
2Q (QKDQFLQJ *-. $OJRULWKP IRU 'LVWDQFH &RPSXWDWLRQ %HWZHHQ

&RQYH[ 3RO\KHGUD� &RPSDULVRQ RI ,PSURYHPHQWV

6KHQ�3R 6KLDQJ� <X�5HQ &KLHQ� DQG -LQJ�6LQ /LX
∗

,QVWLWXWH RI ,QIRUPDWLRQ 6FLHQFH

$FDGHPLD 6LQLFD

1DQNDQJ� 7DLSHL� 7DLZDQ �����

5�2�&�

$EVWUDFW

7KH FRPSXWDWLRQ RI (XFOLGHDQ GLVWDQFH EHWZHHQ WZR FRQYH[ SRO\KHGUD LV DQ LPSRUWDQW SUREOHP LQ URERWLFV�

FRPSXWHU JUDSKLFV DQG DQLPDWLRQ� %\ JHRPHWULF UHDVRQLQJ� ZH SUHVHQW DQ LPSURYHPHQW RI WKH ZHOO�NQRZQ

GLVWDQFH FRPSXWDWLRQ DOJRULWKP PDGH E\ *LOEHUW� -RKQVRQ� DQG .HHUWKL �*-.�� 6RPH FRPSDUDWLYH

VLPXODWLRQV DUH VKRZQ WR YHULI\ WKH DOJRULWKPLF LPSURYHPHQW LQ WKH SURFHVV RI GLVWDQFH FRPSXWDWLRQ� ,Q

DGGLWLRQ� RXU ZRUN SURYLGHV D VLPSOH DQG HIILFLHQW DOJRULWKP IRU ILQGLQJ RXW WKH LQIRUPDWLRQ ZKHUH WKH

FORVHVW SRLQW RI D FRQYH[ SRO\KHGURQ WR D UHIHUHQFH SRLQW LV� RQ WKH IDFH� WKH HGJH� RU RQ RQH YHUWH[ RI WKH

SRO\KHGURQ�

�,QWURGXFWLRQ

,Q URERWLFV� FRPSXWHU JUDSKLFV DQG DQLPDWLRQ� WKH (XFOLGHDQ GLVWDQFH EHWZHHQ GHWHFWHG REMHFW DQG

REVWDFOHV DURXQG LV DQ LQGLVSHQVDEOH LQIRUPDWLRQ ZKHQ PRYLQJ WKH REMHFW E\ PDQLSXODWLRQ URERWV RU

IRU UHDOLVWLF� �' HQYLURQPHQW PRGHOLQJ� ,W LV IRXQG DSSOLFDEOH LQ PDQ\ SUREOHPV� VXFK DV LQWHUVHFWLRQ

GHWHFWLRQ ����� FROOLVLRQ DYRLGDQFH �.KDWLE������� �*LOEHUW DQG -RKQVRQ� ������ SDWK SODQQLQJ �%REURZ�

������ DQG SDWK PRGLILFDWLRQ �4XLQODQ� ������ ZKHUH NQRZOHGJH RI WKH GLVWDQFH EHWZHHQ WKH URERW DQG

LWV HQYLURQPHQW �RU LQ JHQHUDO WZR PRYLQJ REMHFWV� LV FUXFLDO� ,Q JHQHUDO� WKH SUREOHP RI ILQGLQJ WKH

GLVWDQFH EHWZHHQ FRQYH[ ERGLHV �*LOEHUW HW DO� ������� �%REURZ� ������ �=HJKORXO HW DO�� ����� FDQ EH

∗ (�PDLO � OLX#LLV�VLQLFD�HGX�WZ $FNQRZOHGJPHQW 7KLV ZRUN ZDV VXSSRUWHG E\ 1DWLRQDO 6FLHQFH &RXQFLO RI

5�2�&� XQGHU FRQWUDFW 16& ��������(���������
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HTXLYDOHQW WR WKH GLUHFW PLQLPL]DWLRQ RI GLVWDQFH IXQFWLRQ� RU WKH SURFHGXUH RI FRPSXWLQJ WKH FORVHVW

