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Abstract

The problem of the energy level stabilization for Hamiltonian systems in presence of
disturbances is considered. First, it 1s shown that for 1-DOF systems under sufficiently
small uniformly bounded force disturbances the speed-gradient control law ensures ultimate
boundedness of energy error. As an auxiliary result the new sufficient conditions for ultimate
boundedness of Lyapunov function along the trajectories of nonlinear nonstationary dynam-
ical system are obtained. Second, for n-DOF systems with dissipation-like disturbances the
bounds for achievable energy level are given.

1 Introduction

In the paper we consider the problem of energy level stabilization for Hamiltonian systems in
presence of disturbances. This problem is of interest in the oscillations control area where the
level of energy determines the mode of oscillations. For Hamiltonian systems stabilization of
energy level is equivalent to stabilization of a certain invariant manifold in phase space. The
special case when the desired level of energy is equal to its minimum value (stabilization of
equilibrium) is well studied, see e.g. (Nijmeijer and van der Schaft, 1990; Rumyantsev, 1970).
In (Fradkov, 1996; Andrievsky et al., 1996) the speed-gradient control was used to solve the
problem for arbitrary desired value of energy. It was shown that the stabilization of energy level
is achieved if there is no equilibria in the initial energy layer (between the initial and the desired
levels of energy). In (Fradkov et al., 1997; Shiriaev and Fradkov, 1998; Fradkov and Pogromsky,
1998) further development of the result was given. However no results concerning behavior of
the closed loop systems under disturbances were available so far.

In this paper we extend the results of (Fradkov, 1996) in two directions. Firstly, the case of
presence of the bounded input (force) disturbances is considered. For a broad class of controlled
one-degree-of-freedom Hamiltonian systems we state that under uniformly bounded input dis-
turbances with sufficiently small bound D > 0 the speed-gradient control law ensures ultimate
boundedness of error between actual value of energy and desired one. Moreover the upper bound
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of the error tends to zero as D — 0. Secondly, for n-DOF systems with disturbances satisfying
the dissipation-like inequality the bounds for the energy level achievable by a bounded control
are obtained.

The difficulty of the input disturbances case is that the time derivative of Lyapunov function
is not negative semidefinite even for large values of V. Hence methods of papers (Fradkov, 1996;
Fradkov et al., 1997; Shiriaev and Fradkov, 1998) essentially based on assumption V < 0 and
the standard theorems on ultimate boundedness (like Yoshizawa’s theorem) are not applicable.
In this paper we exploit the fact that trajectories of the system ”pass through” the regions of
sign indefiniteness of Lyapunov function’s time derivative. Based on this circumstance under
some further conditions it is possible to show that the ultimate boundedness of V holds along
an arbitrary trajectory of system. We prove the corresponding lemma in section 3. Proof of
the main result reduces to checking the lemma conditions for closed loop system ”Hamiltonian
system + speed-gradient control law + disturbances”.

The paper is organized as follows. In section 2 the results on the Speed-gradient energy
control of Hamiltonian systems without disturbances are recalled from (Fradkov and Pogromsky,
1998). In section 3 we state the auxiliary lemma on sufficient conditions for ultimate boundedness
of Lyapunov function along the trajectories of a nonlinear time-varying dynamical system. The
result for the 1-DOF systems is presented in Section 4, while the case of n-DOF systems with
dissipation is considered in Section 5. In Section 6 the example of the energy control of pendulum
is considered.

2 Speed-gradient energy control of Hamiltonian systems

A convenient mathematical description for a controlled oscillatory system is the Hamiltonian
form. It allows an explicit description of surfaces of constant energy which unforced oscillatory
motions belong to. The Hamiltonian form of controlled plant equations is as follows:

. 8I{c s P, U . 8I{c ;P U
g = Helapw) o Mg p,u)

K b T T b .:17"'7 b 1
op; dq; ' " (1)

where ¢ = col(q1,...,¢4), p = col(p1,...,p,) are the vectors of generalized coordinates and
momenta, respectively, H.(q,p,u) is the controlled Hamiltonian function, and u(¢) € R™ is the
control input (generalized force). The model (1) can be also rewritten as follows

{ (] = vac(%pv u)v (2)
p = _quc(%pv u)

