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Abstract

This paperaddressethe problemof estimatingthe trajectoryandthe launchpoint of a tactical
ballistic missileusingline of sight(LOS) measurementisom oneor morepassie sensorgtypically
satellite-borne) The major difficulties of this problemincludetheill-conditioning of the estimation
problemdueto poorobsenrability of thetargetmotionvia LOS measurementshe estimationof the
unknown launchtime, andthe incorporationof inaccurateargetthrustprofilesto modelthe target
dynamicsduring the boostphase.We presenta maximumlik elihood (ML) estimatorbasedon the
Levenbeg-Marquardialgorithmthat providesboth the target stateestimateandthe associatearror
covariancetakinginto consideratiorthe complicationsmentionedabove. Oneimportantconsidera-
tionin thedefensegainstacticalballistic missiles(TBM) is the determinatiorof thetargetposition
and error covarianceat the acquisitionrangeof a surwillanceradarlocatedin the vicinity of the
impactpoint. We presenta systematigorocedureto propagatehe target stateand covarianceto a
nominaltime, whenit is within the detectionrangeof a suneillanceradarto obtaina cueingregion.
We alsoprovide anestimateandthe errorcovarianceof the (two dimensionalJaunchposition,which
canbeusedto searctor themissilelaunchsite. Monte Carlosimulationstudiesontypical singleand
multiple sensoiscenariosndicatethatthe proposedilgorithmsareaccuraten termsof theestimates
andthatthe estimatorcalculatedcovariancesreconsistentvith theerrors.

1 Intr oduction

Theflight of a ballistic missileconsistof threephasesboostphasefree flight (mid-courseor ballistic
phase)andre-entryphase.In this paperwe presenthe trajectoryestimationof a tacticalballistic mis-
sile (TBM) for thefirst two phasedbasedn measurementsom only thebooststage.During the boost
phasethe plumegeneratedy a ballistic missile makesit quite visible to mostIR sensorsmountedon
stratgically locatedsuneillancesatellites.However, afterburnout(i.e., aftertheboostphasethetamet
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is verydifficult to detectbecausé@ nolongerburnsfuel, i.e.,it is verydimin theIR spectrumin thesec-
ond stage the movementof the missileis governedby the two-bodymovementrules,namely Keplers
law, whichwill beusedto propagatéhe stateof the missilein the secondstage.Thetime from launchto
impactis 5-10minutesandthemissileis visible to the IR sensor®nthe suneillancesatelliteonly in the
first coupleof minutesafterlaunch.In thedetectionandtrackingof TBM which have ashortrange(less
than 600 miles), time is a critical factor Oncea missilelaunchis detectedby suneillance satellites,
surface-basedadarin the vicinity of potentialimpactpointswill be alertedto searchfor theincoming
missile. However, this leavesonly a very shorttime (typically a few minutes)to detect,interceptand
destry the missile. Theradarsearctstratgly canbevastlyimprovedif onecanpredictalimited search
region for themissilebasedon the satelliteobserations. By usingthis informationin theradaracquisi-
tion of the missileprior to reentry the searchregion canbe reducedrom the entireradarfield of view
to the region obtainedusingthe position estimateandthe error covariance.ln TBM defensepnealso
wantsto locatethelaunchsite of theattackingmissileto take actionagainsit. Thereis only avery short
time to searchfor thelaunchingfacilities, which usuallymove away quickly. This requiresanaccurate
estimateandthe error covarianceof the launchposition. Thus,the estimationof the missiletrajectory
andits associate@rror covariancein the boostphaseplaysanimportantrole in tacticalballistic missile
defense.

N To: Launch Time

T, : Final Stage Burnout
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Note: 1, ..., t) arethemeasuremeritmeinstantsandt, is thereferencdime.

Figurel: Propagatiorio thethe nominaltime of acquisitionby a surweillanceradar

Themodelsusedto describethe motion of a missileduring boostcanbe broadlyclassifiedasbeing
either profile-freeor profile-basednodels. In profile-freemodelsthe statevectoris estimatedusinga
polynomialmotion model,i.e., no thrustinformationis assumedo be available. In profile-basednod-
elsit is assumedhat the magnitudeand orientationof the missile thrustvector thusthe acceleration,
is known. The profile-freemodel usessimple stateequationsfor the motion of the TBM, which al-
lows sequentiafiltering of the missilestatequsuallythe position,velocity, andaccelerationn thethree
dimensionabkpace)For example,(Morg, et. al., 1996)assumeseveralsynchronizedatellitesandalin-
earmotion. While this approachs computationallyinexpensve, it doesnot accuratelynodelthe entire

931



Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999

boosttrajectory especiallyin the caseof multistagemissiles whosethrustchangesbruptly Therefore,
accurateestimatescannotbe obtained. Hence,in the caseof multistagemissiles(which is the most
commoncase) profile-basednodelsshouldbe usedto accuratelydescribehe missilemotionduringthe
boostphaseto obtainsatishctory performancen termsof estimationaccurag. The mainfocusof this
paperis the developmentof a MaximumLikelihood (ML) estimationalgorithmwith arobustnumerical
implementatiorfor estimatingooththe acquisitionpoint andthe launchpoint, incorporatingthe profile-
basedmodelingof the missileboostphase.In addition,the effects of the partial profile informationon
the estimationerrorsarealsotakeninto considerationn evaluatingthe stateestimateandthe associated
errorcovariance.Theobscuratioreffectsof cloudcoverarealsoinvestigated Profile-basednodelswere
alsomentionedin (Rudd, et. al., 1994) but only asoneout of a fixed known family. Our approach
includesprofile parameteestimationtogethemwith missileposition/\elocity andlaunchtime.

The measurementsriginatefrom sensorsvhich are stratgically locatedso asto detectthe tamget
within a shortperiodof time afterlaunch. Thesesensorsanbe locatedon airborneearly warningsys-
tems,or low-altitude earthsatellites. The sensorcould be eitherpassie, which canmeasureonly the
line of sight (LOS) direction, or active, which also measurethe distanceto the tamget. In this paper
we focuson LOS measurementsadefrom passie sensordocatedon low-altitude earthsatellites. A
LOS is a unit vectorrepresentedby two angles:azimuthandelevation of the target asdetectedby the
sensar Assumingthat the target stateconsistsof only its positionandvelocity, we needat leastthree
LOS measurementgat differenttimes)to estimatethe six dimensionalstateof the target. In addition
to the problemsassociatedvith the profile-basednodelingof the boostphasetrajectory anotherim-
portantconsiderations the obsenrability of thetamgetthroughthe LOS measurement@8arShalom,et.
al., 1993). In generalthe sensorsaresofar away from the targetthata significantchangein thetamget
position(over a periodof time) is reflectedonly asa slight variationin the LOS measurements-his re-
sultsin poorobsenrability of thetargetmotion. Consequentlythe MaximumLikelihood(ML) trajectory
estimationproblemis very ill-conditionedfor mostrealistictarget-sensogeometries.

Theproblemis formulatedin Section2. Section3 dealswith the ML trajectoryestimationjncluding
the estimationof the launchtime and major parameter®f the thrustprofile. The caseof non-unity
detectionprobabilityis alsoconsideredResultsof simulationsperformedor sometypical scenariosire
presentedn Sectiord.