SRLQW RI D ERG\ WR WKH UHIHUHQFH SRLQW LQ D WUDQVODWHG VSDFH� )RU H[DPSOH� 5LPRQ DQG %R\G �5LPRQ DQG

%R\G� ����� XVHG WKH /�- HOOLSVRLG RI WKH FRQYH[ RU QRQ�FRQYH[ REMHFWV WR IRUP D FRQYH[ RSWLPL]DWLRQ

SUREOHP IRU GLVWDQFH FRPSXWDWLRQ� 7KH FRPSXWDWLRQ RI WKH GLVWDQFH HVWLPDWH �ZLWKLQ D XVHU¶V VSHFLILHG

HUURU� LV VKRZQ WR EH DQ HLJHQYDOXH SUREOHP� /LQ DQG &DQQ\ �/LQ DQG &DQQ\� $SU� ����� SURYLGH DQ

LQFUHPHQWDO DOJRULWKP RI DOPRVW�FRQVWDQW WLPH FRPSOH[LW\ IRU WUDFNLQJ D SDLU RI FORVHVW SRLQWV RI

FRQYH[ ERGLHV� RQH RQ HDFK ERG\� LQ WKUHH GLPHQVLRQDO VSDFH� 7KH IUDPHZRUN SUHVHQWHG E\ -RKQVRQ

DQG &RKHQ � -RKQVRQ DQG &RKHQ� ����� IRU PLQLPXP GLVWDQFH FRPSXWDWLRQ DOVR JLYHV DQ HIILFLHQW

VROXWLRQ IRU REMHFWV GHVFULEHG E\ GLIIHUHQW VXUIDFH UHSUHVHQWDWLRQV� *LOEHUW� -RKQVRQ� DQG .HHUWKL �*-.�

SUHVHQWHG D SRSXODU FRPSXWDWLRQ DOJRULWKP �*LOEHUW HW DO�� ����� LQ ZKLFK WKH FRQYH[ VHW LV UHSUHVHQWHG

LQ WHUPV RI WKHLU VXSSRUW SURSHUWLHV� )RU SRO\WRSHV ZKLFK LV GHILQHG DV WK FRQYH[ KXOO RI D ILQLWH VHW RI

YHUWLFHV� LQ SDUWLFXODU� WKH SURSHUWLHV FDQ EH HDVLO\ REWDLQHG IURP WKHLU YHUWLFHV� ,Q RUGHU WR ILQG RXW WKH

GLVWDQFH RI WZR SOR\KHGUD QDPHG .� DQG .�� VXSSRVH WKH YHUWLFHV RI .� DUH V�� V�� «� VQ �Q SRLQWV�� DQG

WKH YHUWLFHV RI .� DUH W�� W�� «� WS �S SRLQWV�� UHVSHFWLYHO\� 7KHQ FRQVWUXFW WKH VHW .  ^ VL�WM� VL ∈.��

WM∈.�`�DOVR D SRO\KHGURQ�� ZKHUH WKH HOHPHQWV DUH WKH UHODWLYH WUDQVODWLRQV RI .� DQG .�� LQ

WUDQVODWLRQDO FRQILJXUDWLRQ �7&� VSDFH �&DPHURQ� 'HF ������ 7KHUH VKRXOG EH Q
S SRLQWV LQ .� 7KH

VHSDUDWLRQ EHWZHHQ WKH RULJLQDO WZR SRO\KHGUD LV HTXDO WR WKH GLVWDQFH EHWZHHQ WKH RULJLQ RI 7& VSDFH

DQG WKH FRQYH[ REVWDFOH IRUPHG E\ WKH SRLQWV RI .� FDOOHG 7&62 �WUDQVODWLRQDO &�VSDFH REVWDFOH�

�*LOEHUW HW DO�������� �&DPHURQ� 'HF ������ �&DPHURQ� $SU� ������ 7KH 7&62 LV DOVR RIWHQ FDOOHG WKH

0LQNRZVNL GLIIHUHQFH RI WKH WZR SRO\KHGUD� 7KH DOJRULWKP LV H[WHQGHG LQ �*LOEHUW HW DO�������� �/LQ

DQG &DQQ\� $SU� ������ �&KXQJ 7DW /HXQJ� ����� DQG WR PRUH JHQHUDO FRQYH[ REMHFWV �*LOEHUW DQG )RR�

����� DQG LV RUJDQL]HG LQ �&DPHURQ� 'HF ������ �&DPHURQ� $SU� ������ :LWK VRPH PRGLILFDWLRQ E\

&DPHURQ �&DPHURQ� 'HF ������ WKLV PHWKRG FDQ DOVR SURYLGH FRQVWDQW WLPH XSGDWHV IRU VORZO\ PRYLQJ

SRO\KHGUD� �&KXQJ 7DW /HXQJ� ����� SUHVHQWHG DQ HIILFLHQW PHDQV RI XSGDWLQJ WKH 0LQNRZVNL

GLIIHUHQFH WR FUHDWH D FROOLVLRQ GHWHFWLRQ PHWKRG IRU FRQYH[ SRO\KHGUD�

6HFWLRQ � LV D VXPPDU\ RI *-. DOJRULWKP� ,Q 6HFWLRQ �� ZH SUHVHQW VRPH PRGLILFDWLRQV DIWHU

FDUHIXOO\ H[DPLQLQJ WKH VWHSV RI *-. DOJRULWKP� 7KH FKDQJHV ZH PDGH ZRXOG JLYH PRUH UHDGDELOLW\ RI

WKH RXWSXW \HW� NHHS WKH UHVXOWV WKDW FRQILUP DQ DOPRVW�OLQHDU WLPH FRPSOH[LW\� ,Q 6HFWLRQ �� WKH

&DPHURQ¶V HQKDQFHPHQW �&DPHURQ� 'HF ����� LQ WKH FRPSXWDWLRQ RI VXSSRUW IXQFWLRQ LV LQWURGXFHG

IRU FRPSDULVRQ VWXG\� $ FRQYHQLHQW PHWKRG LV GHYHORSHG WR ILQG RXW WKH QHLJKERU SRLQWV� VR�FDOOHG

YLFLQLW\ PDWUL[� ZKLFK LV WKH LQIRUPDWLRQ UHTXLUHG LQ WKH ³KLOO FOLPELQJ´ �&DPHURQ� $SU� ������ �6DWR

HW DO�� $SU� ����� RI &DPHURQ¶V HQKDQFHPHQW� 7KH YHULILFDWLRQ RI QHLJKERU SRLQWV RI D YHUWH[ LV WKH NH\

WR DFKLHYH WKH FRQVWDQW WLPH FRPSOH[LW\� ,Q RWKHU ZRUGV� LI WKH DGMDFHQF\ LQIRUPDWLRQ RI YHUWLFHV LV

DYDLODEOH EHIRUH FRPSXWLQJ WKH GLVWDQFH� WKH FRPSXWDWLRQ ZLOO EH PXFK PRUH HIILFLHQW� %HFDXVH WKH

ERG\ LV DVVXPHG ULJLG� WKH QHLJKERULQJ SRLQWV LQ D ERG\ ZRQ¶W FKDQJH GXULQJ PRWLRQ DQG WKH

YHULILFDWLRQ FDQ EH YLHZHG DV D SUHSURFHVVLQJ SURFHGXUH� 7KH SUHSURFHVVLQJ� KRZHYHU� FDQ FRQVXPH D
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ORW RI WLPH HYHQ PRUH WKDQ WKH GLVWDQFH DOJRULWKP LWVHOI� DV VKRZQ LQ 6HFWLRQ �� 6HFWLRQ � LV WKH

FRQFOXVLRQ�

� 7KH *-. $OJRULWKP

,W LV HVVHQWLDO WR GHVFULEH WKH *-. DOJRULWKP ILUVW EHIRUH ZH LQWURGXFH WKH DOJRULWKPLF PRGLILFDWLRQV

WKDW ZH PDNH� 7KH *-. DOJRULWKP LV VKRZQ LQ )LJ���

��� 'HILQLWLRQV

7KH PDLQ DGYDQWDJH RI *-. DOJRULWKP LV WKH VSHFLILFDWLRQ RI WKH FRQYH[ VHWV LQ WHUPV RI WKHLU VXSSRUW

SURSHUWLHV� 5HFDOO WKH GHILQLWLRQ RI WKH VXSSRUW IXQFWLRQ �*LOEHUW HW DO������� +; � 5
P → 5 IRU D

SRO\KHGURQ ; LV WKH HYDOXDWLRQ RI LQQHU SURGXFWV RI D IL[HG YHFWRU ZLWK DOO YHUWLFHV RI SRO\KHGURQ DQG

ORRNLQJ IRU WKH PD[LPXP�

+; �η� PD[^[Â η�[∈;`

ZKHUH η ∈5
P

LV D JLYHQ YHFWRU� LV WKH LQQHU SURGXFW� 'HILQH WKH VXSSRUW PDSSLQJ 6; � 5
P → ; WR

EH DQ\ PDSSLQJ WKDW� JLYHQ D GLUHFWLRQ η� LV WKH VROXWLRQ RI WKH VXSSRUW IXQFWLRQ� L�H� RQH RI WKH SRLQWV

*-. $OJRULWKP�

9
�
' LQLWLDO VHW �

L ' � Î

5HSHDW^

<
V
' ILQGBDIILQHO\

LQGHSHQGHQWBVHW�9
L
� �

õ
L
' QXBFRPSXWH»<

V
¼ Î

»6
L
� +

L
� ' VXSSRUWBIXQFWLRQV��õ

L
� �

9
L��
' 9

L
��6

L
` �

L ' L � � �

` XQWLO �õ
L
&õ

L
¾ +

L
 ��

)LJ� � 7KH *-. DOJRULWKP
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LQ ; ZKLFK LV IDUWKHVW LQ WKH GLUHFWLRQ η�

+; �η� 6;�η�Â η

7KH �QRQXQLTXH� SRLQWV 6;�η� RI ; LV FDOOHG WKH VXSSRUWLQJ YHUWH[ RI ; LQ WKH GLUHFWLRQ η� ,W KDV WKH

SURSHUW\ WKDW WKH K\SHUSODQH SDVVLQJ WKURXJK LW ZLWK QRUPDO η LV D VXSSRUWLQJ K\SHUSODQH RI ;� )RU WZR

SRO\KHGUD .� DQG .�� ZH KDYH

+.�η�  +.��η� � +.���η�� 6.�η�  6.��η� � 6.���η��

L�H�� ILQG VXSSRUWLQJ YHUWH[ 6.��η� RQ .� DQG 6.���η� RQ .� LQ WKH GLUHFWLRQ η DQG �η� UHVSHFWLYHO\�
7KH *-. DOJRULWKP VKRZQ LQ )LJ� � ILQGV WKH FORVHU YHUWH[ IRU HDFK SRO\KHGURQ E\ XVLQJ WKH

VXSSRUW IXQFWLRQ ZKLFK PDNHV WKH XSGDWHG SRLQW 6L RI VHW 9L UHPDLQ RQ WKH 7&62� 7KH VHW ZLOO VDWLVI\

WKH JRDO�õL&õL ¾ +L  �� E\ GURSSLQJ WKH DIILQHO\ LQGHSHQGHQW VHW DQG WDNLQJ D QHZ SRLQW 6L LQWR

FRQVLGHUDWLRQ� 7KH JRDO LV DFKLHYHG E\ FKHFNLQJ LI WKH SRLQWV $� % LQ )LJ� � VDWLVI\

+.��$�%�  $�$�%� DQG +.��$�%�  % ���$�%��

{ }
�

�PD[ .
LL
∈• ννη { }

�
�PD[ .

LL
∈• ννη

)LJ� �� ,OOXVWUDWLRQ RI VXSSRUW IXQFWLRQ HYDOXDWLRQ�

2U ZKHWKHU .� OLHV WR WKH OHIW RI WKH OLQH WKURXJK $ DQG RUWKRJRQDO WR �$�%�� DQG VLPLODUO\ IRU .� DQG

%�

1RWH WKDW WKH JRDOõL&õL ¾ +L  � FDQ EH UHSODFHG E\ WKH PRUH UREXVW FRQGLWLRQ ´UHRFFXUUHQFH RI

VXSSRUWLQJ YHUWLFHV´ LQ WKH LWHUDWLRQV RI *-. DOJRULWKP WR DYRLG QXPHULFDO LPSUHFLVLRQ GXH WR URXQGRII

HUURU RI WKH IORDWLQJ SRLQW DGGLWLRQ �&KXQJ 7DW /HXQJ� ������

'HILQLWLRQ �5RFNIHOODU� ������ $ VHW RI P � � SRLQWV ^E
�
� E

�
� ��� � E

P
` LV VDLG WR EH DIILQHO\

LQGHSHQGHQW LI

�
.

�
.

%$−=η

$
%
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LV P�GLPHQVLRQDO�

)URP WKH DERYH GHILQLWLRQ�

DII^E
�
� E

�
� ��� � E

P
`  / � E

�
�

ZKHUH

/  DII^�� E
�
� E

�
� ���� E

P
� E

�
`�

/ LV WKH VDPH DV WKH VPDOOHVW VXEVSDFH FRQWDLQLQJ E
�
� E

�
� ���� E

P
� E

�
� ,WV GLPHQVLRQ LV P LI DQG RQO\ LI

WKHVH YHFWRUV DUH OLQHDUO\ LQGHSHQGHQW�

7KXV E
�
� E

�
� ��� � E

P
DUH DIILQHO\ LQGHSHQGHQW LI DQG RQO\ LI E

�
� E

�
� ���� E

P
� E

�
DUH OLQHDUO\

LQGHSHQGHQW� )XUWKHUPRUH� WKH FRHIILFLHQWV
L

λ LQ VXFK DQ H[SUHVVLRQ ��� RI D SRLQW LQ DII^E
�
� E

�
� ��� �

E
P
` DUH XQLTXH LI DQG RQO\ LI E� �E��«���E

P
DUH DIILQHO\ LQGHSHQGHQW�

��� *-. DOJRULWKP �)LJ� ��

7KH DOJRULWKP LV PRUH FRQYHQLHQWO\ GHVFULEHG E\ XVLQJ WKH SLFWXUHV LQ 7& VSDFH� DOWKRXJK WKH

DOJRULWKP QHYHU QHHGV WR H[SOLFLWO\ FRQVWUXFW WKH 7&62� 7KH NH\ HOHPHQW RI WKH DSSURDFK LV WKH

DOJRULWKP IRU FRPSXWLQJ WKH GLVWDQFH EHWZHHQ FRQYH[ VHWV LQ P�GLPHQVLRQDO VSDFH� P  � LV D VSHFLDO

FDVH RI WKLV DOJRULWKP� DQG WKH FRQYH[ VHWV DUH SRO\WRSHV GHILQHG E\ WKHLU YHUWLFHV� 7KH VHWV GHILQHG LQ

WKH DSSURDFK� ZLWKRXW ORVV RI JHQHUDOLW\� DOZD\V FRQWDLQ QRW ODUJHU WKDQ IRXU HOHPHQWV EHFDXVH RI WKH

&DUDWKHRGRU\ WKHRUHP �5RFNIHOODU� ������ $UELWUDU\ VHW RI RQH WR IRXU SRLQWV� HDFK LV WKH GLIIHUHQFH RI

WZR YHUWLFHV �RQH IURP .
�
DQG RQH IURP .