Let H(q,p)= H.(q,p,0) be the “internal” Hamiltonian describing the unforced system

q=V,H(q,p),
{152 —V,H(q,p). 3

Consider the following control goal

H(q(t),p(t)) — H., when t— oo. (4)

In what follows we assume that the Hamiltonian is linear in control:

Hc(vav u) = H(va) + Hl(va)Tuv
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where H(q,p)is the internal Hamiltonian and Hq(q, p) is an m-dimensional vector of interaction
Hamiltonians (Nijmeijer and van der Schaft, 1990). Define the Poisson bracket for smooth
functions f(q,p) and g(¢,p) in a standard manner

& (0fdg Of g
[f,9] = ; (3],2, oy g 8[%’) )

If the functions f, g are the vector-functions then the Poisson bracket is defined componentwise.
For example if the function f is scalar and ¢ is an m-dimensional vector (column) then [f,¢]
is an m-dimensional co-vector (row). More generally, if f and g are an [-dimensional and m-
dimensional vectors, respectively, then [f, ¢] is an [ X m matrix.

To find the control algorithm providing the goal (4) according to the Speed-gradient
method (Fradkov, 1996; Fradkov and Pogromsky, 1998) first the objective function is intro-
duced

1
Q) = 5 (H(q,p) = H.)", (5)
where z = col(q, p). Then the control goal (4) is reformulated as follows

Q(z(t)) = 0 when ¢— oo. (6)

To design the SG algorithm calculate Q:

O = (- 1) (%—fp n %—fq) = (I~ [, Hu (7)

and the speed gradient: V,Q = (H—H,)[H, Hy]". The linear and relay forms of Speed-gradient
control algorithms are as follows:

u=—v(H - H)[H, Hl]Tv (8)

u = —7ysign {(H - H*)[Hv Hl]T} ) (9)

where v > 0 is the gain factor. We may consider also the general speed pseudogradient algorithm
w=—¢ ((H = Hy)[H, H]"), (10)

where v is a smooth vector function with values in R™ which satisfies the strict pseudogradient
condition (z)"z > 0 for z # 0. To analyze the behavior of the system with algorithm (10) the
following result can be used (Fradkov and Pogromsky, 1998).

Theorem 1 Let the their first and second derivatives of the functions H, Hy be bounded on the
set Qo ={z : Q(z) < Qo} for some Qg > 0.

Then the algorithm (10) with x(0) € Qo ensures u(t) — 0 when t — oo and ensures either
the goal () or convergence [H, H1](x(t)) — 0 when t — oo.

If, additionally, the following two conditions hold:

H1. For any ¢ # H, there exists ¢ > 0 such that any nonempty connected component of the
set D..=A{x : |[H(z), Hi(2)]| < e, |H(z)—c| <e} N Qg is bounded.

H2. The largest invariant set M C Dg of the free system (i.e. the set M of whole trajectories
of (3) contained in D), where Do = {x : [H(x), Hi(z)] = 0}NQo, consists of finite or countable
number of isolated points.
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Then any solution of the system (2), (10) either achieves the goal () or tends to a point of
the set Do which is an equilibrium of the free system (3). Moreover, the set of initial conditions
from which the solution of (2), (10) tends to unstable! equilibrium of the free system has zero
Lebesgue measure.

Corollary 1 If Dy is empty, i.e. [H, H1](z) # 0 for x € Qq, then the control goal is achieved
for all z(0) € Qq.

The theorem shows, loosely speaking, that algorithm (10) ensures the goal (4) almost always
unless there are “false” goals: stable or neutral equilibria of the free system which are reachable
from the initial point within the energy layer

Qo ={(q,p) = [H(q.,p)— H.| <[H(q(0),p(0))— H.|}.

In other words, the goal (4) will be achieved for almost all initial conditions from the set Qg if
it does not contain local potential wells. Moreover, it is clear from the proof (see (Fradkov and
Pogromsky, 1998)) that the set of exceptional initial conditions is contained within a finite or
countable number of manifolds, i.e., the complement of this set is open dense set in ).

The result of the Theorem 1 holds with obvious change of notations if the system (2) evolves
on a smooth 2n-dimensional manifold possessing standard Poisson structure (see (Nijmeijer and
van der Schaft, 1990)).