2 Problem Formulation

The mainfocus of this paperis the estimationof the trajectoryof a missile usingLOS measurements
from satellite-basedensorsduring the missile boostphase. To be specific, we are interestedn the
estimationof the stateof the missileat two time points. Thefirst is a nominaltime at which the missile
is within the acquisitionrangeof a surface-basedadarlocatedin thevicinity of theimpactpoint. Since
we have the LOS measurementsnly duringthe boostphaseof the missile,we estimatehe missilestate
andcovariancecloseto thefinal stageburnouttime, andpropagatehis stateto obtainthe estimateand
the associate@rror covarianceof the missilepositionat the time of acquisitionby theradar As shavn
in Fig. 1, the boostphaseof the missileextendsfrom the launchtime T; to thefinal stageburnouttime
Ti. The missileis in the ballistic phasefrom time 77 until reentry (assumedo take place after the
nominaltime T of acquisitionby the radar). During this portion of the trajectoryboth the thrustand
thedragarezero,andthe motion of the missileis governedby Keplers laws. Also shavn in Fig. 1 are
themeasuremerttmest,, o, . . . , t,,, andthereferencdime ¢,., at whichwe wish to estimatethe missile
state. As Fig. 1 shaws, the first measuremeris madeshortly* after launchandthe last measurement

LIn thefollowing sectionghe situationof missingthefirst several detectionss alsodiscussed.

932



Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999

occursshortlybefore(or after) thefinal stageburn-out. We choosethelastmeasuremeritme ¢, asthe
referencdimet,, whenwe have the measuremertlosesto theacquisitionrangeof thegroundradar so
thatthe effect of theinaccurag of themodelon the estimationof that point canbe minimized.

The secondpoint of interestis the missilelaunchpoint whosepositionestimateandthe associated
covariancecanprovide importantinformationon the launchingfacilities. In this casewe setthelaunch
time T, asthereferencdime ¢, andfind the launchpositionestimateandits covariance(this reference
time itself alsoneeddo be estimated).

In thefollowing subsectionsve presenthetargetandmeasuremennodelsusedin this paper

2.1 TargetMotion Model

Thrust/Mass
o= (Thrust—+ Drag)/Mass

Drag/Mass

Gravity

Figure2: Component®f the missileacceleratiorduringthe boostphase.

Themainforcesonthetamgetduringthe boostphaseareshavn in Fig. 2. Thethrustgoesto zeroat
theendof the boostphaseandthe dragon the target goesto zerooncethetargetgoesout of the earths
atmospher&éin modelingthe taget motion, the thrustand drag canbe combinedinto “the net specific
thrust” (i.e., acceleratiorgiven by the thrustand drag per unit mass). We shall denotethe magnitude
of the net specificacceleratioh by «(t) andthe anglebetweenthe net thrustand the outward normal
vectorfrom the centerof the earth-centeredarth-fied (ECEF)frameof referenceby ¢(t) (pitch-over
angle— the orientationof the netthrustvector). Both «(¢) andy(t), asdefinedabore, areindicatedin
Fig 2.

Letr = [r, 7y r,) andi = [r, Ty i-,]', denotethe positionandvelocity, respectiely, of thetargetin
the ECEFframeof reference Thedynamicequationdescribingthe target motion canbe written as:

. U r .
rz(acosgo—w> m-ﬁ-(asmtp)p (1)

2An IR sensorcanstill detectthe missilevery shortly afterthe boost-outbeforethe engineof the missilecoolsdown.

%In this paperthey aretakenasthe sametime becausefterthe boostphaseof the missilethe atmospherés thin enoughto
beignored,comparedo the otherforces.

“This acceleratioris the vectorsumof thethrustplusdragdevided by themass.
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where,|| - || denoteshe Euclideannorm, . is the Earths gravitational constaritand

_ = (@-r/|rf) (e/1xl)
P e =@ o/ el /1D

is a unit vectororthogonato r, suchthatthetwo vectorsr andp lie themissiles orbital plané.

As a noteon the coordinatesystem the estimationat the referencdime in the boostphases done
in the ECEF(i.e., rotating) frame of referenceratherthanlocal coordinatesfo evaluatethe trajectory
propagationover the earthcunature. The free flight underKeplers law is inertial by natureandthe
propagationis donein ECI coordinateqearthcenterednertial). The earthrotation underthe flying
objectwill not influencethe estimationaccurag at the radaracquisitiontime (which yields the radar
cueingregion, our maininterest). The rotationof the earthduring the time whenthe missileundegoes
freeflight shouldbe usedasanadjustmenbf the nominalradaracquisitionpoint.

(2)
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Figure3: Magnitude«(t) andorientationy(t) of thenetthruston thetamgetduringboostphase
(solid line: actual; dashed line: model).

Typical curves(Blair, et. al., 1997)for «(t) andy(t) areshavn in Fig. 3. We shalldefinethethrust
profile P asthe setconsistingof thecurvesa(t) andp(?), i.e.,

P £ {alt), o(t), YTy <t < T1} (3)

Also shavn in the above figures,the dashedines are approximatemodelsfor «(¢) andp(t). Using
thesemodels(a piecavise hyperbolicmodelfor themagnitudex(t), discussedh detaillater andalinear
modelfor ¢(t), the orientationangle)in placeof the actualcurvesallows usto usea relatively simple
propagationof the tamget statein calculatingthe costfunction shavn laterin (12). The acceleration
magnitudemodelis chosenunderthe assumptiorthat the missile hasan approximatelyconstantmass
flow ratein eachstage.Of all the parametersleterminingthe profile P, the burn-outtimesZ}, andTj,
shawvn in Fig. 4, arethe mostcritical ones,andwill be estimatedn the next section.

°u = 398601.2 km? /s”.
®The trajectoryof the missileis in this plane,which is corventionally definedusingr andr. Thepair {r/||r||, p} is an
orthonormabaseto this orbital plane.
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Since(1) is a secondordernonlineardifferential equationin r, andunderthe assumptiorthat the
thrustprofile P is given, the missilestatex consistsof only the positionandvelocity componentsi.e.,

T = [r’ f’]’. Hence,giventhe thrustprofile P, the launchtime T, the stateof the missilez(t) at ary
time ¢ € [Ty, T»] canbe determinedby propagatingdeterministically(via numericalintegration) the
stater, atsomereferencdimet,.. We canformally write thisas

€T (t) = f (Pvtatra$T7T0) Vite (T07T2] (4)

Consequentlya parameteestimationproblemwill be solved, for which the CramerRaoLower Bound
(CRLB) canbeusedasthecovariancematrix of thecorrespondingstimationerror(Bar-Shalomet. al.,
1995).

2.2 MeasurementModel

The measurementsonsistof LOS from IV passve sensors:Sy, ..., Sy. Themeasurementsriginating
from the N sensor@areassumedo beorderedbasedn their“time stamps andthesensorare(realisti-
cally) modeledasasynchronousWe shalluse( (k) to indicatethatmeasuremernt is from sensorS ).
Notethat((k) € {1,..., N} Vk. Themeasuremergquations

2k = hy [Torge ()] +wp k=1,2,...,.M (5)

whereziye(-) = [Ttrue(*)’ ttrue(-)’]' is thetrue state of the missile, M is the numberof measurements,
andwy, is the measurementoisewhich is modeledasa zero-meanh, white, Gaussiah sequencavith
known covarianceRy, i.e.,

wg ~N(0,Ry) k=12,....M (6)

The LOS hy(-) consistsof the azimuth¢y,(-) andthe elevation 6 (-) of the tamget as seenfrom sensor
Sy, 1-€

arctan{ y(tk) = S¢(h).y (th) }

h | el ()] | _ o (tk) = 5¢(k) 2 (k) ,

K [z ()] = [ Ok [z (t1)] ] T pesin 4 72 ) = Sce).e (tk)} 7
HS«k) ty) =T tk)H

wherethevectors, ) (tx) = [SC(k),x(tk) ¢k, (tk) sc(k)jz(tk)]l is the positionof sensorS, ;) attime
tx, andis assumedo be known andthe secondsubscriptin theabove equationrdenoteghe coordinate.