�
�� FDQ EH FKRVHQ DV WKH LQLWLDO VHW LQ *-. DOJRULWKP� 2QH

EHWWHU FKRLFH �*LOEHUW HW DO�������� �6DWR HW DO�� $SU� ����� LV WR ILQG WKH GLUHFWLRQ RI WKH YHFWRU

GHILQHG E\ WKH GLIIHUHQFH RI WKH FHQWHUV RI WZR REMHFWV� DQG WKHQ FRPSXWH D PRVW DSSURSULDWH SRLQW RQ

WKH 7&62 E\ WKH XVH RI VXSSRUW IXQFWLRQ� ,W LV EHFDXVH WKH FORVHVW SRLQWV RI WZR FRQYH[ SRO\KHGUD DUH

XVXDOO\ LQ WKH GLUHFWLRQ ZH MXVW PHQWLRQHG�

,Q *-. DOJRULWKP� WKH VWHS RI GHWHUPLQLQJ DIILQHO\ LQGHSHQGHQW VHW <
V
 ^ \

L
∈ .� L ∈ ,

V
` IURP 9L

DQG WKH PLQLPXP GLVWDQFH SRLQWõL RI WKH SRO\KHGURQ IRUPHG E\ <V LV WKH 'LVWDQFH 6XEDOJRULWKP� 7KH

'LVWDQFH 6XEDOJRULWKP LQ LWV PDWKHPDWLFDO IRUP LV SUHVHQWHG LQ WKH IROORZLQJ�

7DNH D VXEVHW <V IURP 9L � 'HILQH WKH UHDO QXPEHUÔL�<V�� Ô�<V� E\

ÔL�^\L`�  �� L∈ ,V �,V  7KH QXPEHUV RI HOHPHQWV LQ <V�

ÔM�<V�^\M`�  âÔL�<V��\L�\N � \L�\M� IRU DOO L∈,V� N∈,V � M∈,V¶

�,V¶  7KH FRPSOHPHQW RI ,V�

Ô�<V�  âLÔL�<V� IRU DOO L∈ ,V�

7KHQ WKH RXWSXW RI WKH 'LVWDQFH 6XEDOJRULWKP FRQVLVWV RI SRVLWLYH UHDO QXPEHUVóL DQG VHW <V �
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óL  ÔL�<V��Ô�<V�� âLóL  �� óL ! � ���

7KH FORVHVW SRLQWõ, FRPSXWHG FDQ EH H[SUHVVHG DV

õL  âL �óL \L� IRU DOO L∈,V ���

7KLV FRPSOHWHV WKH *-. DOJRULWKP IRU FRPSXWLQJ WKH FORVHVW SRLQW WR WKH RULJLQ LQ 7&�VSDFH� %\

ILQGLQJ WKH LQLWLDO VHW RI QH[W ORRS� WKHõLV FRPSXWHG E\ D UHFXUVLYH IRUPXOD IRU ILQGLQJ RXW HDFK Ô

L�<V� DQG LV XVHG LQ ODWHU DSSOLFDWLRQ RI VXSSRUW IXQFWLRQ� :H FDQ FDOFXODWH õL LQ WKH IRUP RI ��� LI ZH

NQRZ WKH DIILQHO\ LQGHSHQGHQW VHW <V DQGóL LQ ��� LV WKH VROXWLRQ RI ���� 7KH DSSURDFK XVHG LQ *-.

DOJRULWKP �7KHRUHP � LQ �*LOEHUW HW DO�������� LV WR FKHFN DOO WKH VXEVHWV RI HYHU\ LQLWLDO VHW LQ HDFK

ORRS RI WKH DOJRULWKP ZKHWKHU WKH IROORZLQJ WKUHH FRQGLWLRQV DUH VDWLVILHG� �D�Ô�<V� ! �� �E�ÔL�<V�

!� IRU HDFK L∈ ,V� �F�ÔM�<V�^\L`� ≤ � IRU HDFK M∈,V¶� %HFDXVH RI WKH FRQVWUDLQW RI WKH QXPEHUV RI

HOHPHQWV LQ HDFK VHW� WKHUH ZRQ¶W EH PRUH WKDQ �� VXEVHWV WKDW QHHG WR YHULI\� 8VXDOO\� <V LV XQLTXHO\

GHWHUPLQHG�

��7KH 0RGLILFDWLRQ

7KH DOJRULWKP LQ RXU LPSURYHPHQW LV EDVHG RQ WKUHH IXQFWLRQV QXBFRPSXWH��� VXSSRUWBIXQFWLRQV���

DQG UHILQHBVHW��� ZKLFK PDNH WKH FRQFHSW PRUH REYLRXV DQG WKH LPSOHPHQWDWLRQ HDVLHU� ,Q DGGLWLRQ� WKH

IHDWXUH RI WKH FORVHVW SRLQW �L�H� YHUWH[� HGJH RU IDFH� FDQ EH IRXQG�

7KH PRGLILFDWLRQ LV DSSOLFDEOH WR WZR� RU WKUHH�GLPHQVLRQDO VSDFH� +RZHYHU� WKH VLWXDWLRQV DUH PRUH

FRPSOLFDWHG LQ WKUHH�GLPHQVLRQDO VSDFH� :H ZLOO GLVFXVV WZR�GLPHQVLRQDO VSDFH ILUVW� WKHQ WKH

VLWXDWLRQV LQ WKUHH� GLPHQVLRQDO VSDFH IROORZV�

��� 7ZR�GLPHQVLRQDO FDVH

�D� 'HVFULSWLRQ RI WKH DOJRULWKP �)LJ� ���

)LUVW� WDNH WZR YHUWLFHV =� DQG =� RQ WKH 7&62 DV WKH LQLWLDO VHW 9�� 7KHQ FRPSXWH WKH

QHDUHVW SRLQW õ
L
XVLQJ WKH IXQFWLRQ QXBFRPSXWH��� �õ

L
LV WKH QHDUHVW SRLQW RQ WKH REMHFW IRUPHG E\

WKH SRLQWV RI VHW 9L WR WKH RULJLQ RI WKH 7&�VSDFH DQG LV DQ DSSUR[LPDWLRQ WR õ L
DW VWHS L �*LOEHUW HW

DO�������� �2QJ DQG *LOEHUW� ������ �*LOEHUW DQG )RR� ������� $IWHUõ
L
LV GHWHUPLQHG� WKH DOJRULWKP

WKHQ REWDLQV D QHZ SRLQW LQ . IURP VXSSRUWBIXQFWLRQV��� ,Q WKH DOJRULWKP� WKH QHZ SRLQW LV QDPHG 6L  

6
.
��õ

L
¼¿ ZKLFK LV IDUWKHVW WRZDUG WKH RULJLQ DZD\ IURP õ

L
Á 7KH QHZ SRLQW WKXV IRXQG ZLOO JLYH XV

WKH RSWLPL]HG SDWK WR WKH ILQDO DQVZHU �*LOEHUW HW DO�������� 6L DQG WZR RWKHU LQLWLDO SRLQWV IRUP QH[W

VHW 9L���

*HRPHWULFDOO\ FOHDU� WKH õ
L
RI WKLV VHW LV RQ RQH HGJH RI WKH WULDQJOH ZKLFK LV PDGH E\ 6L DQG WKH
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LQLWLDO SRLQWV� 7KXV� WKH IXQFWLRQ RI UHILQHBVHW�� LV WR UHILQH WKH QHZ LQLWLDO VHW 9L RI QH[W ORRS ZLWK WKH

WZR SRLQWV WKDW FRPSRVH WKLV HGJH� 7KH SURFHGXUH

FRQWLQXHV XQWLO WKH WHUPLQDWLRQ FRQGLWLRQ õL&õL ¾ +L  � LV VDWLVILHG� ,Q RWKHU ZRUGV� WKH LWHUDWLRQ LQ

)LJ� � ZLOO WHUPLQDWH ZKHQ WKH SRLQWV RI 9L FDQ IRUP WKH QHDUHVW HGJH RI WKH 7&62 WR WKH RULJLQ� 7KHõL

ZH JHW DW WKLV WLPH LV ZKDW ZH ORRN IRU� )LJ� � VKRZV DQ LOOXVWUDWLRQ RI EDVLF F\FOH RI WKH SURFHVV�

)LJ�� *-. DOJRULWKP ZLWK RXU PRGLILFDWLRQ LQ �' FDVH�

�E�� 7KH FKRLFH RI LQLWLDO SRLQWV�

2QH RI WKH PRVW LPSRUWDQW ZD\V WR UHGXFH WKH FRPSXWDWLRQ WLPH LV WR PDNH D JRRG FKRLFH RI LQLWLDO

SRLQWV �*LOEHUW HW DO�������� �%REURZ� ������ �=HJKORXO HW DO�� ������ %HFDXVH WKH DYDLODEOH SRLQWV DUH

RQ WKH ERXQGDU\ RI WKH 7&62� ZH PXVW WDNH DGYDQWDJH RI WKH IHDWXUH RI VXSSRUW IXQFWLRQ� 2QH LV

7KH $OJRULWKP LQ �'�

9
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FKRVHQ WR EH WKH VXSSRUWLQJ YHUWH[ ZLWK UHVSHFW WR WKH YHFWRU SRLQWLQJ IURP WKH FHQWURLG WR WKH RULJLQ LQ

WKH 7& VSDFH� L�H� 6.�η� ZKHUH η LV FHQWURLG RI .
�
PLQXV FHQWURLG RI .