3 Lyapunov-type characterization of ultimate boundedness

By LpV(2) denote the Lie derivative of function V' along vector field F. Suppose V: X — Y
and Y7 C Y; then by VY_11 we denote

Vit ={z e X: V(z) e Y1}, (11)
A function V: X — RT is called proper if for all § > 0 the set V[(;}S] ={z e X:0< V()< d}is
compact.

Let X be an n-dimensional smooth manifold. Suppose F(z,t) is a time-dependent vector
field on X that is smooth on x, piecewise continuous on t, and bounded on any compact subset
of X uniformly on ¢t. Consider the system

i = Fla,1), (12)
where F is a nonstationary vector field on X. Suppose V: X — R¥ is a smooth (V € C!) proper
function. Consider the following properties of system (12).

Property 1. There exists a constant a@ > 0 s.t. LpV(z,t) < aforall z € X,t>0.
Property 2. There exist positive constants vg, v3, 0 < vg < v3 < 00, and continuous functions

BVt ]~ R\ {0} s.t. for arbitrary trajectory zo(-) of system (12) if

[UO sU3

zo(t) € Vi1 ] \II forall t € [t1,13],

[UO sU3

where Il = {2z € X: LpV(2,t) < —f(z)for allt > 0}, then

Hnstability of an equilibrium means that the Jacobi matrix of the system calculated at the equilibrium point
has at least one eigenvalue with positive real part.
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i) t2 — t1 < A for some constant A > 0, and

i) there exists 3 > t3 s.t.

Vi(zo(t3)) — V (wo(t1)) < —€(wo(t1)),

and for all ¢t € (¢3,13)
$0(t) € ‘/[_1 ] — $0(t) € 1I.

v0,V3
We shall say that the system (12) satisfies the Assumption A if it has properties 1 and 2
and the corresponding constants vg, v3, @, A satisfy the condition oA < (vs — vg))/2.

Now suppose the system (12) satisfies the Assumption A. Denote

m = v+ ad
v; = vg i_ aA. (13)
Obviously, vy < vs.

Lemma 1. Suppose the system (12) satisfies the Assumption A. Let x(-) be arbitrary tra-
jectory of system (12) satisfying the condition x(ty) € V[(Lljz)]. Then z(t) € V[aﬂljg] for all ¢ > 1
and there exists 7' > 0 such that z(¢) € V[(;,qul] forall t > ¢, + T.

Proof. First we claim that under the conditions of Lemma
Vi(z(to)) € [vo,v2) = V(z(t)) <V (2(ty)) + aA forall t > t. (14)

Indeed, consider a set
Q={t>10 a(t) e V!, \ 1T}

Since II is open set, we see that the set Q € R! is a union of finite or denumerable number of
disjoint closed intervals
Q= [tlvtll] U [t27t/2] u...,

Consider the interval [t1,¢]]. It is clear that V(z(t1)) < V(2(to)). Suppose there exists t’ € [t1,t]]
such that V(z(t')) > V(z(to))+aA; then from property 1 it follows that ¢ —t; > ¢'—t; > A. The
last is in contradiction with the property 2. Then for all ¢ € [t1,#]] we have V(2(¢)) < V(x(to))+
aA < vz. In particular we get V(2(¢})) < vs. Then it is easily proved that V(z(t)) < V(x(t}))
for all t € [t},13]. Due to property 2 we have V(z(t3)) < V(2(t1)). Continuing in the same way,
we see that for all ¢ € [ty, 1] we have V(z(t)) < V(z(to)) + oA < v3, and so on.

Now we claim that there exists Thy > 0 such that from V (2(ty)) € [vo, v2) it follows that
V(x(t)) = vo for some t € [tg, 1o+ Tnm]. Indeed, suppose V (z(g)) € [vo, v2) and vy < V (2(¢)) <
v3 for any t € [tp, o + 1] where T' > 0 is a constant. Denote

- ' 0
Bo moénvla)%ﬂ () >0,

€@ = min e(z) >0
0 z: v <V (z)<us ( ) ’

g = max e(z) > e > 0.
z: v <V (z)<us

It is easy to prove that

_ Poco
ﬁoA + ald + €1

for all t € [tg,to + T]. It follows that T' < Ty = (US_UO)(%’;-I_QA-I_Q) + A. Since V(z(t)) < vz for
all t > 1o, we obtain V(x(t.)) = vo for some ¢, € [to,to + Ta]. Finally from (14) it follows that
V(a(t)) < v+ ad = vy forall ¢ > tg 4 Ths. This completes the proof.