3 Maximum Lik elihood Estimation

In this sectionwe first addresghe specificaspectsf the trajectoryestimationproblemat a general
referencetime, including the estimationof the unknavn launchtime andkey parametersf the thrust
profile with theconsideratiorof missingthefirst severaldetectionsThen,wewill setthereferenceime
to eitherthe last measuremertime (andpropagatdo the nominaltime for the acquisitionrangeof the
groundradar)or the (to be estimated)aunchtime, andestimatehe missilestateat thattime.

"Theproblemof sensolbiasess beyondthe scopeof this study
8The Gaussiarassumptioris a reasonablyealisticoneandon the conserative side (Bar-Shalom et. al., 1995)aslong as
thevariancesarecorrect.
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Let Z,, denotghesetof measurementsge., 7y, = {z(k), k=1,...,M}. Sincethemeasurements
in this setare mutually independentwe canwrite the conditionalprobability densityof Z,; asthethe

following product:
M

p(ZM|$T7 T07 H |'T’I’7 T07 P) (8)

Thisis thelikelihoodfunctionof the parameterso be esUmated.
The measuremengrrorsare modeledas Gaussiarwith known covariance,hence,the conditional
densityof z(k) canbewritten as

p(z(k)|:z:r, To, P) = |27TR]€|_% exp {—% HDk—l [,ék (zy, To, P) — Z(k)]”Z} (9)

wherezy, (z,, Ty, P) 2 hi [f (2., Ty, P)] is the estimatedneasuremerdnd Dy, is the squareroof® of
Ry; Z (x,, Ty, P) is evaluatedby numericalintegrationusingthe informationof eitherthe solid lines
or thedottedlinesin Fig. 4. Substituting(9) in (8), andsimplifying we get

p(Znlzr, To, P) = 1exp{—— > | D5 Ex (s 1o, P) = 2(0)) } (10)

wherec is a normalizationconstantwhich is not relevantfor the presendiscussion.Let v (z,, Ty, P)
bethevectorof normalizedmeasurementesidualsj.e.,

Di' [ (&, To, P) — 2(1)]

1>

v (xTa TUa 7)) (11)

D3} ar (20, T, P) — 2(M)]

We take thesquareof the Euclideamormof thevectorv (z,, Ty, P) asthecostfunctionJ (z,, Ty, P),
i.e.,

M
A 1 2
T (@r, Ty, P) £ v (ar, To, P)I* = Y | DF [k (, To, P) = 2(R)]| (12)
k=1
Substituting(12) in (10) we canwrite
1 1
p(Zutler, To, P) = exp{ =3 J (ar, To, P)} (13)

Obsere that.J (z,, Ty, P) is proportionalto the negative log likelihoodof p (Zy |z, Ty, P). Hence,
maximizingthelikelihoodfunctionis equvalentto minimizing the costfunction

argmax p (Zuley, 1o, P) = argmin J (o, To, P) (14)

wheretheargumentst of the minimizationaregivenbelow.

With theabove resultsat hand,we now statethetrajectoryestimationproblemsn thefollowing four
casesjn orderof increasingcomplity. The informationavailableandthe parameterso be estimated
in eachcaseareshavn in Tablel.

Case(a). We shallfirst considerthe simplestcasewhenonly thetarget stateat a referencdimeis to be
estimatedIn thiscasejt is assumedhataccuratesaluesof boththelaunchtime andthethrustprofile are
availableandare,hence notestimatedLet 7" be thelaunchtime andP®u¢ (the solid line in Fig. 3)

®Sincethesewo anglemeasuremen@reuncorrelatedp is justthesquaraootof thediagonaimatrix R, i.e., Di; = v/Ri;.
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LaunchTime Profile Measurements
Caseg(a) true true all
Case(b) | to beestimated true all
Case(c) | to beestimated| to beestimated all
Case(d) | to beestimated| to beestimated >

Tablel: Summaryof informationavailableandparameterso be estimatedn four cases.

be the thrustprofile, both of which arefixed. It only remainsto estimatethe statex, of thetamgetata
referenceime ¢, to completelydeterminethe tamgettrajectory The maximumlikelihood estimate%ﬁ“)

of thetametstatewould thenbe givenby:
i) = argmin J (a: Tirue, Ptr“e) (15)

Case(b). Next, we relax the assumptiorof knowvn launchtime and estimateit alongwith the tamget
state.In this casewe still assumehatthethrustprofile is fixed at the true value P**¢. The maximum
likelihoodestimatesf thelaunchtime 7" andtametstate: " areobtainedvia theglobalminimization
of thecostfunctionover bothz,. andTy, i.e.,
{i:gnb), To(b)} = arg min J (JTT, To, Ptrue) (16)
Lr, L0
Case(c). Now we addresghe problemof trajectoryestimationin the absenceof an accuratethrust
profile. Theoreticallywe can estimateall the parametersn the constantmassflow rate model pro-
file. However, duringthe shortperiodof boostphase we do not have enoughinformation (numberof
measurementdp obtaina good estimate,especiallyin this LOS measurementbasedill-conditioned
problem.Out of the parameterslefiningthe thrustprofile (the dottedlinesin Fig. 3), the stageburn-out
timesT,, andT},, arethemostcritical. Sowe addonly thesetwo parameterso the setof the parameters
to be estimatedia the global minimizationof the costfunction,i.e.,
{9, T, PO} = arg i o T P) (17)
As animportantnote,the numberof parameterso be estimatedn thethrustprofileis acompromise
betweerthe prior knovledgeon the profile andthe informationobtainedthroughsensometections.To
furtherexplain, if we have goodprior informationon the missile profile but limited detectionswe can
estimateonly a small numberof parametersvith reasonableccurag; howvever, if we have relatively
goodmeasuremenhformation,we canestimatemoreparameterge.g.,the parametersieterminingthe
pitch-over angle)accuratelyIn the presentasewe limit our discussiorto the burn-outtime estimation
only.
Case(d). Finally, we go onemorestepfurtherto relax the unity detectionprobability assumptiorby
assuminga cloud cover, in which casewe missthefirst ; — 1 measurementslhe maximumlik elihood
estimatef the tamgetstate:'? | launchtime Téd), andthethrustprofile P(4) areobtainedvia theglobal
minimizationof the costfunctionover x,., Ty, T, andTy, i.e.,

~(d) pld) B ;
{a®, 7§, P9} arg i (o To, P) (18)

wherethefollowing modifiedversionof (12)is used

M
2
J @y, Ty, P) = |l (0, To, PP = 3 | Dt ok (2, To, P) = 2(0)]) (19)
k=j
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Note thatthe costfunction J(-) in all the above four casesjs a sumof squaresof nonlinearfunc-
tions of the parameterdeingestimatedz,, 1y, 17,, and7},), andhencethe right handsidesof (15)—
(18) involve the solutionof a nonlinearleastsquaregNLS) problem. A robustimplementatiorof the
Levenbeg-Marquardtalgorithm, describedn AppendixA, wasusedto solve for the estimatesn the
above four NLS problems.

