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Abstract

A Petri Net (PN) is said to be lve if it is possible to fire any transition from every
reachable marking, although not necessarily immediately. Under appropriate conditions,
a non-live PN can be made live via supervision. Under this paradigm an external-agent,
the supervisor, prevents the firing of certain transitions at each reachable marking so as to
enforce liveness. A PN is said to be completely controllable if the supervisor can prevent the
firing of any transition. Testing the existence of a supervisory policy that enforces liveness
in a completely controlled Petri net can be computationally expensive [8]. In this paper
we present a new class of PNs for which there is a readily available supervisory policy that
enforces liveness. This observation obviates the aforementioned test for the specific class of
PNs introduced in this paper.

1 Introduction

A Petri net (PN) [3, 5, 4] is said to be live if it is possible to fire any transition from every
reachable marking, although not necessarily immediately. In this paper we concern ourselves
with the problem of enforcing liveness in a non-live PN via supervision. KEssentially, we have
a non-live PN where some, maybe all, transitions can be individually prevented from firing by
an external-agent, the supervisor. A PN where every transition can (cannot) be individually
prevented from firing by the supervisor is called a completely controlled PN (partially controllable
PN). In reference [8] it is shown that the existence of a supervisory policy that enforces liveness

in a partially controllable PN is undecidable in general. However, in the same reference it
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islhwhhatherexistdestableonditiofiothexistencedupervisorpolicyhat
enforcelsnesmmrbitrargompletelydrollabl® NAdditionallfeomputational
requiremdinthisestabexorbitamth@generatase.

Idecidinghexistenceandheythesiofsupervisorypolicthaenforcedienesssig-
nificant s wingswomputatiorrarbgainedfhd Nsatisfiespecifistructuratrequiremes
[10, 1 1 Hdifferdmpprodiwircuminghaforemenonedomplexitsudn
referencegblishwithatherésupervisorpolicthatnforcedenessimompletely
cdrrolle® Nindnlifherégorrespondingolicfoits E-Cho#quivalent . A
F e-Ghoice P NEPN jsP Nwheresrardromeplacdatransitioneithetheinique
outputrdronthaplacegriftheniquénputrédhéransitionSupervisorypolicies
thatnforcésnesim® P Nudearacterizedmeferencg?

IhhipapepresemewlaseP Nfowhthermeadilgilablpolicy
thaenforcekenesf ' hisbseratiorliminatesheomputationallgxpenstesfothe
existencefupervisorypolicthatnforcetbnessywhemplan t P Ni s kwibelongo
thiglaseP Ns.

Thaexsectiondminsotationandefinitionstheriousonceptasedhhis
paper@hempresethenairesultefhipapenlongvitlaillustratexamplélhe

concludingectiopresempoteralutureeseattopic.

Notationandefinitions

A Petrhet (PN) N #II, T, ® m%anrdered-tupleyherd {p1, P2, - -, Pn} I8
sebf n plas , T = {t, ta, ..., tm } imedf m tmsitions , ® C (Il x T) U (T x Ijmet

of @ , m%Il — A ishe initiaharkindunction (othe initialnarking )and N istheetf
nonnegative i tegerfl'he  state o’ Nthenarking m:1I — AN thaidenfieshem ber
of tokens imdplacdimbmarking m dransition ¢ € T isaiddoe enablt ifV p e
(*t)v, m(p) > lwher¢ °z)y := {y | (y, z) € ®}Theebénabledransitionssenotesp

theym bol Te(m)Arnabledransition t € Te(myan fer whic h changeshenarking —m to

m accordingdhequation

m(p) = m(p) &card((p*)n N {t}) + card((*p)n N {t}), (1)

wheré z°)y := {y | (z, y) € ®}andheym bol card(e)useddenotéheardinalit yo

theetrgumeihinotationalsmsedaenotéheredecessonsuccessosebiet
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oplacestransitionsSometimeg z*)n(or( °z)nljustepresetechs z* (*z)wherthere
in@onfusiom$dhedent y o f P Mintsefinition
KAollectiomplaces P C Tsaidbe siphon (tp )1 TP C P* (P* C *PMrap
(siphon) Pisaidde minimal if A P C Pgithat P* C*P (*P C P*).
Mstringfransitions o =t t;, - -t;where t; €T (i€ {12, ... k}isaiddba valid

firingtring startindronthenarking mif,

o théransition ¢; ienabledthenarking mand
o for 1 € {12, ..., k< 1} théiringfhéransition t;, producesnarkingwhlthe
transition ¢;_ , ienabled.

