRQ� NQRZQ DV PRGDO UHDOL]DWLRQ�
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)
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




ΦΦ−Ω−

=� �����D�

[�W�@+�> \�W� vΦ �����E�

7KH IUHTXHQWO\ PDGH DVVXPSWLRQ� H�J� �:LOOLDPV� ���� DQG ����� *DZURQVNL ����� RI PRGDO GDPSLQJ

LPSOLHV WKDW Φ7&Φ LV GLDJRQDO DV ZHOO DQG WKDW VLPSOLILHV WKH GHULYDWLRQ FRQVLGHUDEO\� +RZHYHU WKLV

DVVXPSWLRQ LV QRW PDGH KHUH DQG Φ7&Φ LV FRQVLGHUHG WR EH D IXOO V\PPHWULF PDWUL[� $Q REVHUYDWLRQ�

ZKLFK LV LPSRUWDQW IRU WKH VXEVHTXHQW GHULYDWLRQ� LV JLYHQ DV D OHPPD�

/HPPD ���� ,I WKH V\VWHP ������ LV DV\PSWRWLFDOO\ VWDEOH WKH GLDJRQDO HQWULHV RI Φ7&Φ DUH VWULFWO\

SRVLWLYH HYHQ LI & LV VLQJXODU�

3URRI � )RU QRQQHJDWLYH PDWULFHV WKH VWDELOLW\ FRQGLWLRQ ����� LPSOLHV WKDW

( ) L�&&
L

7
LLL

7 ∀>φφ=ΦΦ ������

� 6HULHV DSSUR[LPDWLRQ RI WKH FRQWUROODELOLW\ JUDPLDQ

:H VWDUW ZLWK WKH UHDOL]DWLRQ ������ ZKLFK LV ZULWWHQ DV

�W�%X�W�[�$$��W�[ �� +α+=� ����D�

\  +[ ����E�

ZKHUH

[ ]Φ=



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7KH /\DSXQRY HTXDWLRQ ZKLFK GHWHUPLQHV WKH FRQWUROODELOLW\ JUDPLDQ 4 LV

�%%�$$�44�$$� 77
���� =+α++α+ � �����

,W LV ZHOO NQRZQ WKDW HT� ����� KDV D VROXWLRQ LI DQG RQO\ LI � �$ $0 1+ α GRHV QRW KDYH D SDLU RI SROHV

ZKLFK DUH V\PPHWULF DERXW WKH RULJLQ �.ZDNHUQQDN DQG 6LYDQ� ������ ZKLFK LQ RXU FDVH PHDQV SXUHO\

LPDJLQDU\ SROHV� +HQFH QR VROXWLRQ H[LVWV IRU α � DQG D XQLTXH VROXWLRQ H[LVWV IRU α ! �� ,Q �+DOHYL�

����� LW KDV EHHQ VKRZQ WKDW WKH SRZHU VHULHV
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LV DQ DGHTXDWH DSSUR[LPDWLRQ VLQFH DV α→�� 4 JRHV WR LQILQLW\ DW D UDWH SURSRUWLRQDO WR α��
�

7R VLPSOLI\ WKH QRWDWLRQ LQ WKH IRUWKFRPLQJ GHULYDWLRQ ZH GHILQH
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7� && �����

ΦΦ= 77
)))

a
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7KH ILUVW VWHS LQ WKH FDOFXODWLRQ RI WKH JUDPLDQV LV VXEVWLWXWLQJ WKH VHULHV ����� LQWR HT� ����� DQG

HTXDWLQJ OLNH SRZHUV RI α� 7KH IROORZLQJ HTXDWLRQV DUH REWDLQHG IRU α��� αR DQG αN �N ≥��
UHVSHFWLYHO\�
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�%%$4$44$4$ 77
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:H SDUWLWLRQ HDFK 4N WR IRXU VTXDUH Q×Q VXE�EORFNV DV
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6LQFH WKH QDWXUDO IUHTXHQFLHV DUH GLVWLQFW LW IROORZV LPPHGLDWHO\ WKDW DE��4−  � DQG WKDW D��4 − DQG