V()< Vs (t—to— A), (15)
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4 Case of 1-DOF systems under input disturbances

In what follows we consider the controlled Hamiltonian system on a 2n-dimensional smooth
manifold M governed by equations

G =VpH(q,p), (16)

p=-Vl(q,p)+Alg,p,t)+ u. (17)

where, (¢,p) € M, H(q,p) is Hamiltonian function of the free system, u € R™ is controlling
input and A(q,p,t) is vector-function of=20 disturbances. The form (16), (17) is more simple

than (2) since Hy = ¢ in this case. On the other hand the presence of disturbances makes the
known results nonapplicable.

In this Section we consider the case when n = 1 and A(¢) is piecewise continuous and

bounded: |A(:)| < D.
Suppose H(q, p)is a proper function on M, and H(q,p) = K(p)+ P(q) where K: R — R™T is

a smooth positive definite convex (nglf > 0) even (K (p) = K(—p)) function representing kinetic

energy and P(q) is smooth function with strict local minimum at a point ¢ = 0, representing
potential energy.

Let h be a positive number. Consider a set

Xn={(q,p): 0 < H(q,p) < h}. (18)
Suppose ¢ = 0, p = 0 is the unique equilibrium point of free (v = 0, A(¢) = 0) system (16), (17)
on the set Xy,.

Consider the problem of energy level stabilization of system (16), (17) in presence of bounded
input disturbances. By H, denote the desired value of Hamiltonian function, 0 < H, < h.
Consider the control law (speed-gradient algorithm)

OH
u= —VO(H—H*)O—pv (19)

where 79 > 0 is a gain.

Suppose hy, hy, hs are positive constants satisfying the condition
0<hy <hyg<hg<min{H.h—H.}. (20)
The main result of the Section is the following theorem.

Theorem 2 For any constants hy, hy, hs satisfying the condition (20) there exists D > 0 s.t.

or for any given initial condition (¢q,p)(0) € H7 . trajectories of closed loop system
[Hy—ho ,H*+hs]

(16), (17), (19) satisfy (q,p)(t) € H[;Il*—hg,H*+h3] for all t > 0 and there exists T > 0 s.t.

(a,p)(1) € Hg . gy, gy Jor allt > T
Proof. Consider a function V = 1/2(H — H,)*. Let
1
vo= ghi, (21)

1
vy = §h§. (22)
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Clearly
-1 _ -1
Viows = Mg, _ngym)
-1 _ -1
o) = HHhg Hatha)

The time derivative of function V along the trajectories of closed loop system (16), (17),
(19) is

v GVH 8V(8H. o . ol oH

= it = 5 (Gt Gob) = (= BT (AC) = = 7))

Further

V < —~o(H — H.)? (%—IZ = 20)2 +p(H — H.)? (%—IZ)Z + 1/4pA%)

for arbitrary g > 0. By choosing p < o we get

: OH\?
V< —y(H = 1) (—) +An (23)
dp
where v = 99— > 0, A* = 41—MD2 > 0. It follows from (23) that the closed loop system (16),
(17), (19) has property 1.

Now let us prove that the closed loop system has property 2. First, due to properties of
kinetic energy K(p) (recall that K(p) is a smooth positive definite convex even function) we get
that 0H/dp = 0K /0p is odd strictly increasing function of p. Denote L = lim, .. |0K/dp|.
The inverse function (9K /9p)~" is defined on the interval (= I, L). Let

5= sy,
o= @K/ ().

where po is well defined for sufficiently small D > 0. Using (23) and (24), we get that for
sufficiently small D > 0 from V € [vg, v3] and V < —f it follows that |p| < po.

