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Abstract

Input-output approximate linearisation of a non-linear sixth order system has been stud-
ied. A method for controlling the non-linear system that is i/o linearisable is examined that
retains the order and the relative degree of the system in the linearisation process, hence
producing a linearised system with no internal or zero dynamics. Desired tracking perfor-
mance for lateral accelerations and roll rate of the missile is achieved by using a non-linear
control law that has been derived by selecting the lateral velocities and roll rate as the lin-
earisation outputs. Simulation results are shown that exercise the final design and show
that the linearisation and controller design are satisfactory.

1 Introduction

One of the main steps in designing a control system for a given physical plant is to derive a
meaningful model of the plant, i.e. a model that captures the key dynamics of the plant in the
operational range of interest. Models of physical systems come from various forms, depending
on the modelling approach and assumptions. Some forms, however, lend themselves more
easily to controller design.

A technique for transforming original system models into equivalent models of a simpler
form is the so called Jacobian linearization or linearization about an equilibrium point.In this
case it can be said that the linearization may not be a good approximation to the system for
arbitrary configurations. Since the system is linearized about a single point, trajectory track-
ing can only be guaranteed in a sufficiently small ball of states about that point. There are
several methods for circumventing this problem ; one of the most common is gain scheduling
(Shamma et al., 1990). To use gain scheduling, tracking controllers are designed for many dif-
ferent equilibrium points and gains are chosen based on the equilibrium points to which the
system is nearest.
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An alternative technique is the nonlinear dynamic inversion or feedback linearization. Feed-
back linearization (FLN) deals with techniques for transforming original system models into
equivalent models of a simpler form. FLN can be used as a nonlinear design methodology.

The use of input-output linearization techniques to produce a linear system with specified
uncertainty has been examined. The main idea of i/o linearization is to algebraically transform
a non-linear system into a linear form using state feedback (Isidori et al., 1981; Hunt and Su ,
1981; Su , 1982). There are few examples in the literature of the practical application of feedback
linearisation (Hahn et al., 1994), (Henson and Seborg , 1990). Applications to aerospace systems
are also rare (Bezick et al., 1995).

This paper looks at the application of feedback linearisation of a missile model that is de-
scribed by look-up tables that define non-linear characteristics of the aerodynamics. One of
the main problems with applying feedback linearisation techniques is that the process pro-
duces a system with the same relative degree as the original system, but usually with an order
that is less. Indeed, the linearised system order is the same as the relative degree unless pre-
compensators are used to artificially change the order and relative degree. This process results
in zero or internal dynamics, which are modes that are effectively rendered unobservable by
the linearisation process. If the system is non-minimum phase, then the zero dynamics are un-
stable. The analogy with linear systems is that a zero-pole system is linearised into an all-pole
system by selecting the pole-zero excess as the order of the approximating system. In order
to produce linearised systems that have no internal dynamics, techniques which preserve the
dynamic order of the system are needed.

Several approaches are possible to the avoidance of internal or zero dynamics. One ap-
proach is to neglect terms in input derivatives until the required system order is reached
(Hauser et al., 1992). Another is to pre-compensate the system to increase the system rela-
tive degree artificially, and thus having some limited authority over the stability of the internal
dynamics (Slotine and Li , 1991). Designing systems with unstable zero dynamics can also be
achieved (Lu et al., 1997) provided the input to the system remains bounded under feedback. A
fourth way is to choose an output which has the required relative degree, and which is related
to the required control output in some manner. The approach used in this paper is a combina-
tion of the first two (Tsourdos et al., 1998): to select an output that relates to the variable that
is to be controlled, but which gives a greater relative degree, and to neglect small terms that
allow the final relative degree to be achieved.

The aim of this paper is to track the missile lateral acceleration demand in both the pitch
and yaw plane as well as the roll rate in the roll plane, using the missile aileron, rudder and
elevator; hence yielding a system with 3 inputs and 3 controlled outputs. The tracking and
non-linear controllers are designed by defining lateral velocity as an output as it produces a
higher relative degree than directly controlling lateral acceleration, which has a relative degree
of zero. Lateral velocity is directly related to the lateral acceleration, as in steady state a constant
incidence angle is associated with a constant lateral acceleration. The basic system is fifth order,
with an integrator in front of the roll channel yielding a sixth order system.

2 HORTON Missile model

Data in the form of parametric relationship have been supplied by BADL and are described
in (White , 1998). The lateral motion (Tsourdos et al., 1998) is derived from the model defined
in (Horton , 1992), while the roll model is derived from graphical relationships relating the
moments generated by airelon, rudder and elevator action of the cruciform fin configuration.
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These relationships are used to generated a ’parametric model’ that is used for simulation and
analysis. From this model a polynomial model was produced (White , 1998) to match the
parametric model as close as possible in a least squares sense. This polynomial model is in
form of polynomial relationships that are used for control synthesis. The description of the
HORTON model was obtained from data supplied by Marta-BAe and detailed in (Horton ,
1992).