E��4− DUH GLDJRQDO� (T� ����� FDQ QRZ EH ZULWWHQ DV

�
)
a

&44&44V\P

4444
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E��E��

��7
DE��DE��

�

�
D��E��

7
DE��DE�� =













+−−Ω−Ω−

Ω−+

−−
������

7KH XSSHU OHIW VXE�EORFN LPSOLHV WKDW 4��DE LV VNHZ V\PPHWULF� ZKLFK LQ WXUQ LPSOLHV WKDW WKH GLDJRQDO

HOHPHQWV RI Ω�
4��DE DUH ]HUR� %\ LQVSHFWLQJ WKH GLDJRQDO HQWULHV RI WKH ORZHU ULJKW VXE�EORFN ZH ILQG

WKDW

�
LL

LL
LLE��

&�

)
a

�4� =− ������

4���D � ZKLFK LV GLDJRQDO DV ZHOO� LV JLYHQ E\
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6LQFH DE��4 LV VNHZ V\PPHWULF RQO\ WKH XSSHU WULDQJXODU SDUW �M!L� QHHGV WR EH FDOFXODWHG� 7R ILQG WKH

GLDJRQDO HQWULHV RI D��4 DQG E��4 ZH FRQVLGHU QRZ HT� ����� ZLWK N ��
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$V LQ WKH GLVFXVVLRQ WKDW IROORZV HT� ������� WKH XSSHU OHIW VXE�EORFN LPSOLHV WKDW DE��4 LV VNHZ

V\PPHWULF� KHQFH WKH GLDJRQDO HOHPHQWV RI �7
DE��DE��

�
44 Ω−Ω− DUH ]HUR� 7KH GLDJRQDO HQWULHV RI WKH

ORZHU ULJKW VXE�EORFN DUH WKHUHIRUH

��4��&�� LLE��LL
� = � ������

EXW VLQFH ��&� LL
� ≠ LW IROORZV WKDW ��4� LLE��

= � +HQFH

�44
D��E��

== ������

8VLQJ WKLV� LW LV FRQFOXGHG WKDW

�4 DE�� = ������

:ULWLQJ WKH �L�M� DQG �M�L� HQWULHV RI WKH XSSHU�ULJKW VXE�EORFN� UHFDOOLQJ WKDW 4��D DQG 4��E DUH V\PPHWULF

ZH KDYH
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�
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7KHVH HTXDWLRQV \LHOG� IRU L ≠ M
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7KH VDPH UHDVRQLQJ DV IRU WKH FRQWUROODELOLW\ JUDPLDQ DSSOLHV DOVR WR WKLV HTXDWLRQ DQG WKHUHIRUH WKH

VDPH W\SH RI SRZHU VHULHV LV XVHG IRU 3�

.
.

���
�. 33333 α++α++α= −

−
� �����

7KH FRXQWHUSDUW UHVXOWV IRU WKH REVHUYDELOLW\ JUDPLDQ DUH DQDORJRXV WR WKH UHVXOWV LQ VHFWLRQ � DQG DUH

JLYHQ E\ WKH IROORZLQJ WKHRUHP�

7KHRUHP ���� 7KH PDWULFHV 3N RI WKH VHULHV ����� DUH JLYHQ E\

804

Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999



{ }
{ }














=

ω

−
�

LL

LL

�

LL

�

LLL

&�

+
a

&�

+
a

�

GLDJ�

�GLDJ
3 �����









=

�3

3�
3 7

DE��

DE��

� �����

ZKHUH

[ ]















=

≠
ω−ω

ω−+

=

−−

ML�

ML
+
a

��3��3��&

�3�

�
L

�
M

�
LLMMME��LLE��

�
LM

LMDE�� �����

N �P���









=

E�N

D�N

N
3�

�3
3 �����

ZKHUH

( ) ( )















=∑−

≠
ω−ω

ω−ω

=

≠
=

−−

ML�&��3�
�&�

�

ML
&3&3

�3�
Q

LM
�M

ML
�

LME�N

LL
�

�
L

�
M

LM

�

DE��N

�
LML

�

DE��N

�
M

LME�N �����

( ) ( )

( ) ( )[ ]