Jit1

Theebf  mchablenarkings  from m°denotep R(N, m®)isheebfnarkinggenerated
pAlidiringtringstartingvithmarking m° ith®N  N. Atmarking m'ifhdiring

2

oflidiringtring o resultsmnarking m?, weepresen ti tam!

— o — m2Aransition

t €T is liveif

Vm'! ¢ R(N,m°),3 a m? ¢ R(N, m'}dthat t € To(m?).

A swgrvisorglicy P:N™ — {0,1}™gotanaghatreturnan m-dimensionabinary
gctofoedredrablenarkingl'hesupervisorpolicy P permitshdiringfransition t;
atnarking menlygf  P(m),; Slftmarking m alinpuplaces@ransition t; cdmin

dadnw e s ghéransition t; is state-enable at m. I H(m); = 1 ,avs ghéransition t;
is ontit-enable at mAransitiothasdetate-enablednddmrol-enabledeforétan
firektringfransitions o = tjt;,---tjwhere t;; € T (i€ {12, ... k}isaidbe

valifiringtring  startindronthenarking mif,

o théransition ¢; ienabledthenarking m, P(m);, land
o fori e {12, ... k<1} thdiringfhéransition t;, producesnarking  m atvhithe
transition ¢;,, ienablednd  P(m);_ , =1 .
Theetfedrmblenarkingmndethsupervisiomf P in N fromthenitiatnarking m? is

denotepp  R(N, mP, P)Aransition  tj; is live undethsupervisiomf P if
Vm' € R(N, m° P),Im? € R(N, m’, P}dthat t;, € T.(m'jnd P(mz)ji =1.

Aupervisorpolicy P enforcetsnessiliransitionsn N ardmmnder Plupervisory
policy P thaenforceksnesin N essenallgliminateshosenarkingsedmablandethe
116



Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999

absencefupervisiofromwhlsoméransitionthd Namesbenabledhalo
definitiomfupervisorypolicthatnforcedbnessmompletelxdrolled Nsimpler
thamhaimeferencf@hleddresseshgeneratasevhesoméransitionsth®N
cannobpregedronfirinpheupervisoReferencijresemecessargnd
suficigmonditiofothexistencefsupervisorypolicthatnforcedenessmmrbitrary
PNThisonditionstestablegeneralbulisestabléhd Nboundedorifdr
transitiomh® Nabpregedronfiringheupervisorpolidgompletely

camrolle® Nsheresupervisorpolicghaénforcelsnesdndnlyf I m!,m? ¢
R(N,m?%), 3 01,0, € T*that m’ — 0; - m! —» 0y — miyhere m? > m! andll
transitionsn 7 appeanleasbncen 05 [BhelaseP Nwonsideithipapenre

notecessarilpoundedjutsssumediransitionabpredredronfiringhe

supervisorpoli&tinghexistencedupervisorpolicyhaénforceksnessan

arbitradyounded® Nateast SBE-completdBthipapemresemlasoP Ns

fowhltheresreadilgilableupervisorypolicthatnforcesbnessThiglasoP Ns

imsesubsetilaseP Ngalled £-Chow PNsywhislefinedels.
AP W HII, T,% m°i safreChoxr PNEPN)f

Vp € Tgard (p°) > 1= (°) = {p}.

