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Abstract

This paper focuses on the design of observers for a class of nonlinear systems with
time-varying delay. Sufficient convergence conditions are established from the Lyapunov-
Krasovskii theory. These conditions are linked to the existence of a positive definite matrix
satisfying a certain Riccati equation. Using an H., theory result, we propose sufficient
conditions to guarantee such an existence.

1 Introduction

Numerous control processes encountered for example in biology, mechanic or chemistry (Kol-
manovskii and Nosov, 1986; Malek-Zavarei and Jamshidi, 1987) involve delays. Their presence
may affect the performance of control laws or even be a source of instability. Often, the control
of such systems, includes the design of an observer which must asymptotically estimate the state
variables of the system from the output and the input measurement (Bhat and Koivo, 1976).
During the last decades, reconstruction of the state variables of systems with time delays has
been the subject of many papers (Bhat and Koivo, 1976; Fairman and Kumar, 1986; Gressang
and Lamont, 1975; Hamidi-Hashemi and Leondes, 1979; Kamen, 1982; Lee and Olbrot, 1981;
Pearson and Fiagbedzi, 1989; Salomon, 1980; Pourboghrat and Chyung, 1984; Watanabe and
Ouchi, 1985; Watanabe, 1986).

These results, all given in the case of linear systems, have not been extended for nonlinear
systems with time-varying delays. This paper is a contribution in this area. In the case of systems
without delays, recent developements have been realized in the design of observers for nonlinear
systems, with an objectif to find less restrictive conditions to ensure the asymptotic convergence
of the observer (Raghavan and Hedrick, 1994; Rajamani, 1998). This study generalize the
approach given in those papers. The proposed observer is an extension of Luenberger observers
to a class of nonlinear systems with time-varying delay. The analysis of its convergence is done
by using Lyapunov-Krasovskii theory. The obtained sufficient convergence conditions involve
the existence of a positive definite matrix satisfying a certain Riccati equation and therefore
‘algebrize’ convergence results. The existence proofs are constructive, and hence lead to the
prescription of a hole class of observers gains.
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The paper is organized as follows: in Section 2 we describe the class of systems considered
and recall some basic notions. In Section 3, sufficient conditions to guarantee the convergence
of the observer are established. Finally, Section 4 gives conclusions.

2 System description and Preliminaries

The system under investigation is described by the following equations

&(t) = Aw(t)+ Azt —h(t) + f(t,2(t),u) + g(t, 2(t = h(1)),u)
y = Ca(t) (1)

x(t) = o), te[-H,0]

where A and A are matrices of R"*"(IR) , C € R”*"(R). y € R? represents the measurements
of the system. u € IR™ is the input. h(.) which represents the delay, is a scalar differential
function. It is supposed to be known and to satisfy 0 < h(t) < H forall t > 0. f and g are given
nonlinear continuous functions, respectively £y and kg-lipschitzian with respect of their second
argument, i.e.

|f(t7 (bv u) - f(tv ¢7 u)| < ka(b - ¢H
and

|g(t7¢7 u) - g(t7¢7u)| S kgH(b - ¢H7

vVt € R, Vo, ¢ € C([-H,0],R"). C([-H,0],IR") is the banach space of continuous function
mapping [—H, 0] into R™, with the norm ||¢|| = sup |¢(¢)]. The euclidean norm of ¢(t) € R"
70]

is denoted by |¢(t)|. We also suppose that
F(£,0,0)=g(t,0,0)=0, Vt € R.

Before proceeding further, we will give some preliminary results. Let us consider the nonlin-
ear delay systems of the general form:

#(t) = f(t, ) (2)

where f : R x C([-H,0],IR") — IR™ is continuous in the first argument, lipschitzian in the
second and satisfy f(¢,0) = 0 for all ¢t € R.

For t > 0 — H, we denote by z(c,¢)(t), its solution at time ¢ with initial data ¢, specified at
time o, i.e., (0, ¢)(c+0) = ¢(8), V0 € [-H,0]. For § € [-H, 0],

i (0) =z(t+6)

and represents the state of the delay system.
For all ¢ positif, let us denote by B(0,d), the ball

B(0,8)={¢ € C([-H, 0}, R*)/[|¢]| < 3}

A will designate in the following, the class of scalar nondecreasing functions o € C([0,00), R),
satisfying a(s) > 0 for s > 0 and «(0) = 0.
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Definition

The equilibrium solution, = 0 of the delay differential equation (2) is said to be :

1. stable, if for any ¢ € R, ¢ > 0, there is a § = §(¢,0) such that ¢ € B(0,d) implies
z(o,¢) € B(0,¢) fort > o.