=ω−

≠
ω−ω

ωω



 −

=

−

−−

ML&33

ML

&3&3

�3�
�
LLL

�

DE��NLLE�N

�
L

�
M

�
L

�
MLM

�

DE��NML

�

DE��N

LMD�N �����

N �P

805

Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999



3

3

3
k

k ab

k ab
T=











0

0
,

,
�����

ZKHUH

( ) ( )
















=

≠
ω−ω

ω



 +

=

−−

ML�

ML

3&3&

�3�

�
L

�
M

�
LLME��N

�

MLE��N

�

LMDE�N ������

3URRI� :KLOH WKH GHULYDWLRQ FDQ EH GRQH GLUHFWO\ DORQJ WKH VDPH OLQHV DV IRU 4� LW LV HDVLHU WR XVH WKH

VWDWH WUDQVIRUPDWLRQ











 Ω−=
−

,�

�
7

�

������

7KHQ LW IROORZV WKDW

7

�

�
� $

&,

�
$77
$ =













α−
Ω−== − ������

DQG

[ ] ++�+7
+ Y
7 =Φ== ������

+HQFH WKH PDWULFHV 737
3 N
7

N = DUH JLYHQ E\ WKH IRUPXODV IRU N4 ZLWK

ΦΦ= 7
YY

7 +++
a

������

UHSODFLQJ )
a
� 'XH WR WKH VWUXFWXUH RI WKH WUDQVIRUPDWLRQ 7 WKH LQYHUVH WUDQVIRUPDWLRQ IURP 3N¶ WR 3N LV DV

IROORZV� 
3 E�N UHPDLQV XQFKDQJHG� 
3 DE�N LV SUH�PXOWLSOLHG E\ �Ω DQG 
3 D�N LV SUH DQG SRVW�PXOWLSOLHG

E\ �Ω � 7KLV OHDGV WR �������������

� %DODQFLQJ

,Q VHFWLRQV � DQG � WKH SRZHU VHULHV IRU WKH FRQWUROODELOLW\ DQG REVHUYDELOLW\ JUDPLDQV ZHUH GHULYHG� $W

WKLV SRLQW RQH FDQ FDOFXODWH WKHVH PDWULFHV WR WKH GHVLUHG DFFXUDF\ DQG WKHQ EDODQFH H[DFWO\� XVLQJ DQ\

VWDQGDUG PHWKRG� WR JHW WKH EDODQFHG UHDOL]DWLRQ RI WKH V\VWHP� +RZHYHU� WKH PRWLYDWLRQ IRU WKH

DSSUR[LPDWLRQV ZDV WR UHGXFH WKH DPRXQW RI FRPSXWDWLRQDO DQG WR VHH WKH HIIHFW RI WKH GDPSLQJ RQ WKH

UHVXOWV� :H WKHUHIRUH FRQWLQXH DQG SUHVHQW QRZ DQ DSSUR[LPDWLRQ RI WKH EDODQFLQJ WUDQVIRUPDWLRQ�

)LUVW UHFDOO WKDW D VWDWH WUDQVIRUPDWLRQ 7 FKDQJHV WKH JUDPLDQV LQ WKH IROORZLQJ ZD\

377
33477
44 77� =→=→ −−

806

Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999



$ WUDQVIRUPDWLRQ LV FDOOHG EDODQFLQJ LI LQ WKH QHZ UHDOL]DWLRQ 4¶ DQG 3¶ DUH GLDJRQDO DQG HTXDO� $V D

ILUVW VWHS WRZDUGV WKH DSSUR[LPDWHG EDODQFHG UHDOL]DWLRQ ZH HPSOR\ WKH VWDWH WUDQVIRUPDWLRQ











Ω=
−

�E

�E
�

�
7�

�7
7 �����

ZKHUH























=

���

LL

LL
�E

+
a
)
a

GLDJ7 �����

7KLV WUDQVIRUPDWLRQ LV GLDJRQDO DQG LV PHUHO\ VFDOLQJ RI WKH VWDWH YDULDEOHV� 7KHQ













+α+α+Σα+α+
+α++α+α+Σα

= −

−

���44���44

���44���44

4

E��
�

E��
�7

DE��
�7

DE��

DE��
�

DE��D��
�

D��
�

�����













+α+α+Σαα+
+α++α+α+Σα

= −

−

���3333

���33���33

3

E��
�

E��
�7

DE��
�7

DE��

DE��
�

DE��D��
�

D��
�

�����

ZKHUH

( )