ImthemrdsgP N#te-Choicéhindnlyfimrdrongplacéatransitioneithethe

uniqueutputrdronthaplacegritheiniquénputrédhéransitionA€PN N is
l#indnlyéeryninimatiphomwf N cominsnaddragcf. Commoner’d.iveness
Them  [1]Referencé? ] characterizeshelasspolicieshatnforcéeness P Ns

thatriolat€ommoner’denes{ heoremThisaracterizationpresdrediheoren®. 1.

Theoren2.1 [7hwrvisorglicy P:N™ — {0, 1} enfabivenessm PN N =
(I, T, ®, m°jfindnigfhfollowingnditionsautisfik

fhewrvisorglicy P pwentshéiringdtate-enable d t ansition t € T asome
marking m € R(N,m° Plthen I m € R(N,m°, P)suckhathémsition t dth
stateanantr-enabl&thenarking m.

2.Vme R(N,m°,P),V P C llsuckhat *P C P*, 3 pm(p) # 0.

AmrbitrarPN N 11, T, % m°abecrtedarqualen t FCPN N = (f[,
T, ®, myitlthedditiomflevextrplacemndransition§cf)Additionally , 1
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(PN) Compute Subnet ((PN) N «II, T, ® m°), Subsedfles ) II; C I, Subsedfnsitions )
T, C T)
{

Createebplaces i = IIy;

Createebfransitions T = T1;

whilé( *T)y # o {

Construct/dmhercsitheet dwhere & = {(Il x T)
Defin¢henitial-erking m° afolles: Vpe

returif N= (ﬁ, T, &3, m°));

-~

FigurdTherocedure N = Compute_Subnet(N,II;,T;)where N = (ﬁ, T,® m°).

referencébitshwnhatherexistsupervisorpolicghaenforcetsnesith® N

N ifindnlyfherexistxorrespondingolicfoth&P N NT héollwingesulfrom
§stablisheshéacthatherémupervisorpolicghaenforcebsnesith® N N if
andnlyfheréxorrespondingolicfoth&PN N.

Theoren2.2 [6dt N = (ﬁ, T, 3, m°) behgrchoic e equivalenb@®PN N=1,T, &,

m° Thezistswrvisorglicthaénfedivenessth® N N wndnlgher
ezisteegmdinglicjothd N N.

GbmmrbitrarPN N HII, T,%® mP°andubsebplacedl 1 C Ilandransitions
Ty C T, wdefinaubnet JV(Hl,Tl) = (ﬁ, T, 9, mO th® N Nadescribeiithe
procedureutlinedfigurdl’h& N N itheubneinducedhéransitislosuref
thenpuplaceandnputransitionto T; andl Pincehe T andirfinite-setshe
while-looptherocedurefigurdguarareddaltW e n wpresdrhenaimesults
ofhipaper.
MaiResults
Let N £II, T, & m%enrbitrarPNndet N = (ﬁ, T, 3, m Ditkee-Choice
equadefl’heorend. impliesherésupervisorpolicthatnforcessnessn N onlygf

eryninimadiphon *PC P (PC ﬁ}ha‘doemo‘cdmim;rapimo‘emg&thénitial
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markingandheréannputransition t teomelacen P (i.e. te* Pihahasmoréhan

oneutpuplacén P (ie. card(*n P) > 1).

Theoren8.1 & N = (II, T, ®, m°) bemrbitmP Nindet N = (ﬁ, T, &, m°) beéts

E-Choic e equivalentThezistswrvisorglicghaénfedivenessn N onlyf:

1. Ypcp m%(p) > Ognd

2. 1t e® P suchhat card(f’ npP)>1.

Proof: Fontheoren?.&mwherisupervisorpolicthatnforcekonesithe
completelygdmrolle® N N idndnlifhermorrespondingolicfoitite-
Choicequalen N. Teompletehproofysingdrapositiargumen t wehw
thonditionefhéheoremaramecessarfothexistencefpolicthatnforces

lenessn N.

