
6\VWHP /HYHO 3HUIRUPDQFH RI 5DGDU :DYHIRUPV

5XL[LQ 1LX� 3HWHU :LOOHWW� DQG <DDNRY %DU�6KDORP
(OHFWULFDO DQG 6\VWHPV (QJLQHHULQJ 'HSDUWPHQW

8����� 8QLYHUVLW\ RI &RQQHFWLFXW
6WRUUV� &7 ������ 86$

$EVWUDFW

,W LV ZHOO NQRZQ WKDW GLmHUHQW UDGDU VLJQDO ZDYHIRUPV SURGXFH YHU\ GLmHUHQW UHVROXWLRQ
FHOOV� 7KHVH DmHFW nQH PHDVXUHPHQW HUURU� JURVV PHDVXUHPHQW HUURU WKURXJK VSXULRXV VLGHOREH
?SRS�XSV�� DQG PLVV SUREDELOLW\� DQG KHQFH \LHOG GLmHUHQW WUDFNLQJ SHUIRUPDQFH� ,Q D UHFHQW
SDSHU� VRQDU ZDYHIRUP VHOHFWLRQ ZDV H[SORUHG YLD WKH K\EULG FRQGLWLRQDO DYHUDJLQJ �+<&$�
PHWKRG_ D WHFKQLTXH IRU HYDOXDWLQJ WKH G\QDPLF LQWHUDFWLRQ EHWZHHQ WUDFNLQJ DQG LPSHUIHFW
GHWHFWLRQ� ([WHQVLRQ WR WKH UDGDU FDVH LV WKH VXEMHFW RI WKLV SDSHU� DQG WKLV LV PRUH WKDQ
HYROXWLRQDU\� VLQFH LQ RUGHU WKDW UDQJH�UDWH PHDVXUHPHQWV EH DYDLODEOH IURP UHVROXWLRQ FHOOV
LW LV QHFHVVDU\ WKDW FRKHUHQW SURFHVVLQJ RI PXOWLSOH SXOVHV EH XVHG�

� ,QWURGXFWLRQ

5DGDU PHDVXUHPHQW DQG UHVROXWLRQ SHUIRUPDQFH� DV ZHOO DV WDUJHW GHWHFWLRQ LQ FOXWWHU� GHSHQG
VWURQJO\ RQ WKH WUDQVPLWWHG ZDYHIRUP� )RU H[DPSOH� FRQVWDQW IUHTXHQF\ �&)� SXOVHV \LHOG
JRRG 'RSSOHU EXW SRRU GHOD\ UHVROXWLRQ� DQG OLQHDUO\ IUHTXHQF\�PRGXODWHG �/)0� WUDQVPLWWHG
ZDYHIRUPV KDYH WKH RSSRVLWH EHKDYLRU� 7KH FKRLFH RI D VXLWDEOH ZDYHIRUP LV RQH RI WKH PRUH
LPSRUWDQW SUREOHPV RI UDGDU RU VRQDU GHVLJQ� DV WKH ZDYHIRUP FRQWUROV UHVROXWLRQ DQG FOXWWHU
SHUIRUPDQFH DQG DOVR DmHFWV V\VWHP FRVW�
7KH FRQYHQWLRQDO DSSURDFK WR WUDFNLQJ V\VWHP GHVLJQ KDV EHHQ WR WUHDW WKH VHQVRU DQG WUDFN�

LQJ VXEV\VWHPV DV FRPSOHWHO\ VHSDUDWH HQWLWLHV� WKH WZR EDVLF IXQFWLRQV _ DXWRPDWLF GHWHFWLRQ
DQG WUDFNLQJ _ DUH YLHZHG DQG GHVLJQHG LQGHSHQGHQWO\� 5HFHQWO\ VRPH DXWKRUV KDYH EHJXQ WR
LQYHVWLJDWH ZDYHIRUP VHOHFWLRQ SUREOHPV IURP D V\VWHP HQJLQHHULQJ SRLQW RI YLHZ ^ VHH nJXUH ��
,Q >'DXP ������@ WKH LPSRUWDQFH RI ZDYHIRUP GHVLJQ IURP D WUDFNLQJ SRLQW RI YLHZ LV GLVFXVVHG�
7KH DXWKRU SUHVHQWV D FRPSUHKHQVLYH GLVFXVVLRQ RI V\VWHP FRQVLGHUDWLRQV IRU PXOWLSOH WDUJHW
WUDFNLQJ� LQFOXGLQJ DVSHFWV RI ERWK PHDVXUHPHQW SDWWHUQ RSWLPL]DWLRQ DQG ZDYHIRUP RSWLPL]D�
WLRQ� ,Q >.HUVKDZ DQG (YDQV ������@ DQ DGDSWLYH ZDYHIRUP�VHOHFWLYH SUREDELOLVWLF GDWD DVVRFLD�
WLRQ �:63'$� DOJRULWKP IRU WUDFNLQJ D VLQJOH WDUJHW LQ FOXWWHU LV SUHVHQWHG� 7KH DVVXPSWLRQ RI
DQ RSWLPDO UHFHLYHU DOORZV WKH LQFOXVLRQ RI WUDQVPLWWHG ZDYHIRUP VSHFLnFDWLRQ SDUDPHWHUV LQ WKH
WUDFNLQJ VXEV\VWHP HTXDWLRQV� OHDGLQJ WR D ZDYHIRUP VHOHFWLRQ VFKHPH ZKHUH WKH QH[W WUDQVPLW�
WHG ZDYHIRUP SDUDPHWHUV DUH VHOHFWHG VR DV WR PLQLPL]H WKH DYHUDJH WRWDO PHDQ�VTXDUH WUDFNLQJ
HUURU DW WKH QH[W WLPH VWHS� 7KLV DOJRULWKP GRHV QRW DFWXDOO\ GHVLJQ WKH RSWLPDO ZDYHIRUP� EXW
UDWKHU FKRRVHV WKH EHVW IURP D VHW RI DOORZDEOH ZDYHIRUPV FRQWDLQLQJ D QXPEHU RI FODVVHV�
,Q >5DJR HW DO� ������@ WKH DXWKRUV H[SORUHG WKH UHODWLRQVKLS EHWZHHQ WKH SXOVH VKDSH DQG WKH

GHWHFWLRQ SHUIRUPDQFH� DQG FRPSXWHG WKH FRUUHVSRQGLQJ PHDVXUHPHQW QRLVH DQG VWDWH SUHGLFWLRQ
FRYDULDQFH PDWUL[� ZKHUH WKH ODWWHU ZDV GHULYHG YLD WKH DOJHEUDLF 5LFFDWL (TXDWLRQ PRGLnHG
E\ WKH K\EULG FRQGLWLRQDO DYHUDJLQJ �+<&$� WHFKQLTXH WR DFFRXQW IRU PLVVHG GHWHFWLRQV� $
QXPEHU RI REVHUYDWLRQV ZHUH PDGH� DPRQJ WKH PRUH LPSRUWDQW EHLQJ WKDW IRU D NLQHPDWLF WDUJHW
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DQ XSVZHHS OLQHDU IUHTXHQF\ PRGXODWLRQ �/)0� VLJQDO ZDV VXSHULRU WR GRZQVZHHS /)0 DQG WR
FRQVWDQW IUHTXHQF\ �&)� SXOVHV GXH WR WKH QHJDWLYH FRUUHODWLRQ EHWZHHQ UDQJH DQG UDQJH�UDWH
PHDVXUHPHQWV� 7KLV LV SDUWLFXODUO\ VR IRU ORZ PDQHXYHULQJ�LQGH[ WDUJHWV�
,Q >1LX HW DO� ������@ WKH DQDO\VLV WHFKQLTXH RI >5DJR HW DO� ������@ ZDV LPSURYHG DQG DXJ�

PHQWHG E\ DGRSWLQJ D FRQVLVWHQW PRGHO RI WKH UHVROXWLRQ FHOO� DQG E\ LQFRUSRUDWLQJ WKH HmHFW RI
IDOVH DODUPV� 7KXV�

q $ SUREDELOLVWLF GDWD DVVRFLDWLRQ nOWHU �3'$)� UDWKHU WKDQ D .DOPDQ nOWHU ZDV DVVXPHG
IRU WUDFNLQJ� KHQFH ERWK PLVVHG GHWHFWLRQV DQG IDOVH�DODUPV ZHUH DFFRXQWHG IRU�

q $ UHDOLVWLF GHWHFWLRQ PRGHO ZDV XVHG� WKH HmHFW RI VSXULRXV GHWHFWLRQV FDXVHG E\ VLGHOREH
?SRS�XSV� ZDV LQFRUSRUDWHG�

q $ ?FRQVWDQW�YROXPH� GHnQLWLRQ RI WKH UHVROXWLRQ FHOO ZDV XVHG� KHQFH� LW ZDV SRVVLEOH WR
FRPSDUH GLmHUHQW ZDYHIRUPV LQ D FRQVLVWHQW PDQQHU�

q $ ZLGH YDULHW\ RI ZDYHIRUPV ZDV VWXGLHG�
,Q RUGHU WR REWDLQ PHDVXUHPHQWV IRU WUDFNLQJ� D SUDFWLFDO FRQVLGHUDWLRQ LV WKDW LQWHUURJDWLRQ IRU
WDUJHWV
 SUHVHQFH RU DEVHQFH LV SRVVLEOH RQO\ DW D JULG RI VDPSOLQJ SRLQWV� DQG KHQFH D UHVROXWLRQ
FHOO PXVW DULVH� ,Q >5DJR HW DO� ������@ WKHVH UHVROXWLRQ FHOOV ZHUH GHnQHG E\ SUREDELOLW\ RI GHWHF�
WLRQ FRQWRXUV� DQG KHQFH WKHUH ZDV FRQVLGHUDEOH YDULDWLRQ LQ ERWK VL]H DQG VKDSH� ZLWK WKH XSVKRW
WKDW FHUWDLQ RI WKH UHVXOWLQJ SORWV ZHUH ?FKRSS\� LQ DSSHDUDQFH� 7KRVH LQ >1LX HW DO� ������@
DUH TXLWH VPRRWK� IXUWKHU� VLQFH WKH UHVROXWLRQ FHOO ZDV RI FRQVWDQW YROXPH ^ PHDQLQJ WKDW WKH
FRPSXWDWLRQDO ORDG DFFUXLQJ IURP ?VDPSOLQJ� ZDV KHOG n[HG ^ D ZLGHU YDULHW\ RI ZDYHIRUP
W\SHV FRXOG UHDVRQDEO\ EH VWXGLHG DQG FRPSDUHG� ,Q IDFW� D PHQX RI &)� /)0� SDUDEROLF )0�
;)0�9)0� FRGHG SXOVHV� DQG K\EULGV ZHUH H[SORUHG�
7KH UHVXOWV LQ >1LX HW DO� ������@ ZHUH OLPLWHG WR WKH VRQDU VLWXDWLRQ� 7KH PDLQ UHDVRQ

IRU WKLV� DVLGH IURP WKH LQKHUHQW LQWHUHVW RI WUDFNLQJ XQGHUZDWHU WDUJHWV� ZDV D UHOLDQFH RQ
VLQJOH�SXOVH RSHUDWLRQ� &HQWUDO WR WKH DQDO\VLV LV DQ DVVXPSWLRQ WKDW D WDUJHW
V WUXH ORFDWLRQ LV
XQLIRUPO\ GLVWULEXWHG ZLWKLQ D UDQJH�UDQJH�UDWH UHVROXWLRQ FHOO� LQ RUGHU WKDW WKLV EH DSSOLFDEOH
WR WKH UDGDU FDVH LW LV QHFHVVDU\ HLWKHU WKDW �L� WKH SXOVH�OHQJWK EH XQUHDOLVWLFDOO\ ORQJ �VHYHUDO
PLOOLVHFRQGV�� RU �LL� WKH UDGDU IUHTXHQF\ EH XQUHDOLVWLFDOO\ KLJK �VHYHUDO KXQGUHG JLJDKHUW]�� RU
�LLL� WKH WDUJHW
V UDQJH�UDWH EH XQUHDOLVWLFDOO\ IDVW �0DFK �� RU PRUH�� :LWKRXW VXFK DVVXPSWLRQV
LW LV QRW UHDVRQDEOH WR DVVXPH XQLIRUPLW\� LQ IDFW� WKHUH LV OLWWOH UHDVRQ IRU D WDUJHW WR HVFDSH IURP
D ]HUR�'RSSOHU UHVROXWLRQ FHOO� �0DQ\ UDGDU V\VWHPV >'DXP ������� /HYDQRQ ������@ DSSHDU
WR RSHUDWH LQ WKLV ZD\� ZLWK UDQJH�RQO\ PHDVXUHPHQWV� 'RSSOHU DSSHDUV RQO\ DV D VRPHZKDW
SUHGLFWDEOH SHUWXUEDWLRQ DERXW D WUXH UDQJH PHDVXUHPHQW��
:LWK H[WHQVLRQ WR DPXOWL�SXOVH UDGDU RSHUDWLQJ LQ D FRKHUHQW PRGH >6FKHHU DQG .XUW] ������@

WKH DERYH REMHFWLRQV EHFRPH PRRW� VLQFH WKH HmHFWLYH SXOVH GXUDWLRQ FDQ EHFRPH TXLWH ORQJ�
7KXV� LQ WKLV SDSHU ZH H[WHQG DQDO\VLV WR WKH UDGDU VLWXDWLRQ�

q ,W LV DVVXPHG WKDW WKH UDGDU VLJQDO LV RSHUDWLQJ LQ D PXOWL�SXOVH PRGH�
q ,W LV DVVXPHG WKDW WKHUH LV DSSURSULDWH VLJQDO SURFHVVLQJ WR DYRLG GLOXWLRQ RI UHVXOWV IURP
WKH ?EHG RI QDLOV� DPELJXLW\ IXQFWLRQ LQKHUHQW WR PXOWL�SXOVH RSHUDWLRQ�

q 7KH HmHFW RI WKH YROXPH RI UHVROXWLRQ FHOO LV H[SORUHG�
q 7KH HmHFW RI WKH QXPEHU RI SXOVHV LV H[SORUHG�
q %RWK &) DQG /)0 SXOVH WUDLQV� ZLWK +DPPLQJ DQG UHFWDQJXODU ZHLJKWLQJ� DUH VWXGLHG�
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q %RWK DQ ?DYHUDJLQJ� DQG ?VWURQJHVW UHWXUQ� DSSURDFK WR GHULYDWLRQ RI WKH PHDVXUHPHQW
WR EH SUHVHQWHG WR WKH WUDFNHU IURP WKH UHVROXWLRQ�FHOO�VDPSOHG UHWXUQV DUH VWXGLHG�

:LWK UHVSHFW WR WKH VHFRQG LWHP DERYH� WKH DQDO\VLV RI >1LX HW DO� ������@ ZRXOG KDYH DFFRUGHG
D PXOWLSOH�SXOVH ZDYHIRUP DQ XQUHDOLVWLFDOO\ KLJK PHDVXUHPHQW LQDFFXUDF\�

� 0RGHOLQJ

��� 'HWHFWLRQ

5HFHLYHU SURFHVVLQJ LV DVVXPHG� ZLWKRXW ORVV RI JHQHUDOLW\� WR EH SHUIRUPHG DW ?EDVHEDQG�� WKDW
LV� VXEVHTXHQW WR FDUULHU�UHPRYDO YLD PL[LQJ� ,I WKH WUDQVPLWWHG EDVHEDQG VLJQDO LV V�W�� WKH
PDWFKHG nOWHU LV WKH RQH ZLWK DQ LPSXOVH UHVSRQVH K�W�  Ve�bW�� L�H� WKH LPSXOVH UHVSRQVH
RI WKH PDWFKHG nOWHU LV WKH FRQMXJDWH WLPH�UHYHUVHG EDVHEDQG VLJQDO� :LWK U

L
�W� WKH UHFHLYHG

ZDYHIRUP� DQG U�W� WKH EDVHEDQG UHSUHVHQWDWLRQ RI U
L
�W�� ZH KDYH� DV DQ RXWSXW SURFHVV RI RXU

PDWFKHG nOWHU�

[�W�  

=
Ve�wb W�U

L
�w�HbM�{I�wGw

s
=

Ve�wb W�U�w�Gw ���

ZKHUH I
�
LV WKH FDUULHU IUHTXHQF\� DQG V�W� LV D UHSOLFD RI WKH WUDQVPLWWHG EDVHEDQG VLJQDO�

7KH �EDVHEDQG� UHFHLYHG VLJQDO ZLOO EH PRGHOHG DV D UHWXUQ IURP D 6ZHUOLQJ � WDUJHW� PHDQLQJ
WKDW ZH KDYH >/HYDQRQ ������@