=Σ
�
LL

���

LLLL

&

+
a

)
a

GLDJ �����

DQG

�
�EDE�N

�
�EDE�N

�
�EE�N

�
�EE�N

�
�ED�N

�
�ED�N 7474�7474�7474

−−−−−− Ω==ΩΩ=

�EDE�N�E
�

DE�N�EE�N�EE�N
�

�ED�N�E
�

D�N 7373�7373�7373
−−− Ω==ΩΩ=

&RQVLGHULQJ RQO\ WKH OHDGLQJ HOHPHQWV RI RUGHU α��
WKH V\VWHP LV DOUHDG\ EDODQFHG� 7KLV LV WKH ³DOPRVW

EDODQFHG UHDOL]DWLRQ´ LQ �*DZURQVNL� ������ )RU IXUWKHU UHILQHPHQW ZH DSSO\ WKH VHFRQG WUDQVIRUPDWLRQ













α+α
αα+=

��

��
�

'�,/

/'�,
7 �����

7KLV VWUXFWXUH RI 7� LV D UHVXOW RI D IRUPDO GHYHORSPHQW DV LQ VHFWLRQV � DQG � EXW IRU WKH VDNH RI EUHYLW\

RQO\ WKH FRUUHFW IRUP LV JLYHQ� 6LQFH α LV VPDOO













−α+α−
α−−α+≅−

�'//��,/

/�'//��,
7

����

�����
� �����

7KH SXUSRVH RI WKLV VHFRQG WUDQVIRUPDWLRQ LV WR FDQFHO WKH α0
WHUPV� 7KH\ GLVDSSHDU LI

�
L

�
M

LMDE��MLMDE��L

LM�

�4��3�
�/�

Σ−Σ

Σ+Σ
= �����

807

Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999



�
L

�
M

MLDE��MMLDE��L

LM�

�4��3�
�/�

Σ−Σ

Σ+Σ
= �����

LL�LL� �/��/� −= ������

7KH H[DFW YDOXHV RI WKH GLDJRQDO RI /�� /�� DV ZHOO DV WKH PDWULFHV '�� '� DIIHFW RQO\ KLJKHU RUGHU WHUPV

ZKRVH DQDO\VLV LV EH\RQG WKH VFRSH RI WKLV SDSHU� 7KH JUDPLDQV RI WKH ILQDO UHDOL]DWLRQ DUH JLYHQ E\

















α+Σαα

αα+Σα
=

−

−

��R��R

��R��R



4
��

��

������

















α+Σαα

αα+Σα
=

−

−

��R��R

��R��R



3
��

��

������

� 6XPPDU\

$ PHWKRG IRU DSSUR[LPDWLQJ WKH FRQWUROODELOLW\ JUDPLDQ� WKH REVHUYDELOLW\ JUDPLDQ DQG WKH EDODQFLQJ
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%HUQVWHLQ 3�6� DQG %KDW 6�3� ������� �/\DSXQRY 6WDELOLW\� 6HPLVWDELLW\ DQG $V\PSWRWLF 6WDELOLW\ RI