3.1 Covariance of the Estimates

Expressiongor the covarianceassociatedavith the four estimatesare presentedn this section. Let the
matrixI" (z,, 1o, P) bethe Jacobiat? of theresidualvectorwith respecto z,, i.e.,

/

o[ o [V, - 21 (r, To, P)]
[V, v (@r, To, P)] = : (20)
D3} [V, - 2ar (. T, P

1>

r ($7“a TOa P)

Similarly, let thevectorwry, (z,, Ty, P) bethedervative of v (z,, Ty, P) with respecto Ty, i.e.,

wiy (zp; To, P) 2 —— v (2, Tp, P) (21)

Ty

andthevectorwy, (z,, Ty, P) andwy, (zr, To, P) bethedervativesof v (z,, Ty, P (Ti, Ti,)) with
respecto 13, and7},, respectrely, i.e.,

A O
wal (‘/I’,Tv T07 7)) - 8Tb v ('T’I’a T07 7) (Tbl Tb2)) (22)
1
A O
wrs, (J;Tv To, 7)) = ﬁ v (xTu To, P (Tbl Tb2)) (23)
2

We shall presentexpressiondor the covariancesof the estimates&i“), 9?:7(«1’), 557@ andfcﬁd) in termsthe
above Jacobianand derivatives. In addition,I'(-) andw(-) are also usedin the minimization of the
costfunction via the Levenbeg-Marquardtalgorithm. Sincethe statepropagationgiven in (4) is via
numericalintegration,we do not have anexactexpressiorfor eitherI'(-) or w(-), thereforethesepartial
dervativesarecomputedusingthe methodof finite differencing.
Exactexpressiongor thecovariancematricesassociateavith thesefour estimateslo not exist. How-

ever, in all four casesye canobtainapproximateovariancematricesbasednthe CRLB thathave been
foundto be quiteaccuratén our simulations.

Case(a). In a completelylinear settingit canbe shavn that the ML estimatoris both unbiasedand
efficient, i.e., the covarianceof the estimateis equalto the CRLB, which is the inverseof the Fisher
Information evaluatedat the true value (BarShalom,et. al., 1993). In the presentnonlinearcontext,
we assumehat thesepropertiesof the ML estimatorhold approximately Hence,the covarianceF,

associateavith 327("“) is approximatelygivenby:

Cov{#9} 2P ~ [Ty Tw] (24)

Denotingthe gradientof a scalarasa columnvector the gradientof a scalarz with respecto an dimensionavectorz is
definedasthen x 1 vectorVyz whosej" componenis -2 . Extendingthis notationto thederivative of avector we definethe

Qwj "

Jacobiarof anm dimensionalvectory with respecto ann dimensionabvectorz asthem x n matrix [Vyxy']’ whose(s, 7)"
termis gTy;_

938



Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999

wherel',) 2T (&*), Tjme, Pire) isthe Jacobiarof theresidualvectors (z,, Ty, P).

Case(b). In thiscaseheminimizationis overbothz, andT}, hencetheJacobiars now [F(b)(-) W) (-)} ,
i.e.,with anadditionalcolumn.Usingthis, underthe sameassumptionsisin case(a), the expressiorfor
the CRLB becomes

3 : U [ DCe Dpwn 17
Ty _ _ b)* (b) b)“(b)
COV{ l Téb) ] } =~ {[F(b) u)(b)i| [F(b) w(b)]} = [ s ) w% ) ] (25)

b)@(b)

wherew éwTo (i’v(«b), i, 7’““) andl'( 2p («%1(})), T, Ptme) are,asin case(a), the partial

derivatives evaluatedat the estimates.Using the equationgor the partitioning of the inverseof a par

titioned matrix in (25), we canobtainthe following expressiornwhich approximateghe covarianceof
.(b).
x

/-

/ -1
RO g w(b) W)

Similarly, the standarddeviation of the errorin the estimatedaunchtime To(b) is approximatelygiven
by:

1

. 1 wipy L) Loy Fipywn) ] 2

std {7 2A, ~ — |14+ ® 27)
{7} =0 ol EE

Case(c). In this case,we usethe dottedline in Fig. 3 asthe thrust profile model. Due to the low
obsenrability andthe relatively small numberof measurementavailable, we only considerthe con-
tribution of the errorin the critical parameterd},, andT;, of the constantmassflow rate thrustpro-

file model, along with the uncertaintyin z, and Ty 1 Let us also define T = [To T, Tb2]’ and

we) () 2 [WTO () wr, (1) wn, (-)}. The minimizationis over z, and7 andthe Jacobianbecomes

[F(C)(-) w(c)(-)]. Underthe sameassumptionssin case(a), usingthe CRLB, onehas

.(c) , -1 Ty I w -
Cov{| % ]}%{I‘ wiey| [Tie wie } :l (0 (9 " (o) (C)] (28)
HT@ [P @] [T wio) ol Wi

c) ¢

~

wherewy Zw (557@, T, 77(0)), w2 [wTO wry, waQ] andl', 2T (557@, i) 75(0)) are, asin
case(a), thepartialderivatives.

An extraterm Pp needdo be addedto the covariancematrix Cov {557("“)} obtainedabove to account
for the inaccurag of the thrustprofile model. Assuminga constantacceleratiorerror reflectedby op,
thistermis

~(c ~(c ~e ~ ()
pp =G (19 +79) [o2 1] G (T + 1) (29)
where )
IA?T
_ 2

Case(d). In this casethe covarianceis the sameasabove exceptfor the lossof informationcausedy
themissingof first j — 1 detectionsi.e., (19) replaceg12) in evaluating(28).

Hseethediscussiorin the secondparagraplin Section3 case(c).
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3.2 Position and Err or Covariance at Radar Acquisition

In thefollowing we discusghepredictionof thepositionandits errorcovarianceatacquisitionatacertain
nominaltime by a surface-basedadarlocatedin the vicinity of theimpactpoint. The estimatedarget
statez, atthereferencdimet, is usedto determinethe time ¢, whenthe tamget entersthe acquisition
rangeof asurface-basedadar Thereferencdimet, is settothetimewhenthelastdetectioroccursatthe
endof theboostphase Thedeterminatiorof theacquisitiontime ¢, from z,, t,., theradarpositionandits

A 17!

rangeis givenin (Yeddanapudiet. al., 1996). Oncet, is determinedthe predictedstates, = [r r ]
andpositionerror covarianceF,, areobtainedby propagatinghe estimatedstatez;,., andits associated
covariance from the referenceiime ¢, to ¢,. Sincethe motion of the missilefrom ¢, to #, is governed
by Keplerslaws, there@dstsacomputationall;efficientalgorithm(insteaobf numericalintegration)for
propagatinghestateandcomputingthe JacobiarV, r(#,)’ (Yeddanapudit. al., 1995). Thisalgorithm
is givenin AppendixB. Usingthis Jacobianwe canwrite

Cov{i,) 2E, ~ [err(fa)'}l -Cov{i,} - [Va,r(ia)] 31)

Theerrorcovariancematrix £, calculatedn theabove equationis extremelyusefulin initiating the
searchby a surface-basedadarlocatedin the vicinity of theimpactpoint. This (algorithm-calculated)
matrix yields an estimateof the positionerrore, asthe squareroot of the sumof the diagonalelements
of E,,i.e.,

€q = \/ ali1 t [Faloo + [Eals s (32)

In section4.1 we shaw thatthe abore algorithm calculatedvaluesfor ¢, thatagreevery well with the
actualvaluesdeterminedisingMonte Carloruns.

3.3 Position and Err or Covariance at Missile Launch

Now thereferencdime is setto the (estimated)aunchtime, ratherthanthe last detectiontime. At the
launchpoint, we needto estimatethe positionof the missileonly on a two dimensionabkurfaceandfind
theassociatedovariance.In launch local coordinate¥’, we forcethestatesotherthanthefirst two in the
positionr to afixedvalueandestimateonly two statecomponentsi,e.,z = [r/ #']' = [r, 7, ho 0 0 0],
whereh, is afixed altitude,andwe estimateonly r, andr,. This changein the stateto be estimated
will affect equationg20) to (28). Note thatthe referencetime ¢, is not fixed during the optimization
algorithmexceptin case(a) whereit is assumedo be known.