The system in polar coordinates (with z =
p
(v2 +w2

) and � = arctan v
w

) is described as:
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Figure 1: Airframe axes
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ṗ =

1

2
I-1x �VoSd(dClpp+VoCl��+ VoCl��+VoCl��)
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3 Approximate Feedback Linearisation

The state–space form of the non-linear system of the home missile can now be written in a
compact parametric format, as:

ż = a1z+ a2z
2
+ a3rsin(�) - a3qsin(�)

+(a4z+ a5)(sin(�)� + cos(�)�)

ṙ = b1z
3sin(�) + b2z

2sin(�) + b3zsin(�) + b4zr+ b5r

+(b6z+ b7)� - (b9 + b8z+ b10z
2
)�

q̇ = -b1z
3cos(�) - b2z

2cos(�) - b3zcos(�) + b4zq+ b5q

-(b6z+ b7)� + (b9 + b8z+ b10z
2
)�

ṗ = c1p+ c2�+ (c3 + c4z)(�+ �)

�̇ = -a3z
-1
(qsin(�) + rcos(�))

+z-1(a4z+ a5)(sin(�)� - cos(�)�)

(2)

or in matrix form:

ẋ = f(x) + g(x)u

y = h =

2
64
v

w

p

3
75 =

2
64
zsin(�)

zcos(�)

p

3
75

(3)

This equation is now in standard form and input-output linearisation techniques can be applied
to it. In order to retain the system order with no zero dynamics, an approximate input–output
linearisation technique is applied to the missile model. It is based on an approximation method
involving the modification of the function g presented in (Hauser et al., 1992) and (Tsourdos
et al., 1998).

Using this approximation technique, terms are discarded in order to retain an approximate
system with an equivalent order and relative degree. In other words the g vector field is mod-
ified. This is achieved by neglecting the term  1;2(x;u) shown in following equation as it will
not affect the stability of the closed loop dynamics.

Let �1 = �1 = h1(x). Then:

�̇1 = �2 + 1(x; �)

�̇2 = �1 + �1�+ �2� = v1(x; �; �)

(4)

where:

�1(x) = (a1cos(�) + 2a2zcos(�))(a1z+ a2z
2
+ a3rsin(�) - a3qsin(�))

+(a1zcos(�) + a2z
2cos(�))(-a3z

-1
(qsin(�) + rcos(�)))

+a3(b1z
3sin(�) + b2z

2sin(�) + b3zsin(�) + b4zr + b5r)

�1(x) = a3(b6z + b7) - (b9 + b8z+ b10z
2
)

�2(x) = a3(b9 + b8z + b10z
2
) (5)
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Hence the output y1 possesses a relative degree r1 of 2.
Similarly, for the pitch plane, let �3 = �3 = h2(x). Then:

�̇3 = �4 + 2(x; �; �)

�̇4 = �2 + �3u2 + �4u3 = v2(x; �; �)

(6)

where:

�2(x) = (a1sin(�) + 2a2zsin(�))(a1z+ a2z
2
+ a3rsin(�) - a3qsin(�))

-(a1zsin(�) + a2z
2sin(�))(-a3z

-1
(qsin(�) + rcos(�)))

-a3(-b1z
3cos(�) - b2z

2cos(�) - b3zcos(�) + b4zq + b5q)

�3(x) = a3(b6z + b7) - (b9 + b8z + b10z
2
)

�4(x) = a3(b9 + b8z + b10z
2
) (7)

The output y2 also possesses a relative degree r2 of 2.
Finally, for the roll plane, for the linearisation process i.e. the design of the non-linear con-

troller we take as output the roll rate p, but place an integrator in front of the roll channel to
equalise the channel orders. Let �5 = �5 = h3(x), where h3(x) the roll angle. Then:

�̇5 = �6

�̇6 = �3 + �5�+ �6�+ �7� = v3(x; �; �; �)

(8)

where:

�3(x) = c1

�5(x) = c3 + c4z

�6(x) = c3 + c4z

�7(x) = c2

(9)

Hence the output y3 possesses a relative degree r3 of 2. The total relative degree of the
system (Slotine and Li , 1991) is equal with the sum of the r1, r2, and r3 is now 6, and has
the same order as the original system and hence there are no internal dynamics. Since the total
relative degree is equal with the order of the system, fully linearisation of the non-linear system
can now be achieved.