0DWUL[ 6HFRQG 2UGHU 6\VWHPV� 3URF� $&&� %DOWLPRUH� 0'� SS� ����������

(QQV '� ������� �0RGHO 5HGXFWLRQ IRU &RQWURO 6\VWHPV 'HVLJQ� 3K�'� 7KHVLV� 'HSW� RI $HURQDXWLFV

DQG $VWURQDXWLFV� 6WDQIRUG 8QLY�� &$� 8�6�$�

*DZURQVNL :�� DQG -XDQJ -�1� ������� ³0RGHO 5HGXFWLRQ IRU )OH[LEOH 6WUXFWXUHV´� LQ &RQWURO DQG

'\QDPLFV 6\VWHPV� H�G� &�7� /HRQGHV� ��� $FDGHPLF 3UHVV� 6DQ 'LHJR� SS ��������

*DZURQVNL :� ������� %DODQFHG &RQWURO RI )OH[LEOH 6WUXFWXUHV� /RQGRQ � 6SULQJHU�9HUODJ�

*DZURQVNL :� ������� ³$OPRVW %DODQFHG 6WUXFWXUDO '\QDPLFV´� -� RI VRXQG DQG 9LEUDWLRQ� ���� SS

��������

+DOHYL <� ������� �)UHTXHQF\ :HLJKWHG 0RGHO 5HGXFWLRQ YLD 2SWLPDO 3URMHFWLRQ�� ,((( 7UDQV� $XW�

&RQWURO� $&���� SS� ����������
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+\ODQG '�&� DQG %HUQVWHLQ '�6� ������� �7KH 2SWLPDO 3URMHFWLRQ (TXDWLRQV DQG WKH 5HODWLRQVKLSV

$PRQJ WKH 0HWKRGV RI :LOVRQ� 6NHOWRQ DQG 0RRUH´� ,((( 7UDQV� $XW� &RQW�� $&���� SS� ���� � �����

.DEDPDED 3�7� ������� �%DODQFHG *DLQV DQG 7KHLU 6LJQLILFDQFH IRU %DODQFHG 0RGHO 5HGXFWLRQ�� ,(((

7UDQV� $XW� &RQW�� $&���� SS� ��������

/DXE $�-�� +HDWK 0�7�� 3DJH &�&� DQG :DUG 5�&� ������� �&RPSXWDWLRQ RI %DODQFLQJ 7UDQVIRUPDWLRQV

DQG 2WKHU $SSOLFDWLRQV RI 6LPXOWDQHRXV 'LDJRQDOL]DWLRQ $OJRULWKPV� ,((( 7UDQV� $XW� &RQWURO�

$&���� SS� 06�����

0RRUH %�&� ������� �3ULQFLSDO &RPSRQHQW $QDO\VLV LQ /LQHDU 6\VWHPV� &RQWUROODELOLW\� 2EVHUYDELOLW\

DQG 0RGHO 5HGXFWLRQ�� ,((( 7UDQV� $XW� &RQWURO� $&���� SS� ������

0RWWHUVKHDG -�(� DQG )ULVZHOO 0�,� ������� �0RGHO 5HGXFWLRQ DQG LWV (IIHFW RQ 6HQVLWLYLW\

&RPSXWDWLRQV IRU 8SGDWLQJ�� :RUNVKRS RQ ,GHQWLILFDWLRQ DQG 'LDJQRVLV RI 0HFKDQLFDO 6WUXFWXUHV�

%HVDQFRQ� )UDQFH�

3HUQHER /� DQG 6LOYHUPDQ 0�� ������� �0RGHO 5HGXFWLRQ YLD %DODQFHG 6WDWH 6SDFH 5HSUHVHQWDWLRQV��

,((( 7UDQV� $XW� &RQW�� $&���� SS� ��������

6DIDQRY 0�*� DQG &KLDQJ 5�<� ������� �$ 6FKXU 0HWKRG IRU %DODQFHG�7UXQFDWLRQ 0RGHO 5HGXFWLRQ
�

,((( 7UDQV� $XW� &RQW�� $&���� SS� ��������

6NHOWRQ 5�(� DQG <RXVRXII $� ������� �&RPSRQHQW &RVW $QDO\VLV RI /DUJH 6FDOH 6\VWHPV�� ,QW� -�

&RQWURO� ��� SS� ��������

7RPEV 0�6� DQG 3RVWOHWKZDLWH ,� ������� �7UXQFDWHG %DODQFHG 5HDOL]DWLRQ RI D 6WDEOH 1RQ�0LQLPDO

6WDWH�6SDFH 6\VWHP´� ,QW� -� &RQWURO� ��� SS� ����������

:LOOLDPV 7�:�&� ������� �&ORVHG�)RUP *UDPLDQV DQG 0RGHO 5HGXFWLRQ IRU )OH[LEOH 6SDFH

6WUXFWXUHV�� ,((( 7UDQV� RQ $XW� &RQWURO� $&���� SS� ��������

:LOOLDPV 7�:�&� ������� �0RGHO 5HGXFWLRQ E\ 6XEV\VHP %DODQFLQJ� $SSOLFDWLRQ WR WKH 6SDFH 6WDWLRQ��

3URF� $&&� %DOWLPRUH� 0'� SS� ����������
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