The2 x 2 errorcovariancematrix E; calculatedn theabove equationis usefulin makingdecisions
on searchingfor the missile launchsite. This (algorithm-calculatedinatrix yields an estimateof the
positionerrore; asthe squareroot of the sumof thediagonalelementof £, i.e.,

[El]l,l + [El]2,2 (33)

3.4 Initialization

To initialize the optimizationsearchfor the parametersvhenthe referenceime is setasthe last mea-
surementime, we canuseprior knowvledgeon 7}, and7;,. As aninitial guessfor Ty, ¢1 — 0.5 (1)
is goodenoughwhered.(y) is the samplingintenal of the sensorfrom which the first measuremeris
generatedIn case(d) we uset,s — Ty, — 1;, asinitial guesdor T, wheret, is thelastmeasurement
time. Theinitialization of the position/\elocity parametersttime ¢, is donethrougha grid search.

2\We canusean initial guessin the vicinity of the potentiallaunchsite as the original point to setup the launchlocal
coordinatesThis is accuratébecauseén thevicinity of thelaunchpoint, the earthsurfacecanbeassumedo beflat.
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To startthe optimizationsearchor the parameterat the launchpoint, we still useprior knowledge
onTy, and7,,. Sincethealgorithmis relatvely insensitve to the choiceof theinitial guesdor r, and
ry, We canuseaninitial guessfor the two dimensionabpositionanda grid searchfor the launchtime
to (whichis alsothereferencdime¢,) from thefirst measuremertime backwards.Notethatwe needa
relatively accuratanitial ¢ty becausepbviously, abadguessof referencdime canshift the whole profile
too far thusmake the optimizationfall easilyinto alocal minimum.

4 Results

The experimentalsetupis asfollows. The tamget launchlocationat 7, = 0sis 30°N latitude and
45°E longitude; the launchazimuth (w.r.t. true north) of the targetis 225°, i.e., the target is headed
south-wesatthetime of launch.Thetametentergheballistic phasdi.e., final stageburnout,seeFig. 1)
atT; = 90 sandthenit entershedetectiorregion, whichis ata distanceof approximatel\206 km from
aradarlocatedat the trueimpactpoint attime 7y, = 372 s and,finally, reenterghe atmospherat time
T3 = 400 s, atareentryaltitudeof hg ~ 38 km.

We considerthe following two scenarios.In the single sensorscenario the sensotis locatedon a
suneillancesatellitewhichis in acircularorbitin theequatoriaplanerotatingin thewestwarddirection,
at analtitude of 600 km. At the time of taigetlaunch(i.e., att = Tp), the satelliteis locatedat 0° lat-
itude, 30° E longitude. The sensothasa samplingintenal of 5 s andfor caseqga)—(c)we assumeunity
probability of detectionhence thefirst measuremerdccurswithin a samplingintenal afterlaunch.In
case(d) thefirst measuremerdccursaftert = 30s,i.e., six measuremen@remissed.

In thetwo sensorcasewe have N = 2 passve sensorsocatedon suneillancesatelliteswhich arein
circularorbitsin the equatorialplane,rotatingin the westwarddirection,at analtitude of 600 km above
meansealevel. At thetime of tamgetlaunch(i.e.,att = T) the satelliteS, is locatedat0° latitudeand
0° longitudeandsatelliteS, is locatedat 0° latitudeand90°E longitude. Both sensordave a sampling
intenal of 10 s andgeneratd OS measurementsf the targetin an asynchronousnanner(the “phase
difference’betweerthemis randomizedthesensosamplingntenalsarechoserfor onesensoandtwo
sensorscenariosothatonehasthesamenumberof detectionsn bothscenarios)As in thesinglesensor
casefor casega)—(c)bothsensordiave unity probabilityof detectionhencethefirst measuremeritom
both the sensoroccurswithin a samplinginterval afterlaunch. In case(d) the first measuremerftom
both sensorsoccursaftert = 30s. The missile becomednvisible to the sensorgin both scenarios)
shortly afterthe last stageburnout,hence the last measuremen(or, lasttwo measurementsn the two
satellitecase)canoccurat mostone samplinginterval after the final stageburnout. The measurement
covarianceRy, for thesensorS, ;) is takenas

A
Ry, :Ug(k) Iyxo (34)

whereoy ) is the standarderror in the LOS measurementéboth azimuthand elevation) from sensor
Sc(k)- We presentesultsfor o) = 15 pradand60 prad, andin thetwo satellitescenariove assume,
in our simulations thatboth the sensordave the samemeasurementoiselevels (i.e., o1 = 09, when
N =2).

In acquisitionpositionprediction,we obtainthe estimatez,. of thetarget stateat the referencdime
t, = tu, i.€.,thereferencdime is choseno bethetime of the lastmeasurementThe predictedtarget
statei, andthepredictedacquisitiontime ¢, areobtainedby propagatinghe stateestimatez, to anom-
inal rangefrom a surface-basedadar In our simulationsthe radaris locatedat the true point of impact
andwe usean nominalacquisitionrangeof approximately206 km. In the launchpoint estimationwe
obtaintheestimatez, of thetametstateatthereferencdimet, = Ty, i.e.,thereferencdimeis choserto
bethetime of the (estimated)aunchtime. All experimentaldata,unlessotherwiseindicated presented
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in this sectionarefrom 100 Monte Carloruns. Simulationdetailspertainingto the four estimationprob-
lemsaredescribedeforethemajorresultsof thesimulationsaresummarizedn thevarioussubsections.

Case(a). In the simulationsfor this case we setthe launchtime Té“) = T{e (i.e., to thetruelaunch
time) andthe thrustprofile P(®) = ptrue wherePt!e s the true thrustprofile, which consistsof the
solid linesshawn in Fig. 3. Theresultsof interestin this caseare:the estimate®of the positionat acqui-
sitiont,, the associate@rrorregion Cov {r, }, the estimatef the 2-D positionat launchtime 7, and
theassociate@rrorCov {1;}.

Case(b). In this casewe estimatethe launchtime 7}, alongwith the statez, . Thethrustprofile is setto
thetrue profile, asin case(a) abore. Theresultsof interestin this case arethoseasin case(a), plusthe
statisticsof thelaunchtime estimates.

Case(c). In this casewe estimatethe tamget state,, the launchtime 7}, and, in addition, the key
parameterd), and1}, in the thrustprofile. In the simulationswe shall usea piecevise hyperbolic
modelay (t) for thethrustmagnitudeandalinearmodelypy (¢) for theorientation givenby thefollowing
equations

o
N

a)

o
fiy

a

— T Ty, —

To Ty

Figure4: Piecavise hyperbolicmodel«y () for themagnitudeof the netacceleration.

by Ty <t<Ty+T
—To To+Tp, —t b 0>t =>40 b1
(T) ‘“*(T,l ) !
at) = (35)
(t To— Tbl) 2(72 Tb1+Tb9—t) To+ Ty, <t <To+Tp +Tp,
T, Ty, 2
o(t) = o + % (t—Ty) To<To+Ty +Th  (36)
1 2

whereay, by, as, by areshawnin Fig. 4 andyg, @9 specifythelinear modelfor the orientation.The
valuesof theseparameterarechoserto yield a bestfit to theactualcurvesasshavn in Fig. 3. Thetimes
T, andT}, arethefirst andthe secondstageburn-outtimes,respectrely (alsoindicatedin Fig. 4), used
in the thrustprofile P,. Thejustificationbehindthis modelis thatmostmissileshave anapproximately

constantmasdflow ratedueto the nearconstanburningof thefuel in thefollowing simplifiedform,
C1

f= 37)

942



Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999

wheref denoteshethrustingforce,c; andcy, areconstantaindt is thetime the missilehasflown.
Case(d). Due to cloud cover we should not always expect prompt detectionof the missile by the
IR sensordocatedon the satellites. In this case we modelthe loss of informationby eliminatingthe
measuremen@tt < 30s. With this limited informationwe canstill getreasonablgoodestimateof the
tamgetstatez, thelaunchtime 7}, andthethrustprofile parameter§;, andTy,.

