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Abstract
We consider a problem of amodal P-regulator synthesis for alinear multivariable dynamical system with
uncertain ( interval) parameters. The designed regulator has to place al coefficients of the system
characteristic polynomial within assigned intervals. We developed the approach proposed in (Dug et al.,
1990) and proved the direct correlation between system controllability and existence of a modal P- regulator.

1INTRODUCTION

The problem of closed-loop stability is an important topic of feedback controller design when
perturbancies and/or uncertainties can affect a control system. This paper is devoted to a solution of
robust modal P-regulator synthesis problem for a plant with uncertain parameters described by
intervals with the given bounds. On practice such a plant can be considered as a linear dynamical
system with interval parameters. Two alternative methods of modal regulator synthesis for a control
system with interval parametersin a state-space have been considered in (Dug et al., 1990; Smag,
1997). In this paper we develop the approach (Dug et al., 1990) and present a new proof of solvability
conditions of the problem based on the latest research in the area of interval analyss.

2PROBLEM STATEMENT

We consider alinear time invariant dynamical multivariable system in state-space

dx/dt = [A]x +[B]u (@)

where x = x(t) isan nstate vector and u= u(t) is an r input vector. The elements [&;], [bi] (i,
j=1,...n,k=1,.,) of n" n matrix [A] and n" r matrix [B] are interva (interval numbers) with
the known upper and lower bounds ( Moor, 1966). These matrices describe sets of matrices Al [A],
BT [B] with real elementsaijT [a;,], biki [bik]-

Itisnecessary tofindan r” n matrix K with real elements (gain coefficients k;, i=1,...,r,

j=1,..,n) for arobust feedback state control (in other words, amodal P--regulator)

u= Kx (2
which ensures the inclusions

det (sl -A-BK) i [D(9)] (3)
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for every real Al [A], Bl [B]. In(3) [D(s)] isan assigned asymptotic stable n degree polynomial
with interva coefficients[d ], i=0,1,...,n-1

[D()] = " +[dpa]s ™ + ..+ [di]s + [do]. (4)
The mentioned interval polynomia may be described as a set of asymptotic stable polynomials
D(s) =" + dpas ™ + ...+ dy S5+ do with real coefficientsd; T [d]. Different methods can be used in

order tofind interval coefficientsof [D(s)] (Khar, 1979).
If a characteristic polynomial of closed-loop system dx/dt = (A +BK)x can be presented as

det(sl - A-BK) = &' +bps™+ ...+ bis+byg (5)
then inclusion (3) takes the following form
bi T [d], i=0,..,n1 (6)
3 MAIN RESULT

For the given problem we consider two cases. r =1,r 3 2.

Case r =1. Suppose that [B] =[b] isa column vector, K =kisa row vector.

Definition 1 (Dug et al., 1990). A pair ( [A], [b] ) iscontrollable for any AT [A], b1 [b] if
asquare interval controllability matrix

[Y] = ([b], [A*[b], ..., [A]™**[b] ) (")

satisfies the condition
Ol Det[Y]. (8)

In (8) Det <-> denotes the interval extension ( Moor, 1966) of the function det <->. In (7) and further
thesign ™' isamultiplication of two intervals. Itisone of interval- arithmetical operations
introduced in ( Moor, 1966).

Consider aninterval n~ n matrix

TR S B
Pl=peg 0o kel % ®
§-1 0 - 0 0§
and aninterval n row vector
[f] = ([d] Q[ac], [di] Q[ad], ..., [dha] Q[an4]) (10)

where [an4] ,..., [@o] areinterval coefficients of the characteristic polynomia of the matrix [A]:
[f(9)] = & +[an]s™ +..+[ai]s+[ao] which may beconsidered asaninterval extension of
the rational function f(s) = " +aus™ + ..+ a;s+a,, Al [A]; Q-isanonstandart interval
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subtraction (Mark, 1977) for theintervals [a] =[a a] and [b] =[b/ b{ defined as [a] Q [b] =
{min(a- b as- by, max(a- b as- by}.