Second, we claim that for sufficiently small D > 0 there exist B > 0 such that from
V' € [vo,v3] and |p| < pp it follows that |p| > B. Indeed, due to properties of potential energy
P(q) and from the fact that ¢ = 0, p = 0 is the unique equilibrium point of free system in X}
we get that

(24)

op _
a—q(q)‘ >0 forall ge Pyl

Further, for sufficiently small D > 0 from V € [vg,vs] and |p| < pp it follows that P(q) >
vo — K (po). Let

1 ar
B=-  inf = —(q)‘ > 0.
2 |q|eP[;;—K(Po)yv3] %
Obviously
ar
—-— > 2D. 25
S| 2 (25)
On the other hand for sufficiently small D > 0 from V € [vg, v3] and |p| < po it follows that
oH
[y (1) = Ho) Z = + A0 < B. (26)
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Finally, combining (17), (25), (26), we obtain

(1) = B. (27)

Let A = 2Py/B. It is easy to see that for arbitrary trajectory of closed loop system (16),
(17), (19) from V (t) € [vo,vs] and |p(t)| < po for all t € [ty,15] it follows from (27) that

-t <A (28)

Now let us prove that there exist £3 > t; and € > 0 such that V(t) < =8 for all t € (ty,13)
and

V($0(t3)) — V($0(t1)) S —€.

Denote

H*—hg}

g = min{lql : P(q)= 5

Consider a strip
T ={(¢:p): q € (q(t2),;40) 5 lgo| = qo, signgy = —signq(t2)} .
We claim that there exists an instant 5 > t5 such that ¢(¢3) = ¢ and for all ¢ € (t2,13)

i) (¢.p)() e
i) [p(1)] > po-

oK [ D2
Koy=— = —.

Due to properties of K(p) and continuity of ¢(¢) it is sufficient to prove that

Put

i) sign §(t3) = — sign ¢(t2)
iv) |G| > Ko on the strip T.

From (16) and due to properties of K (p) we have sign ¢(t3) = sign p(t3). Further, by definition
of t; we get Mpdi_fzﬂ > 0; therefore, sign p(ty) = sign p(t3). Finally, from (17), (25), (26) and due
to properties of P(q) we get sign p(t2) = — sign ¢(¢3).=20 Combining the above, we obtain 7i7).
Fulfillment of iv) follows from i), (17), (25), (26), and from the continuity arguments.

Let us estimate V(#3) — V(¢1). We have

V(ts) = V(t1) <aAd —0 as D —0.
On the other hand

Vils) — V(i) < — /7 (H(t) - H.)? (%—IZ) ()t + A*(ts — 1) <

t3 t3

- [+ ((H(t) 2 (2 - %h%ffg) as ot [ (90) =

ts 2
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t3 t3

1 1 1 1
——hQ/’tht<—— = h? /'tdt = —2vhI— (qo)?.
57" G (t)dt < 57 1t3—t’2 q(t) 71153—15’2(%)
t t
It is easy to see that
2q0
b
where )
OHN\ " (H.—h
c=(5%) (F77)
ap 2
Then
V(ts) — V(tz) < —yh3qC.
Let

1
€= §’yh%qu > 0.
Then for sufficiently small D > 0 we get
V(t3) — V(tl) < —e < 0.

We see that all conditions of Lemma 1 are fulfilled. From Lemma 1 it follows that there exist
D > 0 s.t. for for any given initial condition (g, p)(0) € ‘/[611]2] trajectories of closed loop system

(16), (17), (19) satisfy (¢,p)(t) € H[B}US] for all ¢ > 0 and there exists 7' > 0 s.t. (¢, p)(t) € H[B,lul]

for all t > T, where v; = vg + AA*, vy = v3 — AA*. Since A, A* — 0 as D — 0, from (21), (22)
we see that for sufficiently small D > 0

-1 -1
V[o,vl] C H[hl,h;]’

-1 -1
H[hg ,h;] C ‘/[077]2] )

The statement of Theorem 2 follows.

5 Energy control of n-DOF Hamiltonian systems

Consider again the controlled Hamiltonian system with disturbances (16), (17) and suppose that
the disturbance function A(-) satisfies the inequality

1A (g, p, DIl < ellpl (29)

for some ¢ > 0. Inequality (29) means that the disturbances vanish at the zero-momentum
manifold. Tt holds, e.g. for disturbances caused by viscous damping.

Below the conditions guaranteeing achievement of the goal (4) are established.

Theorem 3 Consider the system (16), (17) under condition (29) and the following assump-
tions.

A1l. H(q(0),p(0)) < H, and the set @ = {(q,p): H(q(0),p(0)) < H(q,p) < H.} is bounded.