4.1 Position Err ors at the Nominal Acquisition Range

TheRMSerrorsin theestimategositiont, attimet, areshavnin Table2. Boththeactualerrorsandthe
valuescalculatedoy the algorithmare averagedover 100 Monte Carlo runs. The algorithm-cal culated
positionerror, in eachrun, is computedising(32). In Table2, theRMS valueof thisalgorithmcalculated
positionerroris comparedvith the RMS valueof the actualpositionerror, bothusingthe datafrom 100
Monte Carloruns. The“nominal” acquisitiontime is definedsuchthatthe estimatedositiont, of the
missileis at the nominaldetectionrangeof a suneillanceradarlocatedat the true impactpoint. In each
run, the actualposition error is the distancebetweenthe estimater, andthe true positionry, ({a) ,
while thealgorithm-calculategtaluee, is obtainedrom (32). TheRMS valuesof ¢, andtheactualerror
from 100Monte Carlorunsareshowvn in Table2.

Acquisition Point RMS Position Err or (in km)
Actual
k) Algorithm Calculated
(urad) OneSensoiScenario Two SensoiScenario
(a) (b) (c) (d) (a) (b) (c) (d)
15 1.89 4.37 11.10 25.40 0.97 2.22 9.90 14.24
2.39 2.94 11.37 28.75 0.83 1.98 10.60 14.02
60 10.67 14.46 29.57 60.30 3.62 9.02 20.10 34.12
9.58 12.83 34.77 106.61 3.31 8.13 31.88 47.59

Table 2: RMS position errors at time ,, for the single and two satellite scenariosat ocky =
15 and60 prad. Note: In case(c) and(d), the profile modelingnoiseis op = 0.1g4.

Theresultsin Table2 clearly shav thatthe algorithm-calculatedialuesmatchwell with the actual
ones,in boththe singleandtwo satellitescenariogor boththe low andhigh measuremergrrorlevels.
Secondly we obsere that the errorsincreasesteadily as one goesfrom case(a) to case(d), dueto
the incorporationof unknavn launchtime, incompletethrust profile, and delayeddetectioninto the
estimatiorproblem.Finally, the substantiallysmallerpositionerrorsin thetwo satellitescenariaverthe
singlesatellitescenaricshav the advantageof improved obserability obtainedby usingtwo satellites.

The cueingregion obtainedin atypical run for the mostrealisticcase(d) with two sensomeasure-
mentsand60urad anglemeasurementoise,is shavn in Fig. 5. This illustratesthe size of the cueing
region, andthatthetrue positionof themissiledoedie within theindicated2o regionaboutthepredicted
location. Thefigureis dravn alongthe radaraxesdefinedbelov. Theradaris at the true impactpoint
with the rangeaxis directedtowardsthe true missile positionat time 7,. The “up-dowvn”axis is a unit
vectorin themissiles orbital planeandis perpendiculato therangeaxis. The“left-right” axiscompletes
theright-handcoordinatesystem.

4.2 Position and Launch Time Err ors at the Missile Launch

Thetwo dimensionaRMS errorsin the estimatedositiont; attime ¢; areshavn in Table3. Both the
actualerrorsandthevaluescalculatedoy the algorithm,averagedover 100 Monte Carlorunsareshawn.

943



Proceedings of the 7th Mediterranean Conference on Control and Automation (MED99) Haifa, Israel - June 28-30, 1999

(up—down)

km

km (left-right)

km (range)

Figure5: The2o cueingregion for two sensorscenariovith 60urad measurememtoisein case(d) with
its projectionsx: the predictedpositionr,; 0: thetrue positionr, ).

Thealgorithm-calculated positionerror, in eachrun, is computedusing(33). In Table3, the RMS value
of this algorithmcalculatedpositionerroris comparedwith the RMS value actualpositionerror, both
usingthedatafrom 100 Monte Carloruns. In eachrun, the actualpositionerroris the distancebetween
the estimater; andthetrue positionr,,.,.. (7). The RMS valuesof ¢; andthe actualerrorof thelaunch
time from 100 Monte Carlorunsareshavn in Table3. Fig. 6 shavs the launchpoint uncertaintyregion
in thelaunchlocal coordinatedor atypical run.

Thelaunchtime estimations donetogethemwith the2-D positionestimationn casegb) through(d).
The RMS valuesof the algorithm calculatederror andthe actualerror from 100 Monte Carlorunsare

shawvn in Table4.

4.3 Consistencyof the Estimator

Thepositionerrorsin Table2 andTable3 indicatethatestimater,, r; andthealgorithm-calculate@rror
matrix £,, E; areconsistentwith thetruevalues.In this sectionwe presenta morerigoroustestof the
consisteng of thealgorithmby consideringheentireerrormatrix £, andE;. For this purposave define
thenormalizedestimationerrorsquaredNEES)(BarShalomet. al., 1993)as

Cq é [f'a — Ttrue <{a)}l [Ea]_l [f'a — Tirue <{a)} (38)

and A
= [f'l — Tirue (TO)]I [El]il [f'l — I'true (TO)] (39)
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Launch Point RMS Position Err or (in km)
Actual

k) Algorithm Calculated
(urad) OneSensoiScenario Two SensoiScenario

(a) (b) (€) (d) (a) (b) (€) (d)
0.081 0.139 0.204 0.391 0.043 0.045 0.054 0.073
0.136 0.140 0.316 0.653 0.043 0.043 0.051 0.097
0.254 0.677 1.034 1.739 0.181 0.182 0.225 0.348
0.543 0.536 1.263 2.501 0.171 0.182 0.205 0.389

15

60

Table 3: RMS launchposition errorsat time #;, for the single andtwo satellite scenariosat ock) =
15 and60 prad.

Launch Time RMS Err or (in s)
Actual
k) Algorithm Calculated
(urad) OneSensoiScenario Two SensoiScenario
(a) (b) (c) (d) (a) (b) (c) (d)
0.029 0.051 0.084 0.024 0.046 0.064
15 NIA 0.011 0.067 0.158 NIA 0.011 0.044 0.097
0.178 0.334 0.452 0.115 0.278 0.356
60 NIA 0.090 0.266 0.633 NIA 0.071 0.175 0.401

Table4: RMS valuesof the actualandalgorithmcalculatederrorsin the launchtime estimategor both
thesingleandtwo sensoiscenariosto, ;) = 15 and60 prad.

where,ry; e (ia) is thetrue positionof the missileat,, which is obtainedoy propagatinghetrue posi-
tion of the missilefrom the referencdime ¢,, usingthe proceduredescribedn AppendixB; ry,.4e (1)
is thetrue positionatthelaunchtime. If theestimatolis unbiasedndif thealgorithm-calculatedovari-
anceis equalto thetrue covarianceof theestimatorthenc, definedabove is chi-squaredlistributedwith
3 dggreesof freedom(Bar-Shalom.et. al., 1993)andc; with 2 degreesof freedom.Takingthe average
over 100Monte Carloruns,thetwo sided95% probabilitybounds® on ¢, are

2 2

X300(0.975) _ _ 2 1 X300(0-025)

A00\TTIE) 5 2 < A300VR AT 40
00 S G = 1gg 2 e < T (40)

Similarly, thetwo sided95% probabilityboundson ¢; are

X%00(0-975)
100

N 2
a1 < X100(0-025) (41)

-
= 100

=1

wherec, ; andc; ; arethevalueof ¢, and¢; obtainedn the:™ Monte Carlorun, respectiely. Thevalues
of ¢, andg; for thedifferentscenariosonsideredrepresentedn Tableb.