Theorem. If apair ([A],[b]) iscontrollable and the following inclusion takes place for an
assigned asymptotic stable interval polynomial (4)

M[f] (M[P] )™ [P] 1 [f], (11)
then a modal state regulator u = kx exists and it can be calculated as follows:
k= MI[f] (M[P] )* (12)

where M[-] denotes a real matrix(vector) the elements of which are the midpoints ( Moor, 1966) of the
interval elements of matrix(vector). For an interval number [a] we have: M[a] = M[a aJ = (a + a5)/2.

Proof. A pair ([A],[b]) isreferred to as acontrollable if and only if al pairs (Ab), Al [A],
bl [b] are controllable. It is known (Owens, 1978) that if apair (Ab), Al [A], bl [b] iscontrollable,
then arow vector k can be calculated as

&a, -a, -a,; -
k(b,Ab,...(A)“'l)é' 42 - a3 1 ?§+
1 o0 o ol
+ (@0, 81 man) = (o Gi ) (13)

whereao ai,...,an; are the coefficients of the characteristic polynomial of A; do d;,. . dn, arethe
coefficients of a chosen asymptotically stable polynomial D(s) = §" + dpys™ + ...+ d;s+ d with
d1 [d], i=0,.,n-1

The elements of the row vectorsin the left hand side of (13) are rationa functions of the
edementof k, A, b(Notethat a;,i= 0,..., n-1aremultilinear functions of the elementsof A). We
denote the left hand side of (13) by f( k, A, b) and find an interval extension F(k, [A], [b]) of the
function f( k, A, b) for Al [A], bl [b] . Asaresult we have the expression

F(k, [Al, [b]) = k* [P] + ([ao]. [ad] .....[an]) (14)
wherethen” ninterval matrix [P] is defined from (9); [a; ], i = O,...,n-1 are an interval extension of

the rational function a; (A), Al [A].
We need to find aredl row vector k satisfying the following inclusion

k* [P + ([ao]. [@d,...[and) T ([do] , [dh], ... [dna]) (15)

Thenfor every Al [A] and bl [b] equality (13) with appropriated; , i=0,...,n-1 will be satisfied
and dl real d; , i=0,...,n-1 will belong to the assign intervals d; 1 [d] , i=O0,...,n-1.
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The left hand side of (15) isasum of an unknown interval row vector k*[P] and the known
interval row vector ([a o], [@1],....[an1] )- Using the nonstandart subtraction Q of interval arithmetic
we can represent inclusion (15) as

k< [P]T [f]. (26)

The solution of (16) for areal n row vector kis known as a particular case of the total linear interval
tolerance problem (Dobr et a., 1990) . In common case the solution can be an interval vector [ k]. In
our case we can caculatereal k from (12) if M[P] isnonsingular n~ n matrix and condition (11)
takes place (Dobr et d., 1990). The Theorem is proved.

Corollary. Asit follows from the Theorem the controllability of the pair ([A],[b]) isa
necessary condition for amodal regulator u = kx existence.

Remark 1. The elements of the interva vector [f] are so called proper intervals for which the
inequditiesw[d] >Wa; ], i=0,...,n-1 hold. Here w{ - ] denotes awidth of an interval number [-]( Moor,
1966). For aninterval number [a] wehave wa] =wWa ad = (asr & ). If some of theinequalities are
not satisfied then we can increase the width of the appropriate interval coefficients [d], i=0,...,n-1.

Remark 2. Condition (11) can be always guaranteed by increasing the widths of the assigned
interval polynomial coefficients [d]. Therefore, a stabilizing (non-modal) state feedback control u =
kx existsif and only if the pair ([A],[b]) is controllable.

Case 13 2.
Definition 2. System (1) is called acontrollableif and only if forany AT [Aland BT [B]
the following equality takes place

rank [ B, AB, ..., A" B] =n. (17)

Supposethat forany AT [A]land BT [B] thepair ([A],[B]) iscontrollable. Moreover,
assume that for any AT [A] and B1 [B] the pair (A,B) isacyclic pair (Owens, 1978). Then we can
(almost aways) find areal r vector g which guarantees the controllability of the pair ([A] , [B]*Q),
i.e.then” ninterval controllability matrix [Yi] = ([B]*q, [AI*[B]*q, ... , [A]"**[B]* q) satisfies the
condition (8). Considering [b] = [B]*q and using the Theorem we can calculate areal row vector k
from formula (12). Thenthe r * n real matrix K resultsfrom the formula

K = gk. (18)

If the cyclic condition is violated for some A" T [A] and BT [B], then we can use the property
(Wonh, 1974) that ‘almost always afeedback matrix K exists for a controllable pair (A", B') such
that the pair (A'+ B'K, B') iscyclic.