�
� DV LOOXVWUDWHG LQ )LJ� �� ,Q

RUGHU QRW WR VWDUW SDUWLDOO\ LQ VRPH SDUWLFXODU SRLQWV� WKH RWKHU SRLQW LV GLVWLQFW EXW DUELWUDU\ VR WKDW LW

FDQ HIIHFWLYHO\ OHDG XV WR WZR QHZ SRLQWV IDU DSDUW DIWHU WKH FDOFXODWLRQ RI VXSSRUW IXQFWLRQ� 7KLV LV D

JRRG LQLWLDO FKRLFH IRU HIILFLHQW FRPSXWDWLRQ�

)LJ� � 7KH FKRLFH RI LQLWLDO SRLQW�

�F�� 7KH FRPSXWDWLRQ RI õ�DERXW QXBFRPSXWH��� �

(DFK õ LV FRPSXWHG E\ WKH IXQFWLRQ QXBFRPSXWH� ,W UHSUHVHQWV WKH QHDUHVW SRLQW RQ WKH 7&62 WR

WKH RULJLQ RI WKH 7&�VSDFH �*LOEHUW HW DO�������� �&DPHURQ� 'HF ������ ,W LV DOVR D YHFWRU WKDW JLYHV XV

WKH

GLUHFWLRQ IURP WKH RULJLQ WR WKH QHDUHVW SRLQW RQ WKH 7&62� 7KH LGHD RI WKLV IXQFWLRQ LV PDLQO\ WKH

VDPH DV WKDW XVHG LQ �*LOEHUW HW DO�������� EXW WKH VHWV ZH XVH DUH VRPHWLPHV GLIIHUHQW� $V ZLOO EH

VHHQ ODWHU� ó PLJKW EH QHJDWLYH LQ WKH FRPSXWDWLRQV� %HFDXVH ZH ZRQ¶W FRQVLGHU WKH DIILQHO\

LQGHSHQGHQW VHW� WKHUH DUH DOZD\V WZR SRLQWV FRQWDLQHG LQ WKH VHW 9L�

*LYHQ WZR SRLQWV ;�� ;�� OHW

ó�  ;�&;� ± ;�&;� �

ó�  ;�&;� ± ;�&;�

&RQYHQLHQWO\� VHW WKH QRWDWLRQ

ó�  ODPEGDB��;�� ;���

ó�  ODPEGDB��;�� ;���

WKHQ H[SUHVV WKH QHDUHVW SRLQW E\ D FRQYH[ FRPELQDWLRQ RI ;�� ;�

�

��

�

�
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,Q ���� WKH PHDQLQJ RIõLV WKH QHDUHVW SRLQW RQ WKH OLQH VHJPHQWV FRQQHFWLQJ ;�� ;�� %HFDXVH WKH

FRUUHFW SRLQWõLV EHWZHHQ ;� DQG ;�� õVKRXOG EH WKH SRLQW ;� � RU ;�� LIó�� RUó�� LV QHJDWLYH� ó�

DQGó� FDQQRW EH QHJDWLYH DW WKH VDPH WLPH� VR WKHUH DUH RQO\ WKUHH YDULDWLRQV LQ WZR�GLPHQVLRQDO

VSDFH�

�G�� +RZ WR UHILQH WKH VHW 9L �DERXW UHILQHBVHW��� �

7KH UHILQHPHQW PHWKRG XVHG E\ *LOEHUW� -RKQVRQ� DQG .HHUWKL LV WR LQYHVWLJDWH HYHU\ VXEVHWV RI 9L �

RU WKH VHW 9L��6L` LQ RXU PRGLILHG DOJRULWKP )LJ��� DQG WKHQ YHULI\ WKHP ZLWK WKH WKUHH FRQGLWLRQV LQ

WKH DUWLFOH �*LOEHUW HW DO�������� (YHQWXDOO\� WKH XQLTXH DIILQHO\ LQGHSHQGHQW VXEVHW ZLOO EH IRXQG�

+RZHYHU� WKH SURFHVV LV YHU\ FRPSOLFDWHG� ,QVWHDG� RXU PRGLILFDWLRQ LV D GLVFDUG�DQG�DGG SURFHVV DQG

PDNHV WKH UHILQHPHQW PXFK VLPSOHU DQG� IXUWKHUPRUH� JHRPHWULFDOO\ FOHDU� )LUVWO\� WKH SURFHVV VWDUWV

IURP WZR LQLWLDO SRLQWV DQG DGGV D WKLUG SRLQW 6L LQ WKH ZD\ WKDW FDQ VSHHG XS FRPSXWDWLRQ� 7KHQ NHHS

WKH WZR SRLQWV ZKLFK IRUP WKH SURSHU HGJH WR UHILQH WKH VHW 9L��� ,Q EULHI� ZH UHJXODUO\ FKRRVH D

WULDQJOH DQG WKHQ GLVFDUG D YHUWH[ RI WKH WULDQJOH DQG DGG DQRWKHU SRLQW WR FRQVWUXFW D QHZ WULDQJOH�

1RZ� ZKLFK SRLQW LV WR EH GLVFDUGHG" 7KH SRLQW WKDW KDV PD[LPXP GLVWDQFH LV QRW WKH FRUUHFW RQH�

7KH PHWKRG XVHG KHUH LV TXLWH VLPLODU WR WKDW RI GHWHUPLQLQJ DQ DIILQHO\ LQGHSHQGHQW VHW� 5HIHU WR )LJ�

� IRU LOOXVWUDWLRQ� 6HOHFW WZR SRLQWV IURP WKH VHW 9L��6L` ZKLFK FRQWDLQV WKUHH SRLQWV� ,WV WKUHH VXEVHWV

DUH WKUHH HGJHV RI WKH WULDQJOH IRUPHG E\ WKH VHW 9L��6L`� $ OLQH�E\�OLQH WHVWLQJ FDQ GHFLGH ZKLFK OLQH

RI HGJH FDQ

VHSDUDWH WKH RULJLQ RI WKH 7&�VSDFH DQG WKH UHPDLQLQJ SRLQW� WKHQ GLVFDUG WKH UHPDLQGHU� 7KH

VHSDUDWLQJ HGJH LV SUHFLVHO\ WKH HGJH RI WKH WULDQJOH IRUPHG E\ 9,

ZKLFK FRQWDLQV �RU UHSHVHQWV�
L

ν �
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�

3
�

3
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�
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�
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)LJ� � 'HFLGH ZKLFK SRLQW VKRXOG EH GLVFDUGHG�
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7KHUH PLJKW EH PRUH WKDQ RQH VXEVHW FRUUHVSRQGLQJ WR WKH VHSDUDWLRQ FRQGLWLRQ ZH MXVW PHQWLRQHG�

7KH VLPSOHVW ZD\ LV WR GLVFDUG WKH IDUWKHVW SRLQW RQFH WKH QRQ�XQLTXH VLWXDWLRQ KDSSHQV�

5HPDUN� 7KH UHDVRQ ZK\ WKUHH SRLQWV VXIILFH LQ RXU PRGLILFDWLRQ LV REYLRXVO\ UHYHDOHG E\ WKH

&DUDWKHRGRU\ WKHRUHP �*LOEHUW HW DO�������� 6XSSRVH ; EHORQJV WR WKH WUDQVODWH RI D OLQHDU VSDFH �

:LWKRXW ORVV RI JHQHUDOLW\� DVVXPH ; FRQWDLQV QR PRUH WKDQ �GLP; ��� SRLQWV� 7KXV� WKH VHW 9L LQ RXU

DOJRULWKP ZLOO FRQWDLQ WZR SRLQWV�

��� 7KUHH�GLPHQVLRQDO FDVH �)LJ� ��

�D�� 0DLQ LGHDV�

7KH PDLQ LGHD IRU WKUHH�GLPHQVLRQDO FDVH LV WKH VDPH DV WZR�GLPHQVLRQDO FDVH� EXW WKHUH DUH VRPH

LPSRUWDQW FKDQJHV VKRXOG EH PDGH� )URP &DUDWKHRGRU\ WKHRUHP� WKH WULDQJOHV ZH XSGDWH LQ WZR�

GLPHQVLRQDO VSDFH QRZ FKDQJH DV WHWUDKHGURQV LQ �' VSDFH� $ WHWUDKHGURQ KDV WKUHH WULDQJOHV DW HDFK

YHUWH[� DQG WKUHH YHUWLFHV SHU IDFH� 7KXV� WKHUH VKRXOG EH WKUHH SRLQWV LQ WKH LQLWLDO VHW� 7KH ZD\ WR ILQG

õLQ IXQFWLRQ QXBFRPSXWH�� LV FKDQJHG IURP VHHNLQJ DQ HGJH RI D WULDQJOH WR ILQGLQJ D IDFH RI D

WHWUDKHGURQ� 0RUHRYHU� ZKHUHõLV HLWKHU RQ D IDFH� DQ HGJH� RU D YHUWH[ LV H[DPLQHG DIWHU ZH GHWHUPLQH

WKH VXEVHWV RI 9L��6L `�

�E�� UHILQHBVHW�� LQ WKUHH�GLPHQVLRQDO VSDFH�

7KH HTXDWLRQ XVHG WR UHILQH WKH VHW 9L VKRXOG EH UHSODFHG E\ RQH UHSUHVHQWLQJ D SODQH LQ WKUHH�

GLPHQVLRQDO VSDFH� )RXU QRQ�FRSODQDU SRLQWV IRUP D WHWUDKHGURQ� 7KUHH SRLQWV GHWHUPLQH D IDFH RI WKH

WHWUDKHGURQ� ,Q �' FDVH� ZH FRPSXWH WKH QRUPDO YHFWRU RI WKH SODQH IRUPHG E\ WKH WKUHH SRLQWV� WKHQ

ILQG RXW ZKLFK SODQH FDQ VHSDUDWH WKH RULJLQ DQG WKH UHPDLQLQJ �WKH IRXUWK� SRLQW�

)LJ�� *-. DOJRULWKP ZLWK RXU PRGLILFDWLRQ LQ �' FDVH�

7KH $OJRULWKP LQ �'�
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*LYHQ WKH YHUWLFHV RI WKH WHWUDKHGURQ 3��3��3��3� � OHW WKH UHPDLQLQJ SRLQW EH 3� � 7KH SODQH IRUPHG

E\ WKH WKUHH SRLQWV 3��3��3�� LV JLYHQ E\

I�[� \� ]� $[�%\�&]�. �

ZKHUH WKH QRUPDO YHFWRU �$� %� &�  � 3�± 3�� × � 3� ± 3� �

. �� �$ 3�>�@ � % 3� �*LOEHUW HW DO������� � & 3��&DPHURQ� 'HF ������ �

'HILQH

1  �$ 3�>�@ � %3� �*LOEHUW HW DO������� � & 3��&DPHURQ� 'HF ������ � .�

���

ZKHUH 3L �3L>�@� 3L �*LOEHUW HW DO�������� 3L�&DPHURQ� 'HF �������

7KHQ WKH VHSDUDWLRQ FRQGLWLRQ ZLOO EH VDWLVILHG LI =&1 � �� 'LVFDUG WKH VXEVHWV FRQWDLQLQJ WKH IDUWKHVW

SRLQW ZKHQ PRUH WKDQ RQH VXEVHW VDLVI\LQJ WKH VHSDUDWLRQ FRQGLWLRQ�

�F�� QXBFRPSXWH�� LQ WKUHH�GLPHQVLRQDO VSDFH�

7KH JRDO RI WKH IXQFWLRQ LV WR ILQG RXW WKH QHDUHVW SRLQWõRQ WKH SODQH� ZKLFK LV GHWHUPLQHG E\ WKH

WKUHH SRLQWV LQ 9L � WR WKH RULJLQ RI WKH 7&�VSDFH� )URP ��� �RU 7KHRUHP � LQ �*LOEHUW HW DO��������� ZH

KDYH�

ó�  ODPEGDB��3�� 3��� 3�&3� � 3�&3�� � ODPEGDB��3�� 3��� 3�&3� � 3�&3���

ó�  ODPEGDB��3�� 3��� 3�&3� ± 3�&3�� � ODPEGDB��3�� 3��� 3�&3� � 3�&3���

ó�  ODPEGDB��3�� 3��� 3�&3� ± 3�&3�� � ODPEGDB��3�� 3��� 3�&3� ± 3�&3���

���

óZLOO EH QHJDWLYH LI õLV RQ WKH HGJH RI WKH WHWUDKHGURQ� 7KHUH DUH VHYHQ NLQGV RI YDULDWLRQV LQ WKH

VLJQ RI ó� 7KLV LV VKRZQ LQ 7DEOH ��

�$� $OOóDUH SRVLWLYH � FDVH õ 2Q )DFH

�%� 2QH RI ó LV QHJDWLYH� WKH RWKHUV DUH SRVLWLYH � FDVHV õ2Q (GJH

�&� 2QH RI ó LV SRVLWLYH� WKH RWKHUV DUH QHJDWLYH � FDVHV õ2Q 9HUWH[

�'� $OOóDUH QHJDWLYH 1RQH 1RW ([LVW

7DEOH �

,Q VLWXDWLRQ �$�� QR PRUH PRGLILFDWLRQ LV QHHGHG�

,Q VLWXDWLRQ �%�� VXSSRVH WKHõLV RQ WKH HGJH FRPSRVHG E\ WKH SRLQWV 3
[
DQG 3

\
� $V WZR�
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GLPHQVLRQDO FDVH�

WKH RQO\ QHJDWLYH ó' �Î

&RPSXWH WKH RWKHU WZRó[� ó\ ZLWK

ó[  ODPEGDB��3[�3\��

ó\  ODPEGDB��3[�3\�� [�\ ∈�����

,Q VLWXDWLRQ �&��

ó[ ' � � LI ó[ � ��

WKH RQO\ SRVLWLYH ó' �Î

)LQDOO\� WKH QHDUHVW SRLQWõLV FRPSXWHG E\�

ó  ó� �ó� �ó� �

,9� &RPSDULVRQ

,Q WKLV VHFWLRQ� VLPXODWLRQV DUH SHUIRUPHG WR FRPSDUH WKH LPSURYHPHQWV PDGH E\ XV DQG E\

&DPHURQ �&DPHURQ� 'HF ������ 7KH LQSXW GDWD DUH WKH YHUWLFHV RI WZR SRO\KHGUD�

��� &DPHURQ¶V (QKDQFHPHQW �&DPHURQ� 'HF �����

)URP RXU H[SHULHQFH LQ LPSOHPHQWLQJ WKH *-. DOJRULWKP VKRZQ LQ )LJ� �� WKH FRPSXWDWLRQ WLPH LV

ODUJHO\ FRQWULEXWHG E\ WKH HYDOXDWLRQ RI WKH VXSSRUW IXQFWLRQ� 7KHUHIRUH� WKH NH\ WR IDVWHU FRPSXWDWLRQ

RI GLVWDQFHV EHWZHHQ WZR FRQYH[ ERGLHV LV WR LPSURYH WKH FRPSXWDWLRQ VSHHG RI WKH VXSSRUW IXQFWLRQ�

6WHSKHQ &DPHURQ �&DPHURQ� 'HF ����� DFKLHYHG WKH LPSURYHPHQW� 7KH HQKDQFHPHQW H[SORLWV WKH

DGMDFHQF\ IHDWXUH RI YHUWLFHV �WZR YHUWLFHV DUH DGMDFHQW LI WKH\ DUH FRQQHFWHG E\ DQ HGJH� DQG LV QRZ

GHVFULEHG DV IROORZV� *LYHQ D FRQYH[ SRO\KHGURQ� DQ LQLWLDO YHUWH[ RI LW� DQG WKH HGJH FRQQHFWLRQ GDWD

RI LWV YHUWLFHV� WKH JRDO LV WR ILQG D ³VXSSRUWLQJ YHUWH[´� 7KH SURFHGXUH VWDUWV E\ ILQGLQJ WKH RQH ZLWK

WKH ODUJHVW LQQHU SURGXFW IURP WKH LQLWLDO YHUWH[ DQG LWV YLFLQLWLHV� ,I WKH VHDUFK UHVXOW KDSSHQV WR EH WKH

LQLWLDO RQH� WKH VHDUFK LV VWRSSHG DQG WKH DQVZHU LV REWDLQHG RZLQJ WR FRQYH[LW\ SURSHUW\� 2WKHUZLVH�

WKH REWDLQHG YHUWH[ LV VHW DV D QHZ LQLWLDO DQG WKH SURFHVV LV UHSHDWHG� ,Q D ILQLWH QXPEHU RI LWHUDWLRQV�

GXH WR FRQYH[LW\� ZH¶OO ILQG WKH VXSSRUWLQJ YHUWH[ ZLWKRXW WKH QHHG RI HYDOXDWLQJ LQQHU SURGXFW IRU

�
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HYHU\ YHUWH[ RI WKH SRO\KHGURQ� 7KH VHDUFKLQJ VHTXHQFH IURP VXFK D SURFHGXUH IRUP D SDWK RI HGJHV