It can be seenfrom the above tablesthat for both one andtwo sensorsscenariosg, andg¢; are
in mostcaseswithin their theoreticalbounds,which indicatesthat the algorithmis consistentoth in
termsof the estimatesandthe calculatederror matrix for thesecases.In acquisitionpositionfor the
singlesensorscenariog, in caseqga) and(b) areout of bounds.This is becausef theill-conditioned

3Thenotationusedindicatesthatthe probabilitymassto theright of the point x2 (a) is equalto a.
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Figure6: The 2o launchpositionuncertaintyregion for two sensorscenariowith 60urad measurement
noisein case(d) (x: theestimatecpositions, atTy; o: thetruelaunchposition).

obsenrability from thesinglesensaorespeciallyin high measurememtoiselevel. In casegc) and(d), the
profile modelingnoiseredressethis problem. For launchpositionin case(d), the algorithmis slightly
consenrative in the error covariancematrix calculation.

5 Conclusions

An algorithm hasbeendevelopedto estimatethe state(position/\elocity) of a ballistic missile based
on passie obserationsduring its boostphase. It hasbeenshavn that even with a single satellite-
basedR sensomnecanobtaina reliable estimate.With two suchsensorghe accurag is substantially
better The algorithm-calculatectovarianceshave beenshavn to be consistentwith the actualerrors
andtherefore they canbe usedto setup the cueingregion for acquisitionby a radarnearreentry and
thetwo dimensionakearchregion for the missilelaunchsite. This hasbeenaccomplishedy a simple
modelingof the thrust magnitudeand pitch-over during boost. The algorithm can also estimatethe
unknavn launchtime. The major parametersn the thrust profile are also estimatedogetherwith the
missile position/xelocity andlaunchtime. If the detectionprobability is lessthan unity, e.g., several
measurement@remisseddueto cloud cover, thealgorithmstill performswell, althoughit yieldshigher
errors.
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Normalized Estimation Err or Squared
TC(k) for Acquisition Position
5991(((])5)—75) OneSensoiScenario Two SensoiScenario 5991(800—25)
(prad) @ | () | ) | (d) || @ | (b) | (c) | (d)
15 2.54 2.91 | 6.65 | 3.20 | 2.88 || 3.40 | 3.52 | 2.93 | 3.48 3.49
60 2.54 4.53 | 7.83 | 3.42 | 3.23 | 3.25 | 3.48 | 3.47 | 2.62 3.49

Table5: AcquisitionpositionNEESc,, averagedover 100 Monte Carlorunsfor boththe singleandtwo

sensoiscenariofto ;) = 15 and60 prad.

Normalized Estimation Err or Squared
TC(k) for Launch Position
w OneSensoiScenario Two SensoiScenario w
(urad) (@ | (b) | (© | (d) || @) | (b) | (c) | (d)
15 1.63 1.77 | 2.11 | 1.54 | 1.31 || 2.03 | 1.67 | 2.11 | 1.35 241
60 1.63 1.85 | 2.36 | 2.08 | 1.19 || 2.10 | 1.88 | 2.31 | 1.24 241

Table6: LaunchpositionNEES¢,, averagedover 100 Monte Carlo runsfor both the singleandtwo
sensoiscenariofto ) = 15 and60 prad.

A The Levenberg-Marquardt Algorithm

The nonlinearleastsquaregNLS) minimization problemcanbe solved usinga variety of iterative al-
gorithms. The performanceof thesealgorithmsis affectedby two majorfactors. The first factoris the
conditionnumberof theHessianV, V', J(x) of thecostfunction.J(x) attheminimumandin its neigh-
borhood.The secondactoris the choiceof theinitial point usedto startthe minimizationalgorithm.

For well conditionedproblems?, the performancef mostalgorithmsis very good,in the sensehat
they corvergerapidly to theminimumandtherateof convergences notsensitve to theinitial pointused
to startthe algorithm. Onthe otherhand,for ill-conditionedproblemsthe performancef almostall the
minimizationalgorithmsis critically dependenon the initial startingpoint. As statedearlier the mini-
mizationof the costfunctionassociateavith the ML target stateestimationfrom LOS measurements
veryill-conditionedbecaus®f poortagetmotionobserability. Hence arobustminimizationalgorithm
is requiredfor this problem. The Levenbeg-Marquardtalgorithm,which is speciallydesignedor the
minimizationof NLS functions,hasbeenfoundto performwell for the presentminimization problem
andis describedelow.

Considerthe costfunction J(z¢) whichis to beminimized. Denotingthe estimatedninimumat the
n™" iterationby z ,,, the vectorof normalizedmeasurementesidualsby v (z ) = v, andthe Jacobian
by I'(z,,) = I';,, we canform anaffine approximationu, (zg) to v(zy) as

wn(iUO) =v, +1, (J;O - xO,n) (42)
Usingtheabove equationwe canform alocal quadrationodelg,, (x) for the costfunctionas
Gn(0) = wn (o) wn(z0) = Vyvn + 20, Tn(20 — Zom) + (20 — T0,n) Ty Tn (0 — To.n) (43)

Under the assumptionghat this quadraticmodel ¢, (xy) is a good approximationto the actual cost
function J(z¢), the Gauss-Nerton algorithmwould updatethe estimateto the minimizer of this local

¥Theconditionnumberof amatrix is theratio of the largestandthe smallesisingularvalues.If the conditionnumberof the
Hessiarof J(z) islessthan10?, thenboththe Hessiarandtheassociatedostfunction J (x) canbesaidto bewell-conditioned.
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quadraticapproximationj.e.,
x4y, = arg min g, (o) (44)
’ xRS

It canshawn thatthis Gauss-N@&ton updatexg,“n, is obtainedastheleastsquaresolutionof asetof 2
linearequationsi.e.,
r, (:z:ﬁ”n — 370,71) =—, (45)

The GaussNewton iterative algorithm,thoughvery straightforvard to implement,is not globally con-
vergent. Corvergenceis assurednly if theinitial startingpoint z  is quite closeto the global mini-
mum. Quite a few modificationsto this algorithmhave beenproposedo make it globally corvergent.
A classof algorithmsthatfall into this catgyory arebasedon a modificationto the Gauss-Neiton algo-
rithm suggestedby (Levenbeg, et. al., 1944)and(Marquardt,et. al., 1963). This algorithm (i.e., the
Levenbeg-Marquardtalgorithm)alsoupdateshe estimateat the n™ iterationby trying to minimize the
local quadraticmodel g, (z¢) at eachiteration, but this updatedestimate,z¢ 1, is constrainedo lie
within ahyperellipsoid centerecaroundzy ,,, i.e.,