Thus, the controllability of the interval pair ([A] , [B]) isabasic solvability condition for
existence of a stabilizing P-regulator.

In conclusion an agorithm may be used for moda P- regulator calculation.

Step 1. Analyse the controllability of apair ([A], [B]) foral AT [A]and BT [B]. If this
pair is not controllable then the problem has no solution.
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Sep 2. If r =1 then goto step 3 otherwise chose some real numbers as the elements of r
vector g. Calculate [b] = [B] *q. If the pair ([A] , [B]*q) iscontrollable then go to step 3 else chose
another vector q.

Sep 3. Analyseinclusions (11). If theinclusion are not hold for some [d] then increase the
width of theinterva [d].

Sep 4. Caculate nvector k from formula (12).

Sep 5. If r=1then K=Kk.If r3 2thenK = gk.

4 EXAMPLE
Consider a stabilization contral problem for a helicopter longitudinal motion speed; the helicopter

longitudina motion can be described by linear dynamical state-space model (1) with n= 3,r =2 and
the matrices

é[an] [aﬂz] [a13]u ?[bll] 0 u
[A]zgaﬂ] [a,] O H’ [B]=g 0 [bzz]ﬂ (19)
g0 1 0§ B0 0§

where the dlements of [A] and [B] are (Khleb, 1980):

[an] =[ -0.031, -0.0128], [awz ] = [ -3.4, -0.1], [@1]=[-0.00077, -0.0007],
[az ] = [-0.32, -0.31], [a1s] =[-9.8, -9,8], [bu]=[-18, -15],
[P ] =[-33,-3]. (20)

Inthe vector x = ( X3, X2, X3)' X; isadeviation of the longitudinal motion projection, x, isan angular
speed deviation, x; isapitch angular deviation.

Itisnecessary to find sucha read 2° 3matrix K that for every redl AT [A] and BT [B]
the characterigtic polynomial coefficients of the closed-loop matrix A + BK are located within the
interva coefficients of the given interval stable polynomial

[D(s)] = S +[3,4]s*+[2,8]s+[0.5, 5.5]. (21)
The controllability analysisof ([A] , [B]) showsthat this pair is controllable for all AT [A]

and BT [B].
We chose q=(0.8,1.2)" and compute the vector

é[- 14.4- 12
[b]=[B]* a=g- 3.96- 3.6
E 0 §

The pair ([A] , [b]) is controllable because the condition from (8) is satisfied:
Oi Det ([b],[A]*[b],[A]*[b] ). Then from formula (9) we can calculate
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é-[al] - [az] '1@
[P]= b1, [AI*[b], [AP*[BD)* &[] -1 0y =
g-1 0 0§

d- 43.383,-30527] [-10.036,4.5404] [12,14.4] 0
=3 [- 0.092,0005] [ 0.116,0.2556] [3.6,3.96];
e

-

[- 0.116,0.256] [3.6,3.96] 0 §

where [a,], [ag] arethe coefficients of the characteristic polynomia of [A]: [f (S)] = det (sI-[A]) =
S® +[ay] s+ [a]s + [a¢] with [a,] = [0.3228, 0.351], [a,] =[0.00135, 0.00985],
[ag] =[-0.007546, -0.00686].

We find row vector

[fl = ([do] Q[ad], [di] Q[a1], [do] Q[az]) =
([0.5075, 5.50686], [1.99865, 7.99015), [2.6772, 3.649] )

and verify inclusions (11). The inclusions are guaranteed, therefore, we can calculate
k= M[f] (M[P])*= (-0.0793, 1.116, 1.2477)
Then the gain matrix of modal P-regulator can be computed as

_€-0.0634 0.8228 0.9977u

K =0k =a z
%€ 000576 1.3302 1.496254
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