RULJLQDWLQJ IURP WKH LQLWLDO YHUWH[� JRLQJ WRZDUG WKH YHFWRU ZLWK UHVSHFW WR ZKLFK ZH HYDOXDWH WKH

VXSSRUW IXQFWLRQ� DQG VWRSSLQJ DW WKH VXSSRUWLQJ YHUWH[� ,Q DGGLWLRQ� WKH YHFWRUV ZLWK UHVSHFW WR ZKLFK

ZH HYDOXDWH WKH VXSSRUW IXQFWLRQ� L�H�� �õ
L
¿ URXJKO\ SRLQW IURP WKH SRO\KHGURQ WR WKH RULJLQ� 7KHUHIRUH�

DOO VXSSRUWLQJ YHUWLFHV OLH RQ WKH VLGHV RI WKH SRO\KHGURQ FORVHU WR WKH RULJLQ �DV )LJ� � VKRZV�� 7KXV� LQ

PRVW FDVHV� RQO\ D IHZ LQQHU SURGXFW HYDOXDWLRQV DUH QHHGHG DQG WKLV JUHDWO\ UHGXFHV WKH FRPSXWDWLRQ

WLPH E\ XVLQJ WKH SUHYLRXV HYDOXDWLRQ UHVXOW DV WKH QHZ LQLWLDO YHUWH[ IRU QH[W VHDUFK� $V D ZKROH� WKH

SURFHGXUH DFKLHYHV WKH 2��� LPSURYHPHQW RI *-. DOJRULWKP�

)LJ� �� 7KH SDWK RI VHDUFKLQJ VXSSRUWLQJ YHUWH[�

��� 7KH (GJH &RQQHFWLRQ 'DWD

,Q LPSOHPHQWLQJ &DPHURQ¶V LPSURYHPHQW� D PHWKRG LV GHYHORSHG WR ILQG WKH HGJH FRQQHFWLRQ

GDWD RI WKH YHUWLFHV IRU FRQYH[ SRO\KHGURQ �VHH $SSHQGL[�� ZLWKRXW WKH XVH RI WKH VR�FDOOHG HGJHV

JUDSK� 7KH HGJHV GDWD DUH IRXQG IURP WKH IDFHV GDWD� ZKLFK VSHFLI\ WKH VHWV RI YHUWLFHV WKDW IRUP D IDFH�

7R REWDLQ WKH IDFHV GDWD� ZH ILUVW WHVW DOO WKH FRPELQDWLRQV RI WKUHH YHUWLFHV WR VHH ZKLFK RQHV

GHWHUPLQH WKH K\SHU�SODQHV ZLWK WKH SURSHUW\ WKDW DOO WKH RWKHU YHUWLFHV DQG WKH FHQWURLG RI WKH

SRO\KHGURQ DUH LQ WKH VDPH KDOI�VSDFH� L�H�� VXSSRUW WKH SRO\KHGURQ� 7KHQ� ZH FRQVLGHU FRPELQDWLRQV

WKDW GHWHUPLQH WKH VDPH K\SHU�SODQHV DQG LQWHJUDWH WKHP ZLWK VHWV RI PRUH WKDQ WKUHH YHUWLFHV� ZKLFK

WKHQ XQLTXHO\ DQG FRPSOHWHO\ GHWHUPLQH WKH IDFHV RI WKH SRO\KHGURQ� 7KH HGJHV RI D SRO\KHGURQ DUH�

LQLWLDO

YHUWH[
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E\ GHILQLWLRQ� WKH XQLRQ VHW RI WKH HGJHV RI HDFK IDFH� WKHUHIRUH� WKH HGJHV GDWD FDQ EH FRQVWUXFWHG E\

WUDFLQJ DORQJ WKH ERXQGDU\ RI HYHU\ IDFH� $V D PDWWHU RI IDFW� WKLV PHWKRG LV H[WUHPHO\ WLPH�

FRQVXPLQJ� ,W LV IRXQG WKDW WR FRPSXWH WKH HGJHV GDWD IRU D SRO\KHGURQ ZLWK KXQGUHGV RI YHUWLFHV RQ D

����0+] 3HQWLXP ,, 3&� D IHZ KRXUV WR KDOI�GD\ RI FRPSXWDWLRQ WLPH LV UHTXLUHG� +RZHYHU� LW LV TXLWH

XVHIXO IRU YLVXDOL]DWLRQ RI D FRQYH[ SRO\KHGURQ� RU� DV ZH KDYH VHHQ� IRU IDVWHU GLVWDQFHV FRPSXWDWLRQ�

7KRXJK WLPH�FRQVXPLQJ� WKH FRPSXWDWLRQ RI HGJHV GDWD IURP D VHW RI YHUWLFHV FDQ EH WDNHQ DV D SULRUL

LQIRUPDWLRQ �L�H� VHW�XS WLPH� IRU WKH SUREOHP�

F��&RPSDULVRQV

)RU FRPSDULVRQ VWXG\� FRQVLGHU WKH IROORZLQJ IRXU DOJRULWKPV IRU FRPSXWLQJ WKH GLVWDQFHV

EHWZHHQ WZR VWDWLF FRQYH[ ERGLHV DSSUR[LPDWLQJ WKH XQLW EDOOV LQ ��' VSDFH� WKH RULJLQDO *-.� *-.

ZLWK RXU PRGLILFDWLRQ� *-. ZLWK &DPHURQ¶V� DQG *-. ZLWK

)LJ��� 7KH FRQVWUXFWLRQ RI D SRO\KHGURQ IURP D XQLW EDOO

RXUV SOXV &DPHURQ¶V PRGLILFDWLRQV� $OO RI WKHP DUH LPSOHPHQWHG LQ 0$7/$% ���

RQ D ����0+] 3HQWLXP ,, 3& XQGHU :LQGRZV��� $ SDLU RI SRO\KHGUD RI YDU\LQJ FRPSOH[LW\ LV

V\VWHPDWLFDOO\ JLYHQ� HDFK YHUWH[ RI ZKLFK LV JHQHUDWHG IURP D VHW RI UDQGRP SRLQWV RQ D XQLW EDOO �VHH

)LJ� �� ZLWK WUDQVODWLRQ� :LWK LQFUHDVLQJ QXPEHU RI SRLQWV� WKH SRO\KHGURQ DSSUR[LPDWHV WKH XQLW EDOO

PRUH DFFXUDWHO\� 7KH H[SHULPHQWDO UHVXOWV DUH VKRZQ LQ 7DEOH � DQG FROOHFWLYHO\ LQ )LJ��� ,Q 7DEOH ��

WKH PRVW HIILFLHQW UHVXOWV DUH PDUNHG E\ D 
� ,W VHHPV WKDW ZKHQ WKH WRWDO QXPEHU RI YHUWLFHV LQFUHDVHV�

WKH FRPELQHG DOJRULWKP �RXUV SOXV &DPHURQ¶V PRGLILFDWLRQ� EHFRPHV PRUH HIILFLHQW� 7KH UHVXOWV

REWDLQHG JLYH XV LGHDV DERXW KRZ WR FRPSXWH WKH GLVWDQFH EHWZHHQ WKH SRO\KHGUD HIILFLHQWO\� 2Q RQH

KDQG� &DPHURQ¶V HQKDQFHPHQW� ZKLFK GRHVQ¶W FDXVH WKH FRPSXWDWLRQ WLPH OLQHDU LQ WKH WRWDO QXPEHU RI

KXOO SRLQWV LI WKH DGMDFHQF\ LQIRUPDWLRQ RI YHUWLFHV LV DYDLODEOH� LV VLJQLILFDQW HVSHFLDOO\ ZKHQ WKH WRWDO

QXPEHU RI YHUWLFHV LV ODUJH�

2Q WKH RWKHU KDQG� RXU PRGLILFDWLRQ SURYLGHV DQ DOWHUQDWLYH DSSURDFK WR GLVWDQFH FDOFXODWLRQ� %\

H[DPLQLQJ WKH SHUIRUPDQFH RI WKH DOJRULWKP ZLWK DQG ZLWKRXW RXU PRGLILFDWLRQ IRU D VSHFLILF SUREOHP�
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DV 7DEOH � VKRZV� D PRUH HIILFLHQW FRPELQHG DOJRULWKP FDQ EH DGRSWHG� 0RUHRYHU� RXU PRGLILFDWLRQ