Since *P C P*,i ¥ cp m?(p}othemnderpupervisorpolicy Pifollwshat
Vm' € R(N,m° P), Y pm'(p}iturthismpliesonefhéransitionsn pe
catbémmdetheupervisiomf P.
Firstgotéhaif P iminimal, card(*t N P) = 1,V¢ €* P (cfbsemtiod]].
If card(t* N P) = 1,V¢ €* Pthethsumtheckoadsthplacein P will
remaimnalteredollwinghéringdgransition t €* Plhals, Ypep M (p) =
> pep m*(pyhere m' — t — m? and ¥ €* Rlmsince N iafPNthis
sunwillecreasgpnit y e ertimdransitionn P* & P firedfollwshatinder
agupervisorpolicy P theransitionn P* &* P cafirenlfinitam beof
timesConsequerthereabaegolicthatnforcedbnessn NHencéhsecond
obsemtion.
&
Theonditionsfheorend. braosufficidmgenerallhd N N shwnfigurds
afPNSo, N = Nand N hakinimadiphons Py (= {p1,p3,p4,07,00}30nd  P» (=
{p2, s, D6, P8, Do} thatlmotdmintrapsAdditionally t1 €° Pty €° Py, card(t3NPy) > 1,
card(ty N Py) > Igndotminimaliphonsraon-emmptthitiaharkingom
referencé8fumsheresupervisorpolicghatnforcelsnesithi® P Nénd
onlyf 3 m!, m? € R(N,m°), 3 01,0, € T*sidthat m’ - 0y - m! - 0y » m?, m? > m!
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Figur@Aillustratiomfhénsufficiencpfheonditionefheoremd fothexistence
ofsupervisorpolicthatnforcedness.

analiransitionin T appeaaleasbncen ofince, m? = m! + Cx(o3)if m? > m!
ifollwshat Cx(o3) > 0. Foth&®PNlwifigur@wherdoenotxish

oy € T* withheequiredpropertiesthereforéhereabasupervisorypolicthatnforces
lenessssthougltheonditionefheorenB. hreatisfied'hdacthatherénatring

0, withheesirepropertiesambénferredrondtdsLemma- A x > Ogdthat Cx >
0 & 1y > Osuthat yTC < Oandomelemen t o §TC istrictljesshamerdithe
incidencenatrix C ofhEPN N, weotéhat yTC=( 00- 10000- 100y ¥i(f2
21111112 ) eWt¢hatherenighelassesEPNs¢onsequedfassesPNs
whos#e-Choicequildmelongdhiclasef P Nswheréheonditionstheorem

3.bralssufficidothexistencefupervisorpolicthatnforcesenessWuggest

thederficatiomfhiglasadutureeseattopidV e n wtatéhenaimesulbthis

paper.

Theoren8.2 & N = (II, T, &, m°) bamrbitwy Nnlet N = (ﬁ, T, &, m°) be
1t#- Choic e equivalentThezistsuarvisorglicthatnfa@bivenessn N ifv-
erminimadiphon P C1II in N thakmahtaimmarke d t apsatisfieshfollowing
mmrites:

1. Ft €* P suchhat card(t*N P) > 1 (cfhems.1),
2rh&PN N = Compute_Subnet(Jv, ('Bﬁ, {t}) idive,
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SThelac *tN P isndunde d i dV;md
4. I*«(PUT) = fwher N = (II,T,®,mO).

Proof: Considegransition ¢ ¢& P°® <:>Twhere P C ﬁsomeninimaiiphomf Ntha‘does
notomimmamrdrapUsingheoren?. Bimshatheupervisorpolicyhat

permit¢hdiringfhéransition t onlyf

o thanarkingesultingronthdiringf tin N kepsheubnebf N thatisdencal
to N(*Z, {#}}eand

eethplace p= ('ﬂﬁ N P dmoundeddhisubnebthaevmarking,

enforcedenessn N. A wransitiothatdoemofithdescriptiomf t adistecilmy

ipermanerdydrol-enabledindetheolicy

Undethisupervisorpolicthminimaliphonaraeemptiedhisbsemtion
catbestablisheghectrapositargumeldninimadiphomemyptiedt

somenarking m’thsubnetf N thafidencatlo N(*%,{t}) wouldobkv ea t
marking m® andhsupervisorpolicpuldopermithéiringfhéransitionhat

resultedthenarking m’.