2. asymptotically stable, if it is stable and there exists by = bg(c) > 0 such that ¢ € B(0, bo)
implies @4(0, $) — 0 as t — oo.

3. N-robustly asymptotically stable if the equilibrium solution is asymptotically stable for

all delay functions h(.) of the set N = {h(t) € [-H,0]: h(t) < 1}.

Definition
Let V : R x B(0,6) — R be a continuous functional such that V(¢,0) = 0. The functional
(t,0) = V(t, @) is said :

1. to be positive definite, if there is a function « in A such that V(¢,¢) > a(|¢(0)]), for all
te R, ¢ € B(0,6).

2. to have infinitesimal upper bound, if there is a function « € A such that

V(t,6) < al|[¢]]), for all t € R, V6 € B(0,5).

Theorem 2.1. (Kolmanovskii and Myshkis, 1992)

Assume that for some positive constant H, there exists a positive definite continuous functional
((t, ) = V(t,¢)) : RxB(0,8) = R which has infinitesimal upper bound and whose derivative V
is a negative definite functional on IR x B(0,0). Then the trivial solution of (2) is asymptotically
stable.

The following notations will be used throughout tgle paper. For v € R", vT denote the transpose
of v. If M is a positive definite matrix, then M2 denote a square root of M. For any matrix
M, MT designate the transpose of this matrix. The R"-valued identity matrix will be denoted
by I,.

3 Main results

Consider the system given by (1). We define our observer as follows:

F(1) = A#(t) + Ad(t — h(t) + F(t, 2(0), u) + g t, (= h(8)),w) + L(y(t) - Ca().  (3)

where the observed state is denoted by &, and L € R"*? is the observer gain matrix.
Then the error in the state estimate, e = 2 — &, has the following dynamics :

é(t) = (A — LC)e(t) + Ae(t — h(t)) + F(t, e(t), u) + G (t, e(t — h(t)), ) (4)

with
F(tye(t),u) = f(t,x(t),u) = f(t,2(t) = e(t), u)

1335



Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999

and

G(te(t —h(t),u) = g(t,a(t — h(t),u) — g(t,z(t — k(1)) — e(t — h(t)), u).
We can remark that /" and G are respectively k; and k, lipschitzian with respect of their second
componant. Moreover, we can note that

F(t,0,u) =G(t,0,u) =0, Vt € R,u € R™.

The problem now consists of choosing the observer gain L so that (4) is made asymptotically
stable. The following result present a sufficient condition to achieve this goal.

Theorem 3.1. )
Consider the system (1) with, Vt, 0 < h(t) < H, h(t) < 1 and its observer (3). If there exists a
pair of symmetric positive definite matrices P and Q) such that :

1 1
AP—|—PAT—|-P(7gIn— ECTC)P+BAAT+7fIn—|-Q:0 (5)

. 1

with 3 < 1 —h(t),Vt € R, v, =2+ k; and v§ = 3 + k‘?‘ then, the observer (3), with the

matriz gain
1
L=_—prc? 6
P’ (6

is asymptotically convergent.

Proof of Theorem 3.1

Suppose in a first time, that there exists an ¢ > 0 such that the Riccati equation (5) is satisfied
and substitute the matrix gain L by its expression (6). This implies that the equation (5)
becomes

1
s
By multiplying this equation on the left and right by P~!, we get

(A—LCYP+ P(A— LOY 44, PP+ —AAT 4441, + Q = 0.

P Y A-LO)+ (A—-LCYT P~ 4 4,1, + P71 (%AAT + L) P 4+ PTIQPT =0 (7)

Let us define the Lyapunov-Krasovskii V' : C'(¢,[-H,0],IR") — R, by

V(t,9) = 0(0)T P (0) + (14 k2) /_Z(ﬁ(@)%(e)do. (8)

We first note that the functional (8) is positive definite. Indeed

Vit,e) = »(0)TP'(0) + (1+k2) / Z(Qg)w)%(e)de

vV

> Amin(PTH[0(0)].

1336



Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999

Moreover, V' can be upper bounded as V (¢, ) < (||[1[|?, where ( is a positive constant. Indeed
for all ¢» € C([—H, 0], R")

V(t, ) < [9(0)*Amax(P™) + SGIE%O]W(S)PH@ + k).