KDV PDWKHPDWLFDO LQWXLWLRQ DQG WKXV IDFLOLWDWHV FRPSUHKHQVLRQ DQG LPSOHPHQWDWLRQ RI WKH DOJRULWKP�

�8QLW� PV�

1XPEHU RI 9HUWLFHV �2EMHFW� �2EMHFW�� ��� ����� ����� ����� �����

7KH 2ULJLQDO *-. ��
 ��
 �� ��� ���

2XU 0RGLILFDWLRQ �� ��
 ��
 ���
 ���

&DPHURQ¶V 0RGLILFDWLRQ �� �� �� ��� ���

2XUV SOXV &DPHURQ¶V 0RGLILFDWLRQ �� �� �� ��� ���


1XPEHU RI 9HUWLFHV �2EMHFW� �2EMHFW�� ����� ������� ������� ������� �������

7KH 2ULJLQDO *-. �� ��� ��� ��� ���

2XU 0RGLILFDWLRQ ��� ��� ��� ��� ���

&DPHURQ¶V 0RGLILFDWLRQ ��
 ��� ��� ���
 ���


2XUV SOXV &DPHURQ¶V 0RGLILFDWLRQ �� ���
 ���
 ��� ���


7DEOH ��

�� &RQFOXVLRQ

:H KDYH GHVFULEHG SRVVLEOH PRGLILFDWLRQV RI WKH VWHSV LQ WKH *-. DOJRULWKP WKDW PDNH WKH

FRPSXWDWLRQ RI (XFOLGHDQ GLVWDQFH EHWZHHQ FRQYH[ SRO\KHGUD HDVLO\ UHDOL]HG� 7KH LPSURYHPHQW

SURFHHGV E\ XSGDWLQJ WKH FRHIILFLHQWó� LQVWHDG RI YHULI\LQJ Ô�<
V
� RI HDFK VXEVHWV� DQG WKHVH LQGXFH

DQ H[SOLFLW WULDQJXODWLRQ RI WKH 7&62 ERXQGDU\� %\ WKH QXPEHUV RI HOHPHQWV LQ WKH ILQDO VHW LQ RXU

PRGLILHG DOJRULWKP� WKH QHDUHVW SRLQW� WRJHWKHU ZLWK WKH LQIRUPDWLRQ DERXW WKH IHDWXUH RI WKH QHDUHVW

SRLQW LV RQ D YHUWH[� DQ HGJH RU D IDFH RI 7&62 FDQ EH SURYLGHG� 7KHVH FDQ EH XVHG WR FRPSXWH WKH

JUDGLHQW RI WKH GLVWDQFH ZLWK UHVSHFW WR WKH FRQILJXUDWLRQ YDULDEOHV� ZKLFK LV XVHIXO LQ URERW SDWK

SODQQLQJ�

)LQDOO\� ZH KDYH GHPRQVWUDWHG H[SHULPHQWDOO\ WKDW RXU PRGLILFDWLRQV DQG WKH *-. DOJRULWKP ERWK

KDYH DQ DOPRVW OLQHDU WLPH FRPSOH[LW\� DQG ZH KDYH DOVR SUHVHQWHG DQ DSSURDFK WR FDOFXODWH WKH

YLFLQLW\ PDWUL[� ZKLFK PXVW EH SURYLGHG LQ XSGDWLQJ WKH VXSSRUW IXQFWLRQ� $IWHU FRPELQLQJ ZLWK

&DPHURQ¶V PRGLILFDWLRQV� WKH FRPSDULVRQ KDV DOVR EHHQ VKRZQ� 7KH UHDVRQ ZK\ RXU FKDQJHV GR QRW

GRPLQDWH WLPLQJV DV PXFK DV &DPHURQ GLG FDQ EH HDVLO\ VKRZQ E\ WKH VLPXODWLRQ� ZKLFK PHDQV WKDW

FRPSXWDWLRQ RI VXSSRUW IXQFWLRQ LV WKH PRVW WLPH�FRQVXPLQJ SDUW LQ *-. DOJRULWKP �&DPHURQ� 'HF

������ �6DWR HW DO�� $SU� ������ �2QJ DQG *LOEHUW� $SU� ������
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)LJ� ��� 7KH VLPXODWLRQ UHVXOW

�� 5HIHUHQFHV

(� *� *LOEHUW� '� :� -RKQVRQ� DQG 6�6� .HHUWKL� ³$ IDVW SURFHGXUH IRU FRPSXWLQJ WKH GLVWDQFH EHWZHHQ

FRPSOH[ REMHFWV LQ WKUHH�GLPHQVLRQDO VSDFH�´ ,((( 7UDQV� 5RERW� $XWRPDWLRQ� YRO� �� SS� ��������

$SU������

6WHSKHQ &DPHURQ� ´$ &RPSDULVRQ RI 7ZR )DVW $OJRULWKPV IRU &RPSXWLQJ WKH 'LVWDQFH EHWZHHQ

&RQYH[ 3RO\KHGUD�´ ,((( 7UDQV� 5RERW� $XWRPDWLRQ� YRO� ��� 1R �� SS� �������� 'HF������

%REURZ� -�(�� ³2SWLPDO URERW SDWK SODQQLQJ XVLQJ WKH PLQLPDO�WLPH FULWHULRQ�´ ,((( -RXUQDO RI

5RERWLFV DQG $XWRPDWLRQ� YRO��� QR� �� SS��������� $XJ������

4XLQODQ� 6HDQ� ³7KH 5HDO�7LPH 0RGLILFDWLRQ RI &ROOLVLRQ�)UHH 3DWK�´ 3K�'� 7KHVLV� 6WDQIRUG

8QLYHUVLW\� �����

.KDWLE� 2�� ³5HDO�7LPH 2EVWDFOH $YRLGDQFH IRU 0DQLSXODWRUV DQG 0RELOH 5RERWV´�7KH ,QWHUQDWLRQDO
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-RXUQDO RI 5RERWLFV 5HVHDUFK� YRO� �� QR��� SS������� 6SULQJ �����

0� /LQ DQG -� &DQQ\� ³$ IDVW DOJRULWKP IRU LQFUHPHQWDO GLVWDQFH FDOFXODWLRQ�´ LQ ,((( ,QW� &RQI� 5RERW�

$XWRPDW�� 6DFUDPHQWR� &$� $SULO ����� SS ����������

&KXQJ 7DW /HXQJ� .HOYLQ� ³$Q HIILFLHQW FROOLVLRQ GHWHFWLRQ DOJRULWKP IRU SRO\WRSHV LQ YLUWXDO

HQYLURQPHQWV�´ 0� 3KLO� 7KHVLV� 7KH 8QLYHUVLW\ RI +RQJ .RQJ� �����

6� &DPHURQ� ³(QKDQFPHQW *-.� FRPSXWLQJ PLQLPXP DQG SHQHWUDWLRQ GLVWDQFHV EHWZHHQ FRQYH[

SRO\KHUGUD�´ LQ ,((( ,QW� &RQI� 5RERW� $XWRPDW� $OEXTXHUTXH� 10� $SULO� ����� SS ����������

<� 6DWR� 0� +LUDWD� 7� 0DUX\DPD� DQG <� $ULWD� ³(IILFLHQW FROOLVLRQ GHWHFWLRQ XVLQJ IDVW GLVWDQFH�

FDOFXODWLRQ DOJRULWKPV IRU FRQYH[ DQG QRQ�FRQYH[ REMHFWV�´ ,Q ,((( ,QW� &RQI� 5RERW� $XWRPDW� SS�

�������� 0LQQHDSROLV� $SULO �����

(ORQ 5LPRQ� 6WHSKRQ 3� %R\G� ³2EVWDFOH &ROOLVLRQ 'HWHFWLRQ 8VLQJ %HVW (OOLSVRLG )LW�´ -RXUQDO RI

,QWHOOLJHQW DQG 5RERWLF 6\VWHPV� YRO� ��� SS �������� �����

'DYLG (� -RKQVRQ� (ODLQH &RKHQ� ³$ )UDPHZRUN )RU (IILFLHQW 0LQLPXP 'LVWDQFH &RPSXWDWLRQV�´ LQ

,((( ,QW� &RQI� 5RERW� $XWRPDW�� SS� ���������� 0D\ �����

5� 7� 5RFNIHOODU� &RQYH[ $QDO\VLV� 3ULQFHWRQ� 1-� 3ULQFHWRQ 8QLY� 3UHVV� �����

-�(� %REURZ� ³$ GLUHFW PLQLPL]DWLRQ DSSURDFK IRU REWDLQLQJ WKH GLVWDQFH EHWZHHQ FRQYH[

SRO\KHGUD�´ 7KH ,QWHUQDWLRQDO -RXUQDO RI 5RERWLFV 5HVHDUFK� YRO��� SS������� �����

&� -� 2QJ DQG (� *� *LOEHUW� ³*URZWK 'LVWDQFHV� 1HZ 0HDVXUHV IRU 2EMHFW 6HSDUDWLRQ DQG

3HQHWUDWLRQ�´ ,((( 7UDQV� 5RERW� $XWRPDW�� YRO� ��� 1R �� SS� �������� �����

&� -� 2QJ DQG (� *� *LOEHUW� ³7KH *LOEHUW�-RKQVRQ�.HHUWKL GLVWDQFH DOJRULWKP� D IDVW YHUVLRQ IRU

LQFUHPHQWDO PRWLRQV�´ LQ ,((( ,QW� &RQI� 5RERW� $XWRPDW�� SS� ���������� $OEXTXHUTXH� 1HZ 0H[LFR�

$SULO �����

(� *� *LOEHUW DQG &��3� )RR� ³&RPSXWLQJ WKH GLVWDQFH EHWZHHQ JHQHUDO FRQYH[ REMHFWV LQ WKUHH�

GLPHQVLRQDO VSDFH�´ ,((( 7UDQV� 5RERW� $XWRPDW�� YRO��� 1R �� SS� ������ �����
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6� =HJKORXO� 3� 5DPEHDXG DQG -�3� /DOOHPDQG�´ $ IDVW GLVWDQFH FDOFXODWLRQ EHWZHHQ FRQYH[ REMHFWV E\