U�W�  

�;
L

$
L

�
V�W� ~� I

G
�,�WDUJHW� � y�W�

 $V�Wb ~�HM�{IGW,�WDUJHW� � y�W� ���

ZKHUH V�W� ~� I
G
�  V�Wb ~�HM�{IGW LV D GHOD\HG �~� DQG 'RSSOHU�VKLIWHG �I

G
� UHSOLFD RI WKH HPLWWHG

EDVHEDQG FRPSOH[ HQYHORSH VLJQDO V�W�� DQG ,�WDUJHW� LV D WDUJHW LQGLFDWRU� 7KH FRPSOH[ QXPEHUV
$
L
UHSUHVHQW WKH DPSOLWXGH DQG SKDVH RI HDFK RI WKH WDUJHW UHoHFWRUV� )RU D 6ZHUOLQJ � PRGHO

WKH DVVXPSWLRQ LV WKDW WKHUH DUH PDQ\ VXFK UHoHFWRUV� HDFK RQH ZLWK D UDQGRP DPSOLWXGH DQG
SKDVH� +HQFH $  

3
L
$
L
DSSURDFKHV D FRPSOH[ *DXVVLDQ UDQGRP YDULDEOH ZLWK ]HUR PHDQ DQG

YDULDQFH �}�
$

� >/HYDQRQ ������@� :H DVVXPH y�W� LV FRPSOH[ ZKLWH *DXVVLDQ QRLVH LQGHSHQGHQW
RI $� ZLWK ]HUR PHDQ DQG YDULDQFH �1

�
�

,I WKH UHWXUQ VLJQDO LV H[SHFWHG WR EH 'RSSOHU VKLIWHG E\ D IUHTXHQF\ I
P
DQG GHOD\HG E\ D

WLPH ~
P
�WKH VXEVFULSW P GHQRWHV ?PHDVXUHG��� WKHQ WKH DSSURSULDWH PDWFKHG nOWHU RXWSXW LV

JLYHQ E\

[�~
P
� I

P
�  

=
Ve�wb ~

P
�HbM�{IP�wb~P�U�w�Gw ���

DQG WKH DSSURSULDWH WHVW LV RI
M[�~

P
� I

P
�M� ���

DJDLQVW D WKUHVKROG ZKRVH YDOXH LV D IXQFWLRQ RI WKH GHVLUHG IDOVH DODUP UDWH� 7KLV IRUPV WKH
EDVLV RI RXU DQDO\VLV� ZH FRPSXWH ��� DW DQ DSSURSULDWH JULG RI SRLQWV LQ GHOD\�'RSSOHU �RU
UDQJH�UDQJH�UDWH� VSDFH� DQG XVH DQ\ WKUHVKROG H[FHHGDQFHV WR HVWLPDWH D WDUJHW
V FRRUGLQDWHV�
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��� 7KH $PELJXLW\ )XQFWLRQ DQG WKH 0HDVXUHPHQW

2I PDMRU LQWHUHVW LQ WKH VHTXHO LV WKH ?DPELJXLW\ IXQFWLRQ� >/HYDQRQ ������@� JLYHQ E\

$�~� I�  �r5 MV�w�M�Gws�
nnnn= V�w�Ve�wb ~�HM�{IwGw

nnnn� ���

7KH DPELJXLW\ IXQFWLRQ VSHFLnHV WKH RXWSXW RI WKH PDWFKHG nOWHU LQ WKH DEVHQFH RI QRLVH� LWV
VKDSH LV UHODWHG WR WKH LPSOLHG UHVROXWLRQ FHOO� DQG LV VWURQJO\ GHSHQGHQW RQ WKH ZDYHIRUP� 7KH
LPSRUWDQFH RI WKH DPELJXLW\ IXQFWLRQ LV WKDW WKH UHVSRQVH RI WKH VWDWLVWLF ��� WR D WDUJHW KDYLQJ
WUXH GHOD\ ~

D
� WUXH 'RSSOHU VKLIW I

D
�WKH VXEVFULSW D GHQRWHV ?DFWXDO��� DQG QRUPDOL]HG FRPSOH[

UHWXUQ DPSOLWXGH $� LV JLYHQ E\

M$M�$�~
P
b ~

D
� I

D
b I

P
� ���

SOXV D QRLVH WHUP ZKLFK IRU UHDVRQDEO\ ODUJH VLJQDO�WR�QRLVH UDWLRV �615V� LV LQVLJQLnFDQW� )RU
WKH 6ZHUOLQJ � WDUJHW PRGHO� WKH PXOWLSOLHU M$M� KDV DQ H[SRQHQWLDO GLVWULEXWLRQ� 3HUKDSV PRUH
LPSRUWDQW� LW LV WKH VDPH IRU DOO �~

P
� I

P
� SDLUV� 7KLV PHDQV WKDW D VWURQJ WDUJHW UHWXUQ ZLOO

FDXVH PDQ\ FRQWLJXRXV �DQG LQ WKH FDVH RI DQ DPELJXLW\ IXQFWLRQ ZLWK XQIRUWXQDWH VLGHOREHV�
VRPH QRQFRQWLJXRXV� PDWFKHG�nOWHU WKUHVKROG H[FHHGDQFHV� DQG WKDW D ZHDN WDUJHW UHWXUQ ZLOO
FDXVH FRUUHVSRQGLQJO\ IHZ�
:H QRZ DUH LQWHUHVWHG LQ WKH DPELJXLW\ IXQFWLRQ RI D SXOVH WUDLQ� ,I WKH HQYHORSH RI HDFK

SXOVH RI XQLW HQHUJ\ LV V
Q
�W�� WKHQ WKDW RI D WUDLQ RI 1

S
HTXDOO\ VSDFHG SXOVHV LV

V�W�  
�S
1

S

1Sb�;
Q �

V
Q
�Wb Q7

5
� ���

ZKHUH 7
5
LV WKH SXOVH UHSHWLWLRQ SHULRG� ,Q VRPH LPSOHPHQWDWLRQV D ?VWDJJHUHG� SXOVH UHSHWLWLRQ

WLPH >6FKHHU DQG .XUW] ������@ LV XVHG WR DYRLG DPELJXLW\� ZH GR QRW H[SORUH WKDW KHUH� 7KH
GLYLVLRQ E\

S
1

S
ZLOO PDLQWDLQ XQLW HQHUJ\ IRU WKH HQWLUH WUDLQ� )RU D XQLIRUP �WKDW LV� FRQVWDQW

IUHTXHQF\� SXOVH WUDLQ V
Q
�W� LV

V
Q
�W�  

�
� � � W � W

S

� HOVH
���

ZKHUH W
S
LV WKH SXOVH OHQJWK� )RU DQ /)0 SXOVH WUDLQ� ZH KDYH V

Q
�W� DV

V
Q
�W�  

�
HMEW

�

� � W � W
S

� HOVH
���

7KH SDUDPHWHU E FRQWUROV WKH /)0 VZHHS�UDWH� WKH WRWDO IUHTXHQF\ VZHHS EHLQJ EW
S
 { +] LQ W

S

VHFRQGV�
$PELJXLW\ IXQFWLRQV IRU WKHVH WZR NLQGV RI SXOVH WUDLQV DUH VKRZQ LQ nJXUHV � DQG �� 7KH

DPELJXLW\ IXQFWLRQV KDYH PDQ\ UHSOLFDV� DQG VRPHWLPHV LW LV UHIHUUHG WR DV D ?EHG RI QDLOV��
$FFRUGLQJ WR WKH WHFKQLTXHV RI >1LX HW DO� ������@ DOO WKUHVKROG H[FHHGDQFHV IURP E\ DOO UHSOLFDV
ZRXOG EH DYHUDJHG WR REWDLQ D PHDVXUHPHQW� 7KLV LV QRW UHDOLVWLF� WKH SRVWHULRU XQFHUWDLQW\
IURP WUDFNLQJ FDQ UHVWULFW DWWHQWLRQ WR RQO\ RQH �SULPDU\� UHSOLFD� DQG LI WKLV LV QRW WKH FDVH ZH
DUJXH WKDW WKH WDUJHW WUDFN LV VR LQDFFXUDWH WKDW LW FDQ EH FRQVLGHUHG ORVW� $W DQ\ UDWH� IURP
>/HYDQRQ ������@� ZH NQRZ WKH VSDFLQJ EHWZHHQ UHSOLFD SHDNV LV 7

5
LQ GHOD\ DQG �

75

LQ 'RSSOHU�
:H WKXV WDNH DV WKH ?QHLJKERUKRRG� �VHH $VVXPSWLRQ �� EHORZ� WKH UHFWDQJOHV LQ nJXUHV � DQG ��
7KH ERUGHUV DORQJ WKH GHOD\ DQG 'RSSOHU D[HV DUH >b7

5
 � 7

5
 �@ DQG >b �

�7
5

�

�7
5

@� UHVSHFWLYHO\�
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$VVXPSWLRQ � 2EVHUYDWLRQV DUH H[FHHGDQFHV RI D WKUHVKROG s E\ IM[�~
P
� I