I&ransition teT ipregredromiiringndetherescribedupervisorpolicat
somenarking m*thenneflonditionshhetatemehpolicynst

beiolatedndethaevmarking m**! arisingromhéringfhéransition t (ie.
mt — t — m“'l]taﬂbehwmhathatheriﬂlyﬁmarking m’redrable
fronthenarking m’whichéransition t ibotkdrolandtate-enabledl'his

obsemtiorarbestablishedisingonditiond Andrthetatementhdéheorem.
Asconsequencefheoren. Enfethatheupervisorypolicynenonedibo ed oes

enforcésnessHencéheesult.
&

Consideth®N Ny shwifigur8(a)thi® Naoa®P Ns card(py) =2a n d
*(p8) = {ps, pe}(# {ps})Figurd(byominshdreeimicequaidy Ny(cpthe N
Ny slwifigur8(alheraréhreeinimadiphonfth®P Nheidigure(b):
Py = {ps,p6}, P2 = {p1,p3,pa,p7} and Pz = {p2, p3, pa, Ps, P7, P8, po L heiphon P, islsa
tramndismaddlTheiphons P; and P3; damotomimrapandherefor¢hi@ PN
inolimthabsencefupervision.
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p1 p2

t8
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p6 t5
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Figur@Anllustratiomfheoremd.2.

Since ¢} = {ps, pa}thdirstequirementheorend.2satisfled[h&PN

Compute_Subnet(Ny, (*t1)n,, {t1 }hEPN

siphonefhif P Naréderncatdhabf

siphon P, cdminsnamdraps

tgheiphon

P3; cdminmamdiraps

Nobuwithhhabsencefhéransition

N, withouthtransition

N =
tdhminimal

tgthe

{p1,p3,p7} and {p1, pa, pr Pimilarlgithouthéransition

Commoner’dsnesiTheorenenfethd& PN

N idsAdditionalfpr

p1 (p2) 1 s wonndedn JV]Thisatisﬁesecondndhirdequiremdﬁmhstatemen

theorend.2dinls@asterifghdinatonditiomfheorend.25ofrontheorens. 2

kmsh&PN

Ny cabenadémisupervisiongndromheoren®.2emfethd® N

N, camlsdbenadémiasupervisionlinohardse¢hathsupervisorypolicghat

permitghdiringf

enforcedbnessn

te whethesumofhéadnsthelace-set

policthatnforcetenessdoemosatisfthéhirdequiremenfheorend. 2Wuggest

mstigation#mwpecifi€ P Ntructurefowhlheonditionstheoren3. 2ralso

necessarpsgutureeseattopidihéolwingectiomoncludevitlbomadditional

futureeseatdirections.
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{p2,P3,P5,P7, P8, Po} and {pa,Pps,Ps,p7,P8,Pe}. By

P, (Py}holace

to

{PlaPS:P4:P7} exceedsmj(t
N7 and N Th&PNhwnrfigurdfowhltheremgupervisory
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Lonclusions

dstinghexistencedupervisorpolicthatnforcelenesimmrbitraxpmpletely
carrollable  Petrnet (PNjsomputationallgxpensfcidahipapewdenfsn
claseP Nfowhttherssupervisorpolicghaénforcekienesthangliminated
theeeddesthexistencefsupervisorpolicthatnforcesenesfothiclasoP Ns,
whatemainssheythesinfpolicyhatnforcelisnesfothesd® NsWuggesthis
sytthesiasdutureeseattopicWurmisé¢hatheolicthaenforcedenessithdree
boicequilefhgiP Nwhiwutlinedtheroofftheorend. dthipaper,
catbenodified@nforcésnesstheriginaP N.
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