A2. The Hamiltonian satisfies the inequalities H(q,0) > 0 and for some a > 0

H(q,p)— H(q,0)> af|p|*. (30)
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A3. V,H(q,p) #0 V(g,p)€ Q.
Then the goal (4) is achieved in the system (16), (17) controlled by the algorithm (9) if

H,<a (1)2. (31)

e

~ Proof. 1t is sufficient to prove that Q(q,p) < 0 in the set Q, if Q(¢,p) # 0. Calculation of
Q(q,p) and taking into account (29) and A2 yields

Q = (H-H)V,H(q,p)"™A—|H — HJ|V,H(q.p)|y
|H — H.|||V,H(q,p)||(ellpll —7)

1~ LIV, 0, p)] w Map) = Ma.0) 7) . (32)

IN

IN

Therefore if H(q,p) < H,, then Q(q,p) < 0in the set € provided the inequality p % <7
holds which is equivalent to (31).

6 Example: control of pendulum oscillations under distur-
bances

As an illustration of above results consider the problem of oscillation control of simple pendulum
under bounded force disturbances. The pendulum is described by the following equation

Jé + mglsin ¢ = u+ A(t), (33)

where ¢ is an angle of pendulum defined to be zero in the lower position, w is a controlling torque,
J, m, and [ are the inertia, mass, = and length of pendulum respectively, g is an acceleration
due to gravity, A(?) are input disturbances, A(¢) < D, where D > 0 is a constant.

The pendulum equation (33) can be represented in the form (16), (17) by choosing ¢ = ¢,
p = J¢ and

1
H(q,p)= ﬁpz + mgl(1 - cos q). (34)

For our purpose it is convenient to consider a cylinder with unit circle at the base —7 < ¢ < 7w asa
phase space of pendulum. It means that we identify the points (¢1,p) and (g2, p) iff 2 — 1 = 27k,
where k is an integer number. Then it is easy to check that H(q,p) given by (34) is proper
function on cylindrical phase space. Further, the kinetic energy K(p) = %pz is a smooth
positive definite convex even function, and the potential energy P(q) = mgl(1— cosq) is smooth
function with strict local minimum at a point ¢ = 0. Let h = 2mgl. Then the point (0,0) is
a unique equilibrium point of free system on X defined by (18). We see that the system (33)
satisfy all the conditions of the Theorem 2. The control law (19) becomes

w=—v (H - H)p. (35)
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In particular, it follows from Theorem 2 that the control law (35) drives the pendulum (33) from
any initial state (¢ (o), p(to)) satisfying H (¢ (to),p(to)) € (0,2mgl) to the oscillatory mode of
given energy level H, € (0,2mgl) with prescribed accuracy if the disturbances are of sufficiently
small intensity. Moreover during the swinging the pendulum does not turn into rotation mode.

The conditions of the Theorem 3 are also fulfilled in this case. Therefore we may conclude
that adding the viscous damping does not change qualitatively the behavior of the pendulum
controlled by the algorithm

u = —sign (I - H.)p), (36)

if ¥ > 0y/2mgl/J, where p is damping coefficient.

7 Conclusions

In the paper we address the problem of the Hamiltonian system energy control to the arbitrary
(not necessarily equilibrium) desired level in presence of disturbances. The problem of such kind
is important for control of oscillatory systems. However it was not considered in the previous
publications. For 1-DOF systems it is shown (Theorem 2) that under uniformly bounded input
disturbances with sufficiently small bound D > 0 the speed-gradient control law ensures ultimate
boundedness of error between actual value of energy and desired one. Moreover the upper bound
of the error tends to zero as D — 0. To prove this result an auxiliary Lemma 1 is stated which
gives sufficient conditions for ultimate boundedness of Lyapunov function along the trajectories
of nonlinear nonstationary system. Note that related results were obtained recently in (Aeyels
and Peuteman, 1997; Peuteman and Aeyels, 1998). The results of (Aeyels and Peuteman,
1997; Peuteman and Aeyels, 1998) establish conditions for asymptotic as well as for exponential
stability without assumption of negative semidefiniteness for the time derivative of Lyapunov
function. These results are close in spirit to Lemma 1.

The case when the disturbances vanish on zero momentum submanifold turnes out to be
simpler. In this case similar Speed-gradient algorithm allows to achieve zero error in terms of
energy for n-DOF systems.
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