The effect of neglecting the term  1;2 in previous equation is to eliminate a non-linear zero
in the system within the model description, and which is not taken into account in the non-
linear control design. It had be shown in (White , 1998), this will not affect the performance of
the control design in a significant manner as the zero can be approximated by:

z � -

(a4z+ a5)

(2a3b6z+ a3b7)
a4

a3b6
> 0

a5

a3b7
> 0 (10)
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When the velocity is defined as an output of the system then the relative degree is equal to
the order of the system. In that case there is no zero dynamics involved into the design. If we
don’t neglect any term then the linearization will take place by solving the 2nd derivative of the
output for the highest derivative of the input  ̇. A pre-compensator will cancel the inherent
zero in the i/o equation. Because the side-slip force(which for all missiles is negative), that
zero will lie on the right hand s-plane, hence any pole cancellation must therefore be unstable.
An approximation to this controller that does not include the cancellation pole can be used
by neglecting the  ̇ term (the side-slip force acting on the control surfaces). This will tend
to destabilise the system as an unstable zero will exist in the closed-loop system that is not
taken into the analysis. This will produce a less stable solution than the cancellation feedback
solution. But provided the side-slip force is not too great this will not affect the performance.

Equations (4), (6) and (8) represent a direct relationship between the outputs hi and the
inputsui. The required static state feedback for decoupled closed loop input/output behaviour
is given by (Kravaris et al., 1990) as:

u = E-1

8<
:v -

2
64
�1
�2
�3

3
75

9=
; (11)

where E is the characteristic (Kravaris et al., 1990) or decoupling (Slotine and Li , 1991) matrix
of the system, and is given by:

E =

2
64
�1 0 �2
0 �3 �4
�5 �6 �7

3
75 (12)

which is nonsingular. The determinant of the decoupling matrix is:

p(z) = det(E) = p0 + p1z+ p2z
2
+ p3z

3
+ p4z

4
+ p5z

5

There is not a value of interest for z which could make p(z) (i.e. the determinant of the decou-
pling matrix) equal to zero.

The linearised closed loop system is now given by:

ÿi = vi (13)

Where v is the new linearised system input. Now choose the new control input to be:

v = ÿd - k1ė - k2e (14)

where e � y- yd. The close–loop system is thus characterised by:

ë+ k1ė+ k2e = 0 (15)

where k1 and k2 are chosen such that all roots of s2 + k1s + k2 = 0 are in the open left–half
plane, which ensures limt!1 e(t) = 0.

It can be said that now the tracking control problem for the non-linear system described
by equation (3) has been solved using the control law in equation (11) and (14). Indeed, since
equation (15) has the same order as the non-linear system, there is no part of the system dy-
namics which is rendered “unobservable” in the approximate input–output linearisation. Since
there are no zero dynamics in the linearised system, the stability of the linearised system can
be guaranteed and the tracking problem has been solved (Slotine and Li , 1991), (Hauser et al.,
1992).
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4 Trajectory controller design

f(x)+g(x)u h(x)Ψ(x,v)K(e)
d e u x

Nonlinear System

Linearized System

+
-

External Controller

y
y

Internal Controller

Figure 2: Trajectory control design

Figure 2 shows the non-linear controller structure. A fast linear actuator with natural fre-
quency of 250 rad/sec has been included in the non-linear system. The desired acceleration ad
is achieved by using the non-linear equation ad = f(v). Therefore the trajectory controller per-
forms by defined a desired acceleration as a function of the lateral velocity demand. The error
dynamics are constructed using the ad signal and the feedback of the actual states - velocity,
rate and acceleration.

The error coefficients in (15) are chosen to satisfy a Hurwitz polynomial. For the second
order error equation in the acceleration channel, k1 = 2�wn and k2 = w2

n, where wn =

60(rad=sec) and � = 0:7 while for the roll channel wn = 80(rad=sec). This speed of response
is significantly faster than the open loop response and so should exercise the dynamics of the
non-linear missile.

The results for diffrent demand in acceleration is shown in Figure 3 and Figure 5. As ex-
pected for a non-linear system, the relationship between lateral velocity and lateral acceleration
is non-linear. The results also show that the actuator does not significantly affect the design.
The non-linear approach is also shown to be reasonably accurate, as the predicted and actual
performances are very close.

5 Conclusions

There are three ways to increase the relative degree of a non-linear system. These are either
to propose a new output that is an approximation of the desired one, to neglect sufficiently
small terms during the differentiation process or finally to design a pre-compensator for the
system. This paper presented the trajectory control design of non-linear missile model that is
a combination of the first two. It results in a linear equivalent system with no internal or zero
dynamics, and with a design of a trajectory control which gives small tracking errors for both
the lateral velocity and lateral acceleration. The design has involved increasing the speed of
response of the system sufficiently for a linear approximation for the system to be inadequate
for design purposes, and the response for both small and large demands has been shown to be
invariant. Other techniques are now being researched that involve a quasi-linear approach, or
involve pre-compensation to look at techniques that can be applied to the lateral acceleration
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directly. This involves dealing with a non-minimum phase system that yields unstable zero
dynamics with direct linearisation methods.
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Figure 3: Lateral Accelerations and Roll Rate for ad = 14 and pd = 0
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Figure 4: Magnitude and direction of velocity for ad = 14 and pd = 0
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