By choosing ¢ > Amax(P74) + H(l + k;) we get what we announced.

If we derivate V' along the trajectories of the system (4), we get

Vite) = e®)T((A=LC)TP 4 PHA = LC) + (1 4+ K2) L )e(t)
+ 2e(O)T P Ae(t — h(t)) + 2e()T P (t, e(t), u) + 2e() T PIG(t, e(t — h(t)), u)

— (L= h(t) (1 + k2L e(t — h(t)Te(t — h(t)).

Using the assumption on F and the following Young’s inequality

1
20Ty <euwlu+ gvTv Yu,v € R, Ve > 0,

gives

IN

2F (¢, e(t), w) " PLe(t) %|F(t, (), u)[2 + K2e()T PP (1)

IN

le(t)]? + kj%e(t)TP_lP_le(t).
Proceeding in the same manner, we obtain

1

TpH-1
2G(t,e(t — h(t)),u)” P~le(t) < 1—hlt)

[Pre() + (1= h())IG (¢ e(t — (1)), u)?

1

Tp—1p-1 i 2 2
1_%)@@) PP e(t) + (1 — h(0) K2 e(t — h(t))].

(10)
By a completion of the squares
-
)
ATP—le(t)) (e(t ~h(t)) -

2e(t)T P~ Ae(t — h(t)) — (1 — h(t))|e(t — h(t))|? = e)TPTAAT P Le(t)

T ) | G —

(=)

1

mATP‘Ie(t))-

Since 1 — h(t) > 5 > 0,

2 ()T P Ae(t — h(t)) — (1 — h()|e(t — (1)) < —e()TPLAAT P e(t).  (11)

@ =
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From (9)(10)(11),

Vite) < e ((A=10) P14+ PTH (A= LC) + 2+ K21,

+ pl (%MT + (k2 + %)In)P—l) e(t).

1
p
Vit e) < —elt) (P_IQP_l) e(t).

Then, by (7), with v, =2+ k; and vy=—+ k?‘7

This concludes the proof of Theorem 3.1.

Remark

We first note that the conditions obtained are independant of the delay. We also note that with
the concept of robustness introduced in the second section, we can conclude that if the conditions
of the Theorem 3.1 are satisfied, then the observer is A-robustly asymptotically convergent.

In the following we state sufficient conditions to ensure the existence of a solution to the
Riccati equation (5). To achieve this goal, we use a classical result of H, theory. For sake of
completeness, we recall it here.

Lemma 3.1 (Strict real bounded lemma, (Petersen et al., 1991)).
Consider a continuous-time transfer function of realization H(s) = C(sl, — A)"1B. The fol-
lowing statements are equivalent :

1. A is stable and ||H(s)]|e = sup |[|H(jw)]||2 < 1.
weR

2. The Riccati equation
AP+ PA+PBBTP+CTC =0
has a stabilizing solution P > 0 (i.e. A+ BBT P is stable ).
3. There exists a matriz P > 0 such that
ATP4+PA+PBBTP+CTC <.

Furthermore, if these statements hold then P < P.

We then have the following result.

Theorem 3.2.
If A is stable and

1
_ _ 1
AAT 4 441,)7 2

st~ A1) (g1~ 2T C) e < (12)

I3

then the equation (5) has a solution.
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Proof of Theorem 3.2
Let us denote

G(s) = (s~ AT) " (3,1, = 2CTC)Tand X = [|G(9) e

1
- 1
H(BAA +79510) 2|2

Form (12), T < . We choose the matrix () so that

1. 1
—AAT 4,1, T
3 +yl, +Q < 12
Therefore, we have
LAAT 5 L Aar 3
H(BAA +77In + Q)2 G(5) o0 < H(EAA +Ln + Q)5 11G(5)]lso

By the choice of @,

J— Lo
15447 + 95+ QI < -

From (13) and (14),
1 - - 1 _ 1 1
|(GAAT + 351+ Q) (sh = AT) ™ (31 = 2C7C) Hflos < 1.

Thus, by lemma 3.1, the Riccati equation (5) has a solution.
This completes the proof of Theorem 3.2.

4 Conclusion

(13)

(14)

In this paper we have presented observer for a class of nonlinear systems with time-varying
delay. The analysis of its convergence was obtained form Lyapunov-Krasovskii and H.. theory.
Sufficient conditions, independant of the delay, expressed in terms of the existence of a certain

Riccati equation and of a frequency domain criterion have been obtained.
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