Zop41 = arg min gy, (o) (46)
€SN
Q= {:I?U DT € §R6 and ”Dn (370 — 370,71)” < 677,} (47)

whereD,, isa6 x 6 diagonalscalingmatrix ando,, is theradiusof the “scaledmodeltrustregion”. It is
easyto seethatif the Gauss-Netonupdates feasiblej.e., HD” (:z:ﬁ“n — :z:o,n) H < ¢, thenit is accepted
astheestimaterg ;41 = x&’\;l. However, in generalx&’“ﬂ may lie outsidethetrustregion;in suchacase,
theupdatedestimates obtainedby solvingthefollowing min-maxproblem:

_ : o 2 ¢2
Tont1 = arg min max [qn(fvo) + A (IIDn (o — o) 5n)} (48)
where\ is the Lagrangianmultiplier, which in the presentcontet is calledthe Levenbeg parameter
It canbe shawvn thatgivena valueof A, we cansolve for a z 5, (), (i.e., solve the outerminimization
problem)astheleastsquaresolutionof thefollowing (2M + 6) setof linearequations:

I, —vp
l )\% D, ] ($0,n(>‘) _$0,n) = [ 061 ] (49)

Notethatz,(0) = zg},, i.e., the Gauss-Neton update.This solutionz , (0) may notfeasible but in
generaljt canbeshovn thatthereexistsa \,, € [0, co) suchthatfor all A > A, z¢ ,,()) is feasible.The
updatedestimates thenzg ,,+1 = zo,,(\,). Thisvalue,),, of the Levenbeg parameters obtainedoy
solving|| D, (zo(A) — zo,n)| = . Someof theimportantaspectf this algorithmaresummarizedn
thefollowing remarks.

¢ Note that at eachiteration, the Levenbeg parameter\,, hasto obtainedvia an inner iteratve
loop. In eachof theseinneriterationsfor obtaining,,, we needto solve (49) for x5 (A). In the
implementatiorof this algorithmby (Moré€, et. al., 1977)and(Morég, et. al., 1980)a two stage
QR procedurds usedto solve for the Levenbeg parameterin addition,this procedurdactorsthe
the Jacobiarmatrix sothattheintermediatgparametersequiredfor updatingd,, canbe computed
very efficiently.

¢ Anotherimportantaspectin the evaluationof )\, is the choiceof the iteratve methodusedin
solvingthenonlinearequationn A. Newton’s methodfor solvingnonlinearequationsanbeused,
but a muchmoreefficientiterationhasbeensuggestethy (Hebdengt. al., 1973)thatexploits the
specialstructureof the problem.
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e The i elementof the diagonalscalingmatrix D,, is updatedat eachiterationin the following
manner:
[Dn]“ = max {HCOlZ (Fn)H , [Dn]zz} , T > 0 (50)

At thefirstiteration,we have [Dy];; = ||col; (I'g)]|].

e Theradiusof the modeltrustregion é,, is updatedbasedon how well the local quadraticapprox-
imation predictsthe changein the function value. The ratio ¢,, of the actualto the predicted
reductionin thefunctionvalueis givenby

[ (on) = f (zon (An))
Oy = : - (51)
" I (Zon) = qn (To.n (An))
Thedenominatoof theexpressiorontheright handsideof theabose equatiorcanbeeasilyshavn
to benon-ngative. Dependingon thevalueof 4, thefollowing updatestratey is adopted

— If 9, is negative, it impliesthatthe value of the costfunction hasincreasednsteadof going
down. This happensf thelocal quadraticmodelis totally inadequateln sucha case g, is
drasticallyreducedtypically by afactorof 10) andthevalueof the Levenbeg parameters
recomputedTheestimates updatedj.e., 2o ,+1 = Zo,, (Ay) Only if ¥, > 0.0001 (asmall
positve number).

- If 0 < ¥, < 0.25, the estimateis acceptedhut §,, is reducedfor the next iteration, since
valuesof ¥, considerabljlessthan one indicatethat the local quadraticmodel doesnot
accuratelyreflectthe costfunction behaior. The new trustregion radiusd,, ., is computed
usingdn+1 = uo,, Whereavalueof € [0.1 0.5] is chosenusinga quadraticfit in the
directionof theupdatedestimate.

— If ¥ > 0.75, thenwe choosed,, 1 = d, If A, = 0, andd, 1 = 26, if A, > 0. Since,in
thesecasesthe local quadraticmodelseemso be a reasonablygood approximationto the
actualcostfunction, the Gauss-N&ton updatemay be appropriate.To allow this updateto
befeasibled,, is increased.

A detailedtheoreticaldevelopmentof this algorithm can be found in (Dennis, et. al., 1983)and
(Moré, et. al., 1977). Thealgorithmis startedusinganinitial pointzg,, obtainedusingtheinitialization
proceduredescribedin section3.4. The algorithm hasbeenfound to corverge to the solution, i.e.,
zo,n ~ xy" afterareasonablymallnumberof iterationsN (approximatelys to 15 iterations,in most
cases).

B Algorithm for State Propagation

Presentedelow is an algorithmthat propagateghe stateof an objectin a ballistic trajectoryaround
the earth. Let z(¢)’ = [r(¢)’ ©(¢)’] be the unknavn stateto be computedat time ¢, given the state
zy = x(tg) = [ry T atthetime ¢y. The underlyingtheoreticalconceptsandthe deriation of the
equationsusedin this algorithm can be found in (Bate, et. al., 1971). The gravitational parameter
© = 3.986012 x 10° km*/se¢ andthe corvergencecheckparametef’OL = 10~1° areused.

1 2 Uﬁ . l—agrg-

STEP 1 7 :=||ro||; vo = ||To]|; qo = ﬁrﬁ ro, ag:= o T o= S

STEP 2 if (ag > 0)
o= ao(tfto) .
) IV
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el se
_ SIQNi—to) 1, (__20v—a0)(t—te) ).
V—ag gov/—ao+poSIgNt—to) /'
B = apa?;

STEP 3 if (a>0)
_ l—cos(\/,[_i) i 6= \/E—sin(\/[_i) .
B ' ' /3\//5 '

el se
¢ 1—cosh(y/—0) . 6= sinh(y/—B)—+/—8.
A A Vo
STEP 4 ;:: poads + qoatc + %a;
@ = pocc + qoa(l — spB) + %i

a=at[E] [t 10) - )

STEP 5 if ([(t—1ty) — 7] >TOL)
got o STEP 3

STEP 6 fizl—u; g = (t—to)—a—jfj; I'(t) = fro+grg; ri= ||r(t)H’

STEP 7 fi= (M) (sB-1)(2);  g:=1-25  #(t) = fro+gio;

r

The above stepsyield the requiredstatez(t)’ = [r(¢)' ©(¢)'] attime ¢. In orderto predictthe
covarianceof the positionr(¢) by propagatinghe covarianceof r(¢y) from ¢, to ¢, we needto compute
the6 x 3 matrix V,,r(t). Thecomputatiorof this matrix involvesthefollowing additionalsteps.

]

seps =[] () v =] 0]

ds . c—3s. de . 1—sp—2c.
STEP 9 a5 = ds = 27

STEP 10 by i= (Vaoto) (—0%0) + (Vopo) (—a®s) + (Vgro) (S8 ): b2 = (Virpa0) (—0?);
o 3 ds

N/ bo aﬁ'i'QOOéZg% ],

. l 3poats + 2qocc +
B 1

2apa
(V@) (VioB)] = [b1 bo] A7,

STEP 11 V,f:= [(VmOTO) (?—0) — (Vo) (2¢) = (Vo 8) (agg)} [%]i
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A ds —a?].
Vind = [(Vag) (35) = (Vao ) (5 )| [

STEP 12 Vgr(t) = l Tl | (Vao f) 10 + (Vo 9) £0;

gl3
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