P
�M�J ZLWKLQ WKH UHFW�

DQJXODU QHLJKERUKRRG RI GLPHQVLRQ 7
5
d � 7

5
DURXQG WKH PDLQ SHDN� DFFRUGLQJ WR ���� DW D JULG

RI GHOD\�'RSSOHU�VKLIW SRLQWV I~
P
� I

P
J� ,I D WDUJHW ZLWK FRPSOH[ UHWXUQ DPSOLWXGH $ LV SUHVHQW

DW GHOD\�'RSSOHU�VKLIW FRRUGLQDWHV I~
D
� I

D
J� WKHQ WKUHVKROG H[FHHGDQFHV DUH GLUHFWO\ FRPSXWDEOH

IURP ����

7KH VDPSOLQJ LQ UDQJH DQG UDQJH�UDWH LV LOOXVWUDWHG LQ nJXUH �� 1RWH WKDW DQ DOWHUQDWLYH VDPSOLQJ�
LQ ZKLFK WKH UHVROXWLRQ FHOO SDUDOOHORJUDPV ZHUH RULHQWHG VXFK WKDW UDQJH�UDWH VDPSOLQJ ZDV nQH
DQG UDQJH VDPSOLQJ FRDUVH� ZDV H[SORUHG LQ >1LX HW DO� ������@� ZLWK WKH FRQFOXVLRQ WKDW WKHUH
ZDV OLWWOH GLmHUHQFH�

$VVXPSWLRQ � :KHQ WKHUH DUH FRQWLJXRXV RU QHDUE\ WKUHVKROG H[FHHGDQFHV LW LV UHDVRQDEOH WR
WDNH DV WKH HVWLPDWHG WDUJHW ORFDWLRQ WKHLU GLUHFW DYHUDJH�

0RUH JHQHUDOO\ D ZHLJKWHG DYHUDJH EDVHG XSRQ WKH WDUJHW UHWXUQ VWUHQJWKV PD\ EH SUHIHUDEOH�
KRZHYHU� LQ RXU H[SHULHQFH WR GDWH WKLV PDNHV OLWWOH GLmHUHQFH� +RZHYHU� ZH ODWHU H[SORUH WKH
VLWXDWLRQ WKDW WKH VWURQJHVW PHDVXUHPHQW LV WDNHQ DV WUXH� ZLWK QR DYHUDJLQJ� 6RPH PRGHO PXVW
EH PDGH IRU WKH WDUJHW ORFDWLRQ� DQG LW LV UHDVRQDEOH WR DVVXPH XQLIRUPLW\� 7KH LGHD LV LOOXVWUDWHG
LQ nJXUH � DQG IRUPDOL]HG LQ�

$VVXPSWLRQ � 7KH DFWXDO WDUJHW ORFDWLRQ �~
D
� I

D
� KDV D XQLIRUP GLVWULEXWLRQ ZLWKLQ WKH UHVROX�

WLRQ FHOO GHnQHG E\ WKH VDPSOLQJ JULG� )RU D WDUJHW ZKRVH DFWXDO ORFDWLRQ LV LQ D ?FRUQHU� RI WKH
UHVROXWLRQ FHOO WKLV PD\ LPSO\ D KLJK PLVV SUREDELOLW\�

$V LQGLFDWHG HDUOLHU� LW LV WR PDNH WKLV DVVXPSWLRQ UHDVRQDEOH ZLWK UDGDU SDUDPHWHUV WKDW ZH
PXVW DVVXPH PXOWL�SXOVH RSHUDWLRQ�
:H KDYH DQ H[SUHVVLRQ IRU WKH PHDVXUHPHQW HUURU FRYDULDQFH �

5
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IRU ZKLFK , GHQRWHV WKH LQGLFDWRU IXQFWLRQ� 7KH LQWHJUDWLRQ RYHU WKH UHVROXWLRQ FHOO �L�H� RYHU
�U

D
� Y

D
�� LQ ���� LV SHUIRUPHG YLD HYDOXDWLRQ RYHU D GHQVH JULG RI ��� SRLQWV XQLIRUPO\ VSDFHG

ZLWKLQ WKH UHVROXWLRQ FHOO� WKH LQWHJUDWLRQ RYHU o LV H[SOLFLW� 7KH FRQYHUVLRQ IURP GHOD\�'RSSOHU
WR UDQJH�UDQJH�UDWH LV ZHOO�NQRZQ WR EH U  �~F� � DQG Y  b�FI

G
� ��I

�
�� ZLWK F WKH VSHHG RI

SURSDJDWLRQ DQG I
�
WKH WUDQVPLWWHG FDUULHU IUHTXHQF\�
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��� 7KH 5HVROXWLRQ &HOO

:KDW UHPDLQV LV WKH GHnQLWLRQ RI WKH UHVROXWLRQ FHOO 5 LWVHOI� 6HOHFWLRQ RI 5 LV WR VRPH H[WHQW
D PDWWHU RI FKRLFH� EXW LW VHHPV UHDVRQDEOH WR VHW FHUWDLQ JURXQG UXOHV� 7KHVH DUH� �L� WKDW
WKH UHVROXWLRQ FHOO SDWWHUQ IRUP D WHVVHODWLQJ JULG� �LL� WKDW WKH YROXPH RI WKH UHVROXWLRQ FHOO LV
D IXQFWLRQ RI 1

S
� DQG IRU D JLYHQ 1

S
� WKH YROXPH VKRXOG EH FRQVWDQW� UHJDUGOHVV RI LWV DFWXDO

VKDSH� DQG �LLL� WKDW WKH UHVROXWLRQ FHOO EH RULHQWHG DQG VKDSHG WR PDWFK� LQ VRPH VHQVH� WKH
DPELJXLW\ IXQFWLRQ� :KLOH WKH nUVW FRQVLGHUDWLRQ FRXOG JLYH ULVH WR PDQ\ GLmHUHQW SDWWHUQV� ZH
DGRSW WKH FRQYHQWLRQ WKDW WKH UHVROXWLRQ FHOO PXVW EH D SDUDOOHORJUDP� 7KH VHFRQG UXOH DYRLGV
WKH SUREOHP LQ >5DJR HW DO� ������@� DQG IXUWKHU VHHPV QDWXUDO IURP FRQVLGHUDWLRQ RI IDLUQHVV �DOO
ZDYHIRUPV EHLQJ H[DPLQHG LPSO\ WKH VDPH VDPSOLQJ HmRUW�� 6LQFH WKLV PHDVXUH PDWFKHV WKH
FDVH RI D &) SXOVH� ZH LQLWLDOO\ �m  �� FKRRVH WKH DUHD RI WKH UHVROXWLRQ FHOO �LQ �U

D
� Y

D
��VSDFH�

DV �FW
S
�d � F

I�1S75

�  F
�
WS

I�1S75

� :H ZLOO H[SORUH WKH HmHFW RI WKH YROXPH RI UHVROXWLRQ FHOO RQ WKH

GHWHFWLRQ�WUDFNLQJ SHUIRUPDQFH� :H GHnQH DQG ZLOO VXEVHTXHQWO\ H[SORUH D VFDOLQJ IDFWRU
S
m

ZKLFK FRQWUROV LWV YROXPH� WR m F
�
WS

I�1S75

:LWK UHVSHFW WR WKH WKLUG SURFHGXUH LW LV FOHDU IRU H[DPSOH WKDW DQ /)0 SXOVH LV LOO�VHUYHG
E\ D ?UHFWDQJXODU�VKDSHG� UHVROXWLRQ FHOO EHWWHU VXLWHG WR &)� DQG YLFH�YHUVD� 7R TXDQWLI\ WKLV�
ZH PHDVXUH WKH XQFHUWDLQW\ LQ WKH DPELJXLW\ IXQFWLRQ DV
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DQG IRU ZKLFK z LV PLQLPL]HG�

7KLV PHDQV� IURP DQ LQWXLWLYH SHUVSHFWLYH� WKDW ZHUH WKH SGI GHVFULEHG E\ $ *DXVVLDQ �LW LV
JHQHUDOO\ QRW� WKH UHVROXWLRQ FHOO DV GHnQHG ZRXOG PD[LPL]H WKH HQFORVHG SUREDELOLW\ VXEMHFW WR
D YROXPH FRQVWUDLQW� 7KH LGHD LV LOOXVWUDWHG LQ nJXUH �� ,Q IDFW� ZLWK UHIHUHQFH WR WKDW nJXUH
DQG GHnQLQJ
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DV WKH YDOXHV PLQLPL]LQJ z� $QG ZH nQDOO\ KDYH�

$VVXPSWLRQ � 7KH SUREDELOLW\ RI IDOVH DODUP LV 3
ID
 Hbs� 7KH SUREDELOLW\ RI D WDUJHW ORFDWHG

DW �~
D
� I

D
� EHLQJ PLVVHG LV �b Hbs ���615$�~Pb~D�IDbIP�� IRU WKH 6ZHUOLQJ � FDVH�

7KH IDOVH�DODUP DQG PLVV SUREDELOLW\ H[SUHVVLRQV DUH UHDVRQDEO\ ZHOO�NQRZQ� DQG DUH MXVWLnHG
LQ >5DJR HW DO� ������@� 7KH RYHUDOO PLVV SUREDELOLW\ LV DJDLQ FRPSXWHG YLD WKH DYHUDJH RYHU DOO
�XQLIRUPO\�GLVWULEXWHG� �U

D
� Y

D
� � 5� 6LQFH WKH UHVROXWLRQ FHOOV DUH RI FRQVWDQW YROXPH� DQG DUH

DVVXPHG WR EH 3RLVVRQ�GLVWULEXWHG� WKH 3RLVVRQ SDUDPHWHU �DYHUDJH QXPEHU RI IDOVH DODUPV SHU

XQLW YROXPH� LV w  
3
ID

I�1S75

mF
�
WS

�

��� 7DUJHW 0RWLRQ DQG 6WDWH (VWLPDWLRQ

2XU WDUJHW PRGHO LV NLQHPDWLF ZLWK UDQJH�UDQJH�UDWH DV VWDWH YDULDEOHV� 7KDW LV� ZH KDYH�

[�N � ��  )[�N� � Y�N� ����

ZKHUH WKH SURFHVV QRLVH LV ZKLWH DQG ]HUR�PHDQ ZLWK FRYDULDQFH (IY�N�Y7�N�J  4� 2XU
REVHUYDWLRQV DUH GHOD\ DQG 'RSSOHU�VKLIW�

\�N � ��  +[�N� �Z�N� ����

ZKHUH WKH PHDVXUHPHQW FRYDULDQFH (IZ�N��Z�N��7J  5 LV D IXQFWLRQ RI WKH ZDYHIRUP VKDSH
HPSOR\HG� :H ZULWH

)  

�
� cW
� �
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4  }�
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����

ZKHUH cW UHSUHVHQWV WKH WLPH EHWZHHQ VDPSOHV� F LV WKH SURSDJDWLRQ VSHHG LQ WKH PHGLXP� I
�
LV

WKH FDUULHU IUHTXHQF\� DQG }�
Y
LV WKH YDULDQFH RI WKH SLHFHZLVH FRQVWDQW ZKLWH SURFHVV QRLVH ����

>%DU�6KDORP DQG /L ������@� 1RWH WKDW IRU FODULW\ ZH KDYH FKRVHQ WR ZRUN LQ RQH GLPHQVLRQ�
UDQJH� VLQFH LW LV LQ WKLV GRPDLQ WKDW WKH GLmHUHQFHV EHWZHHQ WKH YDULRXV ZDYHIRUP W\SHV EHFRPH
DSSDUHQW� 7KH PDQHXYHULQJ LQGH[ w

PDQ
s }

Y
�cW�� }

Z
>%DU�6KDORP DQG /L ������@ LV RIWHQ XVHG

DV D PHDQV RI FRPSDULVRQ RI WKH WUDFNLQJ GLpFXOW\ LQ YDULRXV VLWXDWLRQV�
,Q WKH SUHYLRXV SDSHU >5DJR HW DO� ������@ HVWLPDWLRQ HUURU FRYDULDQFHV ZHUH FDOFXODWHG DF�

FRUGLQJ WR D 0DUNRY FKDLQ DGDSWHG IURP WKH +<&$ �K\EULG FRQGLWLRQDO DYHUDJLQJ� SURFHGXUH
RI >/L DQG %DU�6KDORP ������@� 7KH 0DUNRY FKDLQ KDG WZR VWDWHV� FRUUHVSRQGLQJ WR D GHWHF�
WLRQ DQG PLVVHG GHWHFWLRQ DW WKH FXUUHQW VDPSOH� 1R IDOVH DODUPV ZHUH DVVXPHG� DQG KHQFH
XSGDWH FRXOG EH FDOFXODWHG DFFRUGLQJ WR WKH 5LFFDWL HTXDWLRQ� ,Q WKLV SDSHU ZH DOORZ IDOVH
DODUPV� DQG DVVXPH WKDW VWDWH HVWLPDWLRQ LV YLD WKH DSSURSULDWH SUREDELOLVWLF GDWD DVVRFLD�
WLRQ nOWHU �3'$)� >/L DQG %DU�6KDORP ������@� 7KLV LPSOLHV WKDW WKH IXOO +<&$ URXWLQH RI
>/L DQG %DU�6KDORP ������@ VKRXOG EH XVHG� IRU GHWDLOV WKH UHDGHU VKRXOG FRQVXOW WKDW UHIHUHQFH�
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� 5HVXOWV DQG 'LVFXVVLRQV

+HUH ZH H[SORUH WKH XVH RI WZR SXOVH WUDLQV YLD WKH DQDO\VLV WHFKQLTXHV MXVW SUHVHQWHG� 7KH VLWX�
DWLRQ PRVW FORVHO\ FRUUHVSRQGV WR WKH ?UDGDU� VFHQDULR RI >5DJR HW DO� ������@� XQOHVV RWKHUZLVH
VSHFLnHG ZH XVH

q 3
ID
 ��b�

q cW  � VHFRQG

q VSHHG RI SURSDJDWLRQ F  �d ��� PHWHUV SHU VHFRQG
q FDUULHU IUHTXHQF\ I

�
 �*+]

q SXOVH OHQJWK W
S
 ��xV

q SXOVH UHSHWLWLRQ SHULRG 7
5
 ��xV

q 615  ��G%
,Q WKH nJXUHV ZKLFK IROORZ� GLVWDQFH XQLWV DUH LQ PHWHUV DQG YHORFLW\ LQ PHWHUV SHU VHFRQG�

$PELJXLW\ IXQFWLRQV DUH LQWHJUDWHG RQFH� YLD DQ ))7 �IDVW )RXULHU WUDQVIRUP� ZLWK DGDSWLYH VWHS
VL]H� RYHU D GHQVH JULG RI UDQJH�UDQJH�UDWH YDOXHV� )RU VXEVHTXHQW HYDOXDWLRQV WKLV GHQVH JULG LV
LQWHUSRODWHG� ,Q PDQ\ FDVHV �H�J� /)0� &)� WKHUH H[LVW H[SOLFLW DPELJXLW\ IXQFWLRQ H[SUHVVLRQV
>&RRN DQG %HUQIHOG ������@� DQG WKHVH DUH XVHG ZKHQ DSSURSULDWH�

��� &RQVWDQW IUHTXHQF\ �&)� SXOVH WUDLQ

����� (mHFW RI WKH VDPSOLQJ UDWH

$V PHQWLRQHG EHIRUH� ZH XVH WKH IDFWRU m WR FRQWURO WKH YROXPH RI WKH UHVROXWLRQ FHOO� WKDW LV� WKH
VDPSOLQJ LQ WLPH DQG 'RSSOHU FDQ EH VFDOHG E\ D IDFWRU

S
m� ZLWK D VPDOOHU YDOXH RI m GHQRWLQJ

nQHU VDPSOLQJ� 7KH UHVXOWV DUH VKRZQ LQ nJXUHV �� � DQG �� )URP WKRVH nJXUHV� LW LV DSSDUHQW WKDW
EHWWHU SHUIRUPDQFH LV DYDLODEOH ZKHQ WKH VDPSOLQJ LV nQHU� 7KLV LV QRW VXUSULVLQJ� FRQVLGHULQJ
WKDW ERWK PHDVXUHPHQW DFFXUDF\ �ERXQGHG E\ WKH &5/%� DQG SUREDELOLW\ RI GHWHFWLRQ �IHZHU
PLVVHV IURP VPDOOHU UHVROXWLRQ FHOOV� DUH HQKDQFHG E\ D nQHU VDPSOLQJ� 1DWXUDOO\� WKH FRVW LV LQ
WHUPV RI FRPSXWDWLRQ� DQG ZH VXEVHTXHQWO\ FKRRVH D YDOXH m  ����� )XUWKHU UHVHDUFK RQ WKLV
WRSLF LV LQGLFDWHG� ,W LV LQWHUHVWLQJ WKDW WKH 3'$) HVWLPDWLRQ �nJXUH �� LV RI SRRUHU TXDOLW\ WKDQ
WKH PHDVXUHPHQW LWVHOI �nJXUH ��� 7KLV LV GXH WR WKH UHODWLYHO\ KLJK PLVV SUREDELOLW\ DQG WR IDOVH
DODUPV�

����� (mHFW RI WKH QXPEHU RI WKH SXOVHV

:H H[SORUH WKH HmHFW RI WKH QXPEHU RI SXOVHV 1
S
� LQ nJXUHV ��� ��� DQG ��� 3OHDVH QRWH WKDW

RYHUDOO VLJQDO WR QRLVH UDWLR LV NHSW FRQVWDQW� PHDQLQJ WKDW WKH DPSOLWXGH RI HDFK SXOVH LV SURSRU�
WLRQDO WR � 

S
1

S
� )URP nJXUH �� LW LV FOHDU WKDW PHDVXUHPHQW HUURU GHFUHDVHV ZLWK DQ LQFUHDVLQJ

QXPEHU RI SXOVHV� H[SODLQDEOH IURP WKH LQFUHDVHG FHQWUDOLW\ RI WKH DPELJXLW\ IXQFWLRQ� 7KH WUHQG
LV QRW XQLIRUP� DV DQ HYHQ QXPEHU RI SXOVHV RmHUV VXSHULRU SHUIRUPDQFH WR RGG� SUHVXPDEO\ DQ
DUWLIDFW RI D UHODWLYHO\ ?EXV\� DPELJXLW\ IXQFWLRQ� ,W LV QRWHZRUWK\ WKDW WKH GHFUHDVH DSSHDUV
WR UHDFK D OLPLW� 2EVHUYH IXUWKHU IURP nJXUH �� WKDW WKH PLVV SUREDELOLW\ ULVHV ZLWK WKH QXPEHU
RI SXOVHV IRU WKH VDPH UHDVRQ� 7KHVH WZR HmHFWV GR QRW SUHFLVHO\ RmVHW� LW DSSHDUV IURP nJXUH
�� WKDW WKH RYHUDOO WUDFNLQJ HUURU LV GHFUHDVHG E\ D JUHDWHU QXPEHU RI SXOVHV� SDUWLFXODUO\ DQG
QRW�XQH[SHFWHGO\ LQ YHORFLW\�
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��� /LQHDU IUHTXHQF\ PRGXODWHG �/)0� SXOVH WUDLQ

����� (mHFW RI FRUUHODWLRQ

7KH UHVXOWV IRU DQ /)0 SXOVH WUDLQ KDYLQJ W
S
 ��xV� 7

5
 ��xV DUH VKRZQ LQ nJXUHV ���

��� DQG ��� DQG IRU W
S
 �xV� 7

5
 �xV LQ nJXUHV ��� ��� DQG ��� ,Q WHUPV RI PHDVXUHPHQW

TXDOLW\ �nJXUHV �� DQG ��� WKHUH LV QR GLmHUHQFH EHWZHHQ GRZQVZHHS �QHJDWLYH VZHHS UDWH�
DQG XSVZHHS� +RZHYHU� DV LV FOHDU IURP nJXUHV �� DQG �� WKH FRUUHODWLRQ EHWZHHQ UDQJH DQG
UDQJH�UDWH PHDVXUHPHQWV LV SRVLWLYH LQ WKH IRUPHU DQG QHJDWLYH LQ WKH ODWWHU�
7KH GHSHQGDEOH VXSHULRULW\ RI /)0 XSVZHHS� DV RSSRVHG WR /)0 GRZQVZHHS RU &)� SUH�

YLRXVO\ UHSRUWHG LQ >'DXP ������� 5DJR HW DO� ������� 1LX HW DO� ������@� LV ZH KRSH FOHDU IURP
nJXUHV �� DQG ��� )XUWKHU� LW LV VHHQ WKDW WKH VHQVLWLYLW\ WR WKH FKRLFH RI ZDYHIRUP GHFUHDVHV
DV WKH WDUJHW EHFRPHV PRUH DJLOH �KLJKHU }

Y
�� 7KH UHDVRQ IRU WKH IRUPHU LV� RI FRXUVH� WKDW

WKH HVWLPDWLRQ HUURU IRU D NLQHPDWLF WDUJHW WHQGV WR H[KLELW SRVLWLYH FRUUHODWLRQ EHWZHHQ SR�
VLWLRQ DQG YHORFLW\� LI WKLV LV WUHDWHG DV SULRU LQIRUPDWLRQ� WKHQ RYHUDOO DFFXUDF\ LV HQKDQFHG
E\ D PHDVXUHPHQW KDYLQJ FRPSOHPHQWDU\ FKDUDFWHULVWLFV� PHDQLQJ DQ /)0 XSVZHHS ZLWK LWV
QHJDWLYHO\�FRUUHODWHG SRVLWLRQ DQG YHORFLW\ PHDVXUHPHQWV� $V WR WKH ODWWHU� FRQVLGHU WKDW D
ODUJHU }

T
FRUUHVSRQGV WR SULRU LQIRUPDWLRQ RI ORZHU TXDOLW\ �KLJKHU PRWLRQ XQFHUWDLQW\�� :LWK

SRRUHU SULRU ORFDOL]DWLRQ WKH WUDFNLQJ V\VWHP LV IRUFHG WR UHO\ PRUH KHDYLO\ RQ HDFK PHDVXUHPHQW
DV LW EHFRPHV DYDLODEOH� DV LV VXJJHVWHG E\ nJXUH WKH PHDVXUHPHQW DFFXUDF\ �PHDQLQJ WKH VL]H RI
WKH GLDJRQDO WHUPV LQ LWV FRUUHODWLRQ PDWUL[� KDV PRUH WR GR ZLWK WKH SXOVH OHQJWK WKDW ZDYHIRUP�
7KLV LV LOOXVWUDWHG LQ nJXUH ���

����� (mHFW RI HQYHORSH VKDGLQJ

,Q >1LX HW DO� ������@ LW ZDV REVHUYHG WKDW +DPPLQJ DQG�RU *DXVVLDQ VKDGLQJ �L�H� ZLQGRZLQJ�
RI WKH WUDQVPLWWHG SXOVH >&RRN DQG %HUQIHOG ������@ KDG D EHQHnFLDO HmHFW RQ WUDFNLQJ LQ WKH
VLQJOH�SXOVH VRQDU VLWXDWLRQ� GXH WR WKH PRUH PDQDJHDEOH VLGHOREH EHKDYLRU� )RU WKH IRUPHU ZH
XVH

V
Q
�W�  

�
>���� � ���� FRV�

{�Wb
7

�
�

7

@HMEW
�

� � W � 7
� HOVH

����

DQG WKH DPELJXLW\ IXQFWLRQ LV JLYHQ LQ nJXUH ��� )LJXUHV ����� FRUUHVSRQG WR HDUOLHU nJXUHV ���
��� 7KH VLWXDWLRQ LV OHVV FOHDU LQ WKLV UDGDU�SDUDPHWUL]HG VLWXDWLRQ WKDQ IRU VRQDU� DQG LQGHHG LW
DSSHDUV WKDW WKH UHFWDQJXODU VKDGLQJ LV VRPHZKDW SUHIHUDEOH� 7KLV PD\ EH GXH WR WKH LQFUHDVHG
VDPSOLQJ HmRUW �m  ���� LQ XVH KHUH�

����� (mHFW RI WKH VZHHS UDWH

,W LV FOHDU WKDW VZHHS UDWH DmHFWV WUDFNLQJ SHUIRUPDQFH� DQG PRUHRYHU WKDW WKLV HmHFW LV LWVHOI
D IXQFWLRQ RI WKH WDUJHW
V SURFHVV QRLVH OHYHO� 7KHUH LV XVXDOO\ D ?EHVW� �DOZD\V SRVLWLYH� /)0
VZHHS UDWH WR XVH IRU D SDUWLFXODU WDUJHW G\QDPLF PRGHO� WKH LQWXLWLRQ EHKLQG WKLV LV JLYHQ LQ
nJXUH ���
)XUWKHU� WKLV EHVW VZHHS UDWH GHFUHDVHV DV WKH PDQHXYHULQJ LQGH[ LQFUHDVHV� 7KLV LV DQ LQGL�

FDWLRQ WKDW IRU ORZ�PDQHXYHULQJ WDUJHWV WKH RULHQWDWLRQ RI WKH SULRU �WUDFNLQJ HUURU� FRYDULDQFH
HOOLSVH EHFRPHV PRUH KRUL]RQWDO �DJDLQ VHH nJXUH ���� DQ DOWHUQDWLYH ZD\ RI SXWWLQJ WKLV LV WKDW
IRU VXFK D WDUJHW YHORFLW\ LV ZHOO�HVWLPDWHG DQG UHDVRQDEO\ XQFKDQJLQJ� DQG WKH LPSURYHG SR�
VLWLRQ PHDVXUHPHQWV IURP D KLJK VZHHS UDWH DUH PRVW GHVLUDEOH� $ KLJKHU VZHHS UDWH FRQIHUV
JUHDWHU SRVWHULRU DFFXUDF\ RQ SRVLWLRQ PHDVXUHPHQWV� DQG OHVVHU RQ YHORFLW\ PHDVXUHPHQWV� 7KLV
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LV YDOXDEOH ZKHQ WKH YHORFLW\ YDULHV VORZO\ �ORZ w
PDQ

�� LI YHORFLW\ YDULHV UDSLGO\ �KLJK w
PDQ

��
WKHQ WKH HQKDQFHG DFFXUDF\ LQ YHORFLW\ PHDVXUHPHQW RI D ORZ VZHHS�UDWH LV PRUH DSSURSULDWH�
7KLV LV H[SORUHG TXDQWLWDWLYHO\ LQ nJXUHV �� DQG ��� LQ ZKLFK WKH RSWLPDO VZHHS UDWH LV

GHWHUPLQHG DV D IXQFWLRQ RI PDQHXYHULQJ LQGH[� 1RWH WKDW D VKRUWHU SXOVH UHTXLUHV D KLJKHU
VZHHS UDWH LQ RUGHU WR WKDW WKH VDPH IUHTXHQF\ H[FXUVLRQ EH REWDLQHG� LW LV LQWHUHVWLQJ WKDW WKH
WRWDO IUHTXHQF\ H[FXUVLRQ UHTXLUHG IRU EHVW SHUIRUPDQFH ZLWK D VKRUWHU SXOVH OHQJWK LV DFWXDOO\
JUHDWHU WKDQ IRU D ORQJHU SXOVH�

����� (mHFW RI PHDVXUHPHQW PRGHO

$VVXPSWLRQ � HDUOLHU VWLSXODWHG WKDW ZKHQ D QXPEHU RI QHDU RU FRQWLJXRXV UHVROXWLRQ FHOOV HQMR\HG
?KLWV�� WKHQ WKH PHDVXUHPHQW VXSSOLHG WR WKH WUDFNHU LV WDNHQ DV WKHLU DYHUDJH� DV LOOXVWUDWHG LQ
nJXUH �� :H DUH DZDUH WKDW WKLV LV SHUKDSV RYHUVLPSOLnHG� LQ WKDW VRPH DPSOLWXGH ZHLJKWLQJ
PD\ EH XVHIXO� RU LQGHHG WKDW VRPH PRUSKRORJLFDO RU LPDJH�SURFHVVLQJ WHFKQLTXHV PD\ EH XVHG�
7KH SURFHGXUHV DSSHDU WR EH LQ PDQ\ FDVHV SURSULHWDU\ DQG XQDYDLODEOH IRU JHQHUDO FRPPHQW�
,Q WKLV VHFWLRQ ZH PHQWLRQ D VLPSOH DOWHUQDWLYH WR WKH GLUHFW ?DYHUDJLQJ� VFKHPH WR ZKLFK LW FDQ
EH FRPSDUHG� 7KH LGHD LV WKDW ������� DUH UHSODFHG E\
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D
� Y
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DQG WKLV PD\ EH WKRXJKW RI DV D ?VWURQJHVW�QHLJKERU� DSSURDFK� DOWKRXJK WKH FRUUHVSRQGHQFH
LV QRW H[DFW� )URP nJXUHV ����� LW LV DSSDUHQW WKDW WKLV QHZ VFKHPH LV LQIHULRU WR WKH RULJLQDO�
3UHVXPDEO\ WKH DYHUDJLQJ DSSURDFK \LHOGV VXE�FHOO DFFXUDF\� ZKLFK E\ DQG ODUJH WKH QHZ VFKHPH
GRHV QRW�

��� $OWHUQDWLQJ &) DQG /)0 SXOVHV

,Q >1LX HW DO� ������@ LW ZDV REVHUYHG WKDW D ������� FRPELQHG &)�/)0 SXOVH FRXOG LQ VRPH
VLWXDWLRQV SURGXFH VXSHULRU SHUIRUPDQFH� 6XFK D FRPELQHG SXOVH ZDV HVVHQWLDOO\ DQ DEXWPHQW
RI WZR KDOI�GXUDWLRQ SXOVHV� ZLWK DVVXPHG FRKHUHQFH� ,Q WKH FXUUHQW VLWXDWLRQ LW DSSHDUV WKDW
WKH VDPH HmHFW FDQ EH REWDLQHG YLD DOWHUQDWLRQ RI SXOVHV� /)0 IROORZHG E\ &) IROORZHG E\
/)0� HWF� :H H[SORUH WKLV LGHD LQ nJXUHV ������ SORWWHG DV D IXQFWLRQ RI VZHHS UDWH IRU WKRVH
SXOVHV ZKLFK DUH /)0� ,W WXUQV RXW WKDW DOWKRXJK WKH PHDVXUHPHQWV WKHPVHOYHV DSSHDU WR EH
VXSHULRU LQ WKLV FDVH WR SXUH /)0 �VHH nJXUH ���� WKHLU UHVROXWLRQ FHOOV DUH HVVHQWLDOO\ UHFWDQJXODU
�VHH nJXUH ���� DQG KHQFH WKHUH LV QR EHQHnFLDO HmHFW WR EH KDG IURP XSVZHHS /)0
V QHJDWLYH
FRUUHODWLRQ EHWZHHQ UDQJH DQG UDQJH�UDWH PHDVXUHPHQWV VHH nJXUH ���� ,Q IDFW� WKHUH LV D VOLJKW
WHQGHQF\ IRU XSVZHHS /)0 WR SURGXFH D SRVLWLYH FRUUHODWLRQ DQG KHQFH UHVXOWV GHJUDGHG ZLWK
UHVSHFW WR GRZQVZHHS� SUHVXPDEO\ IURP VLGHOREH VWUXFWXUH� EXW WKLV HmHFW LV PLQLPDO�

� 6XPPDU\

,Q WKLV SDSHU ZH KDYH LQYHVWLJDWHG WKH HmHFW RQ WUDFNLQJ SHUIRUPDQFH RI WKH W\SH RI ZDYHIRUP
XVHG� 0HDVXUHPHQWV RI D RQH�GLPHQVLRQDO NLQHPDWLF WDUJHW DUH DVVXPHG GHULYHG IURP VDPSOLQJ
D WZR�GLPHQVLRQDO �UDQJH DQG UDQJH�UDWH� JULG RI SRLQWV ZKRVH ORFDWLRQV DUH n[HG� PHDQLQJ WKDW
WKH WDUJHW
V WUXH ORFDWLRQ QHHG QRW FRLQFLGH ZLWK WKHVH SRLQWV� $V VXFK� D NH\ FRQFHSW LV WKH
UHVROXWLRQ FHOO IURP ZKLFK WKHVH VDPSOLQJ SRLQWV DUH GHULYHG� DQG ZH KDYH WDNHQ IRU WKLV WKH
SDUDOOHORJUDP RI FRQVWDQW YROXPH ZKRVH RULHQWDWLRQ PRVW FORVHO\ PDWFKHV WKDW RI WKH LPSOLHG
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DPELJXLW\ IXQFWLRQ� 7KH UHVXOWV DUH DQDO\WLFDO� DQG DUH EDVHG RQ WKH +<&$ WUDFNLQJ SHUIRUPDQFH
SUHGLFWLRQ DOJRULWKP IRU WKH 3'$) ^ IDOVH DODUPV DUH LQFOXGHG LQ D QDWXUDO ZD\�
7KLV SDSHU H[WHQGV WKH VRQDU�SDUDPHWHU UHVXOWV LQ >1LX HW DO� ������@ WR WKH UDGDU VLWXDWLRQ�

LQ GRLQJ VR� LW LV QHFHVVDU\ WR DOORZ IRU FRKHUHQW SURFHVVLQJ RI PXOWL�SXOVH ZDYHIRUPV� 2I SDU�
WLFXODU LQWHUHVW LV WKH QHFHVVLW\ IRU UHVWULFWLRQ RI DWWHQWLRQ WR WKH PDLQ DPELJXLW\ IXQFWLRQ SHDN
IURP DPRQJVW WKH XVXDO ?EHG RI QDLOV�� :H OLVW WKH IROORZLQJ�

q $V EHIRUH� /)0 XSVZHHS LV UHODWLYHO\ GLpFXOW WR EHDW� GXH ODUJHO\ WR LWV QHJDWLYH FRUUHODWLRQ
EHWZHHQ UDQJH DQG UDQJH�UDWH PHDVXUHPHQWV�

q ,W LV SRVVLEOH WR VSHFLI\ DQ RSWLPDO /)0 VZHHS UDWH DV D IXQFWLRQ RI WDUJHW PDQHXYHULQJ
LQGH[�

q 6DPSOLQJ RQ D nQHU WLPH�IUHTXHQF\ JULG \LHOGV XQLIRUPO\ EHWWHU SHUIRUPDQFH� 7KXV� VDP�
SOLQJ HmRUW PXVW EH WUDGHG DJDLQVW FRPSXWDWLRQDO HmRUW�

q 8QOLNH WKH VRQDU VLWXDWLRQ� WKHUH GRHV QRW DSSHDU WR EH EHQHnW IURP +DPPLQJ VKDGLQJ RI
WKH WUDQVPLWWHG SXOVHV�

q $V WKH QXPEHU RI SXOVHV EHLQJ LQWHJUDWHG LQFUHDVHV WUDFNLQJ SHUIRUPDQFH LPSURYHV� :KLOH
WKLV PD\ DSSHDU REYLRXV� QRWH WKDW WKH VWDWHPHQW LV PDGH DERXW D V\VWHP ZKRVH RYHUDOO
615 LV KHOG n[HG� PHDQLQJ WKDW PRUH SXOVHV FRUUHVSRQGV WR ORZHU DPSOLWXGH RQ HDFK�

q $Q DOWHUQDWLQJ /)0�&) SXOVH VFKHPH GRHV QRW DSSHDU WR RmHU DQ\ WDQJLEOH EHQHnWV�
q ,Q >1LX HW DO� ������@ D NH\ DVVXPSWLRQ ZDV WKDW WKH PHDVXUHPHQW VXSSOLHG WR WKH WUDFNHU
ZDV WKH DYHUDJH RI ORFDO WKUHVKROG H[FHHGDQFHV� )RU WKH PRVW SDUW WKDW DVVXPSWLRQ ZDV
XVHG LQ WKLV SDSHU� EXW DOVR WHVWHG ZDV D VFKHPH ZKHUHE\ RQO\ WKH VWURQJHVW UHWXUQ ZDV
VXSSOLHG� ,W WXUQHG RXW WKDW WKLV ZDV D SRRU LGHD� WKH VXE�FHOO DFFXUDF\ RI WKH RULJLQDO
LGHD ZDV ORVW�

7KH FRQFOXVLRQ WKDW XSVZHHS /)0 LV KHDUWHQLQJ� LQ WKDW LW FRUURERUDWHV PXFK UDGDU SUDFWLFH�

$FNQRZOHGJHPHQW

7KLV UHVHDUFK KDV EHHQ VXSSRUWHG E\ 215�%0',2�,67 XQGHU FRQWUDFW QXPEHU 1���������-�
����� E\ $)265 XQGHU FRQWUDFW QXPEHU )���������������� DQG E\ 215 XQGHU FRQWUDFW QXPEHU
1����������������
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5HIHUHQFHV

>'DXP ������@ )� 'DXP� ?$ 6\VWHP $SSURDFK WR 0XOWLSOH 7DUJHW 7UDFNLQJ�� 0XOWLWDUJHW�
0XOWLVHQVRU 7UDFNLQJ� $SSOLFDWLRQV DQG $GYDQFHV� YROXPH ,,� <� %DU�6KDORP HG� SS��������
$UWHFK +RXVH� �����

>.HUVKDZ DQG (YDQV ������@ '� .HUVKDZ DQG 5� (YDQV� ?:DYHIRUP 6HOHFWLYH 3UREDELOLVWLF 'DWD
$VVRFLDWLRQ�� ,((( 7UDQVDFWLRQ RQ $HURVSDFH DQG (OHFWURQLF 6\VWHPV� SS���������� 2FWR�
EHU �����

>5DJR HW DO� ������@ &� 5DJR� 3� :LOOHWW DQG <� %DU�6KDORP� ?'HWHFWLRQ�7UDFNLQJ 3HUIRUPDQFH
ZLWK &RPELQHG )0�&: :DYHIRUPV�� ,((( 7UDQVDFWLRQ RQ $HURVSDFH DQG (OHFWURQLF 6\V�
WHPV� YRO ��� SS�������� $SULO �����

>1LX HW DO� ������@ 5� 1LX� 3� :LOOHWW� DQG <� %DU�6KDORP� ?)URP WKH :DYHIRUP WKURXJK WKH
5HVROXWLRQ &HOO WR WKH 7UDFNHU�� 3URFHHGLQJV RI WKH ���� $HURVSDFH &RQIHUHQFH� 6QRZPDVV
&2� 0DUFK �����

>/HYDQRQ ������@ 1DGDY /HYDQRQ 5DGDU 3ULQFLSOHV� :LOH\� �����

>%DU�6KDORP DQG /L ������@ <� %DU�6KDORP DQG ;� /L� (VWLPDWLRQ DQG 7UDFNLQJ� 3ULQFLSOHV�
7HFKQLTXHV DQG 6RIWZDUH� $UWHFK +RXVH� �����

>6FKHHU DQG .XUW] ������@ ,� 6FKHHU DQG -� .XUW]� &RKHUHQW 5DGDU 3HUIRUPDQFH (VWLPDWLRQ�
$UWHFK +RXVH� �����

>/L DQG %DU�6KDORP ������@ ;� /L DQG <� %DU�6KDORP� ?6WDELOLW\ (YDOXDWLRQ DQG 7UDFN /LIH RI
WKH 3'$) IRU 7UDFNLQJ LQ &OXWWHU�� ,((( 7UDQVDFWLRQV RQ $XWRPDWLF &RQWURO� SS��������
0D\ �����

>/L DQG %DU�6KDORP ������@ <� %DU�6KDORP DQG ;� /L� 0XOWLVHQVRU� 0XOWLWDUJHW 7UDFNLQJ� 3ULQ�
FLSOHV DQG 7HFKQLTXHV� <%6 3XEOLVKLQJ� �����

>&RRN DQG %HUQIHOG ������@ &� &RRN DQG 0� %HUQIHOG� 5DGDU 6LJQDOV� $Q ,QWURGXFWLRQ WR 7KHRU\
DQG $SSOLFDWLRQ� $UWHFK +RXVH� �����
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)LJXUH �� 6\VWHP EORFN GLDJUDP� WKH ZDYHIRUP LV VHOHFWHG DQG WKLV FKRLFH PXVW EH VKDUHG
ZLWK DOO VXEV\VWHPV XS WR WKH WUDFNHU� 7KH LQIRUPDWLRQ SURYLGHG WR WKH WUDFNHU VKRXOG EH RI
WKH PHDVXUHPHQWV
 ORFDWLRQV� DQG DOVR RI WKHLU DVVRFLDWHG FRYDULDQFHV� ZKLFK GHSHQG RQ WKH
ZDYHIRUP�
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)LJXUH �� ,OOXVWUDWLRQ RI GHULYDWLRQ RI PHDVXUHPHQW GHOLYHUHG WR WUDFNHU� 7KH WDUJHW
V SRVLWLRQ�
GHQRWHG E\ DQ DLUIUDPH VKDSH� LV QRW DW WKH FHQWHU RI D UHVROXWLRQ FHOO ^ UHVROXWLRQ FHOOV DUH
SDUDOOHORJUDPV� DQG WKHLU FHQWHU
V GHQRWHG E\ p
V� 7KH WKUHVKROG H[FHHGDQFHV DUH VKRZQ DV
nYH�SRLQWHG VWDUV� DQG WKHLU DYHUDJH �WKH GHOLYHUHG PHDVXUHPHQW� DV D PDQ\�SRLQWHG VWDU�

)LJXUH �� ,OOXVWUDWLRQ RI WKH SURFHGXUH RI nQGLQJ WKH UHVROXWLRQ FHOO� 7KH VKDGHG UHJLRQ GHQRWHV
UDQJH�UDQJH�UDWH YDOXHV ZLWKLQ DQ DPELJXLW\ IXQFWLRQ FRQWRXU� )URP WKLV WKH DPELJXLW\ IXQFWLRQ
XQFHUWDLQW\ 5

DPE
LV IRUPHG� DQG LV SLFWXUHG DV WKH HOOLSVH� 7KH DFWXDO UHVROXWLRQ FHOO LV GUDZQ

ZLWKLQ WKDW HOOLSVH�
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