RSWLPL]DWLRQ DSSURDFK�´ LQ ,((( ,QW� &RQI� 5RERW� $XWRPDW�� SS� ���������� 1LFH� )UDQFH� 0D\ �����

(� *� *LOEHUW DQG '�:� -RKQVRQ� ³'LVWDQFH IXQFWLRQV DQG WKHLU DSSOLFDWLRQ WR URERW SDWK SODQQLQJ LQ WKH

SUHVHQFH RI REVWDFOHV�´ ,((( -� 5RERW� $XWRPDW�� YRO��� 1R �� SS� ������ �����

$33(1',;

$0HWKRG WR &RQVWUXFW )DFH DQG (GJH 'DWD IURP D 9HUWH[ 6HW RI &RQYH[ 3RO\KHGURQ

*LYHQ WKH YHUWLFHV RI D FRQYH[ SRO\KHGURQ� WKH LQIRUPDWLRQ DERXW ZKLFK YHUWLFHV GHWHUPLQH D

IDFH RU DQ HGJH LV XVXDOO\ UHTXLUHG� HVSHFLDOO\ ZKHQ WKH SRO\KHGURQ LV YLVXDOL]HG LQ D FRPSXWHU

JUDSKLFV HQYLURQPHQW� RU ZKHQ WKH DGMDFHQF\ UHODWLRQVKLSV RI WKH YHUWLFHV DUH QHHGHG LQ VRPH

JHRPHWULF DOJRULWKPV� ,Q WKLV DSSHQGL[� D PHWKRG WR DFTXLUH VXFK LQIRUPDWLRQ� ZKLFK FDQ EH

LPSOHPHQWHG LQ WKH IRUP RI D IXQFWLRQ EORFN DQG DSSOLHG WR LQGLYLGXDO FDVHV� LV GHYHORSHG�

%\ GHILQLWLRQ� D IDFH RI D FRQYH[ SRO\KHGURQ LV D SRO\JRQ ORFDWHG RQ D XQLTXH VXSSRUW SODQH

�5RFNIHOODU� ����� RI WKH SRO\KHGURQ DQG ZKRVH YHUWLFHV DUH DOO WKRVH RI WKH SRO\KHGURQ RQ WKH VXSSRUW

SODQH� 6LQFH HDFK VXSSRUW SODQH FRQWDLQV DW OHDVW WKUHH YHUWLFHV RI WKH SRO\KHGURQ� VXFK SODQHV FDQ EH

IRXQG E\ HQXPHUDWLQJ DOO SRVVLEOH WULSOHV RI YHUWLFHV� HDFK WULSOH IRU RQH SODQH� DQG GLVFDUGLQJ WKRVH

EHDULQJ QR VXSSRUWLQJ SURSHUW\� 1RWH WKDW VRPH RI WKH UHVXOWLQJ WULSOHV PD\ GHWHUPLQH WKH VDPH VXSSRUW

SODQH� IRU RQH IDFH PD\ KDYH PRUH WKDQ WKUHH YHUWLFHV� 7KXV� LGHQWLI\LQJ HDFK VHW RI WULSOHV O\LQJ RQ WKH

VDPH SODQH DQG WDNLQJ WKH XQLRQ VHW RI WKRVH WULSOHV JLYHV D OLVW RI YHUWLFHV GHWHUPLQLQJ HDFK IDFH�

7R WHVW ZKHWKHU D WULSOH RI WKUHH YHUWLFHV GHWHUPLQH D VXSSRUW SODQH RU QRW� D VLPSOH FULWHULRQ�

ZKLFK IROORZV IURP WKH GHILQLWLRQ RI D VXSSRUW SODQH� LV SURYLGHG KHUH �)LJ� ��� $ SODQH VXSSRUWV WKH

SRO\KHGURQ LI DQG RQO\ LI WKHUH LV QR YHUWH[ VXFK WKDW WKH FHQWURLG OLHV RQ LWV RSSRVLWH VLGH� 7KXV� LW

VXIILFHV WR FKHFN HDFK RI WKH UHPDLQLQJ YHUWLFHV DQG WKH FHQWURLG RI WKH SRO\KHGURQ OLH RQ ZKLFK VLGH RI

WKH SODQH GHWHUPLQHG E\ WKH WKUHH YHUWLFHV XQGHU WHVW�

7KH HGJHV RI D SRO\KHGURQ DUH WKH XQLRQ VHW RI WKH HGJHV RI DOO LWV IDFHV� $Q HGJH FRQQHFWV WZR

DGMDFHQW IDFHV� WKHUHIRUH WKH HGJH FDQ EH FRQVWUXFWHG E\ WUDFLQJ DORQJ WKH ERXQGDU\ RI HYHU\ IDFH� 2I

FRXUVH� ILQGLQJ WKH HGJHV RI D IDFH RU FRQYH[ SRO\JRQ LV WKH ��' HTXLYDOHQW WR ILQGLQJ WKH IDFHV RI D

FRQYH[ SRO\KHGURQ DQG FDQ EH GRQH XVLQJ VLPLODU SURFHGXUHV WR WKH DERYH� KRZHYHU� GXH WR WKH

JHRPHWULF VLPSOLFLW\ RI WKLV FDVH� D PRUH GLUHFW PHWKRG LV SURYLGHG KHUH� )LUVW� REWDLQ WKH YHFWRU XUHI

SRLQWLQJ IURP WKH FHQWHU RI WKH SRO\JRQ WR DQ DUELWUDU\ YHUWH[� 7KHQ� VRUW LQ D FRXQWHUFORFNZLVH �RU

FORFNZLVH� DOO WKH YHUWLFHV DFFRUGLQJ WR WKH DQJOH EHWZHHQ XUHI DQG HDFK RI WKH YHFWRUV SRLQWLQJ IURP WKH

FHQWHU WR DOO WKH YHUWLFHV� )LQDOO\� WZR DGMDFHQW YHUWLFHV LQ WKH FLUFXODU RUGHU FRPSULVH WKH HQGSRLQWV RI

DQ HGJH RI WKH SRO\JRQ�
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�



 $Q $OJRULWKP )LQGLQJ WKH 6HWV RI 9HUWLFHV 'HWHUPLQLQJ WKH


 )DFHV RI D *LYHQ &RQYH[ 3RO\KHGURQ


�

)XQFWLRQ SURWRW\SH�V��

ERROHDQ ,V)DFH�D WULSOH RI YHUWLFHV��

'HILQLWLRQ RI YDULDEOH�V��

)� WKH RXWSXW RI DOJRULWKP� LV WKH VHW RI WKH WULSOHV� RU TXDGV� HWF�� RI YHUWLFHV GHWHUPLQLQJ WKH IDFHV�

)  ∅�

IRU �HDFK WULSOH RI YHUWLFHV�

LI �,V)DFH�WKH WULSOH��

)  ) ∪ WKH WULSOH�

IRU �HDFK HOHPHQW RI )� VD\� I��

IRU �HDFK RI WKH RWKHU HOHPHQWV RI )� VD\� I��

LI �S ∈ WKH SODQH GHWHUPLQHG E\ I�� ∀ S ∈ I��

PRGLI\ ) E\ FKDQJLQJ I� WR I� ∪ I� DQG H[FOXGLQJ I��

ERROHDQ ,V)DFH�D WULSOH RI YHUWLFHV� ^

UHWXUQ �ZKHWKHU WKH FHQWURLG RI WKH SRO\KHGURQ GRHV QRW OLH

RQ WKH SODQH GHWHUPLQHG E\ WKH WULSOH

DQG DOO WKH RWKHU YHUWLFHV OLH RQ WKH VDPH VLGH RI

WKH SODQH DV WKH FHQWURLG GRHV��

`

)LJ�� 3VHXGR FRGH RI WKH IDFH GHWHUPLQDWLRQ
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IRU �HDFK IDFH�^

[  WKH YHFWRU SRLQWLQJ IURP WKH FHQWHU RI WKH IDFH WR D FHUWDLQ YHUWH[�

VD\� Y
�
�

IRU �HDFK RI WKH RWKHU YHUWLFHV� Y
L
�

FDOFXODWH WKH DQJOH IURP [ WR WKH YHFWRU SRLQWLQJ IURP WKH FHQWHU

RI WKH IDFH WR Y
L
�

VRUW WKH YHUWLFHV� VWDUWLQJ IURP Y
�
� LQ WKH DVFHQGLQJ

RUGHU RI WKRVH DQJOHV FDOFXODWHG IRU WKHP�

IRU �HDFK RI WKH VRUWHG YHUWLFHV�

LI �WKLV LV WKH ODVW RQH�

DGG WKH OLQH VHJPHQW FRQQHFWLQJ WKLV YHUWH[ DQG WKH ILUVW RQH

WR WKH OLVW RI HGJHV RI WKH SRO\WRSH�

HOVH

DGG WKH OLQH VHJPHQW FRQQHFWLQJ WKLV YHUWH[ DQG WKH QH[W WR WKH

OLVW RI HGJHV RI WKH SRO\WRSH�

`

)LJ� �� 3VHXGR FRGH RI HGJH GHWHUPLQDWLRQ
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