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Abstract

In this paper we present several results concerning the asymptotic behavior of (random) infinite
products of generic sequences of order-preserving mappings on intervals and cones in an ordered
Banach space. Such operators find application in many areas of mathematics and, in particular, in
dynamical models of economics and biology. In addition to weak ergodic theorems we also obtain
convergence to a unique common fixed point (for self-mappings of an interval) and to an operator
of the form f(-)n, where f is a functional and 7 is a common fixed point. More precisely, we show
that in appropriate complete metric spaces of sequences of operators there exists a subset which
is a countable intersection of open everywhere dense sets such that for each sequence belonging
to this subset the corresponding infinite products converge. Thus, instead of considering a certain
convergence property for a single sequence of operators, we investigate it for a space of all such
sequences equipped with some natural metric, and show that this property holds for most of these
sequences. This allows us to establish convergence without restrictive assumptions on the space and
on the operators themselves.

1 Introduction

Order-preserving mappings and infinite products of operators find application in many areas
of mathematics. See, for example, (Aliprantis and Burkinshaw, 1985; Amann, 1976; Bauschke
and Borwein, 1996; Bauschke et al., 1997; Censor and Reich, 1996; Dye et al., 1996; Dye
and Reich, 1992; Fujimoto and Krause, 1988; Lin, 1995; Nussbaum, 1990) and the references
mentioned there. Our goal in this paper is to study the asymptotic behavior of (random) infinite
products of generic sequences of order-preserving mappings on intervals and cones in an ordered
Banach space. More precisely, we show that in appropriate complete metric spaces of sequences
of operators there exists a subset which is a countable intersection of open everywhere dense sets
such that for each sequence belonging to this subset the corresponding infinite products converge.
Results of this kind for powers of a single nonexpansive operator were already established by
De Blasi and Myjak (1976) while such results for infinite products have recently been obtained
in (Reich and Zaslavski, 1999a). The approach used in these papers and in the present paper
is common in global analysis and the theory of dynamical systems (De Blasi and Myjak, 1983;
Myjak, 1983). Recently it has also been used in the study of the structure of extremals of
variational and optimal control problems (Zaslavski, 1995; Zaslavski, 1996). Thus, instead of
considering a certain convergence property for a single sequence of operators, we investigate it
for a space of all such sequences equipped with some natural metric, and show that this property
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holds for most of these sequences. This allows us to establish convergence without restrictive
assumptions on the space and on the operators themselves.

2 Order-preserving mappings on intervals

Let (X,||-||) be a Banach space ordered by a closed convex cone X such that ||z|| < ||y]|
for each x,y € X, satisfying x < y. For each u,v € X such that u < v denote

<u,v>={re X :u<z<uv}
For each z,y € X, we define
Az,y) =sup{r >0: rz <y}

Let b € X, \ {0}. We consider the space < 0,b > C X with the topology induced by the
norm || - ||. Denote by 2 the set of all continuous operators A : < 0,b > — < 0,b > such that

Ax < Ay for each z,y € < 0,b > satisfying x <y

and
A(az) > aAz for each z € < 0,b > and each o € [0,1].

For the space 2 we define a metric p : A x 2 — [0, 00) by

p(A, B) =sup{||Az — Bz||: z € < 0,b >}, A, B el

It is easy to see that the metric space 2 is complete.

For more information on ordered Banach spaces, order-preserving mappings and their appli-
cations see, for example, (Aliprantis and Burkinshaw, 1985; Amann, 1976).

In (Reich and Zaslavski, 1999b) we established the following result.

Theorem 2.1. There exists a set § C 2 which is a countable intersection of open everywhere
dense sets in 2 such that for each B € § the following assertions hold:
1. There exists xg € < 0,b > such that Bxg = xp and

BTz — x5 as T — oo uniformly on < 0,b > .

2. For each € > 0 there exists a neighborhood U of B in 2 and an integer N > 1 such that
for each C' € U, z € < 0,b > and each integer T' > N,

|ICT 2 — zp|| <e.
Assume now that b is an interior point of the cone X, . Define
llz||lp = inf{r € [0,00) : —=rb< a <7rb}, z€ X.

Clearly || - || is @ norm on X which is equivalent to the norm || - ||.

Denote by 9 the set of all sequences {A4;};2,, where each 4, € 2, ¢t = 1,2,... Such a
sequence will occasionally be denoted by a boldface A. For the set 99 we consider the metric
ps M x M — [0, 00) defined by

ps({Ar}21, {Bi}i21) = supl|[Arz — Bzl 2 € <0,b>,
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t=1,2,...}, {4}, (B}, €M

It is easy to see that this metric space (I, ps) is complete. The topology generated in 9t by the
metric ps will be called the strong topology.

In addition to this topology on 9t we will also consider the uniformity which is determined
by the base

E(N,e) = {({A:}21,{Bi }iZ1) € Mx M-
||Aix — Biz||p <€, t=1,...N, z € <0,b >},

where N is a natural number and € > 0. It is easy to see that the space 9t with this uniformity
is metrizable (by a metric p, : 9 x MM — [0,00)) and complete. The topology generated
by p, will be called the weak topology. The following two results established in (Reich and
Zaslavski, 1999b) describe the asymptotic behavior of (random) infinite products of a generic
sequence {C}}72, in the space 9. Such results are usually called weak ergodic theorems in the
population biology literature (Cohen, 1979; Fujimoto and Krause, 1988; Nussbaum, 1990).

Theorem 2.2. There exists a set § C 9 which is a countable intersection of open (in the
weak topology) everywhere dense (in the strong topology) sets in 9t and such that for each
{B:}{2, € § the following assertions hold:

For each € € (0, 1) there exist a neighborhood U of { By }?° | in 9 with the weak topology and
an integer N > 1 such that for each {C;};2, € U, each integer T > N and each x € < 0,b >,

)\(CTClm,CTCl(O))Zl—e

Theorem 2.3. There exists a set § C 9 which is a countable intersection of open everywhere
dense sets in 9 with the strong topology and such that for each {B,;}{°, € § the following
assertion holds:

For each € € (0,1) there exists a neighborhood U of {B;}°, in 9 with the strong topology
and an integer N > 1 such that for each {C;};°, € U, each r : {1,2,...} — {1,2,...}, each
integer T > N and each x € < 0,b >,

NCrry - Cry, Coqry - Cry(0)) = 1 — €.

Let a € < 0,b > be an interior point of X ;. Denote by 9, the set of all sequences {A;}°, €
M such that
Aija=a, t=1,2,....

Clearly 91, is a closed subset of 91 with the weak topology. We consider the topological subspace
M, C M with the relative weak and strong topologies.

Now we present the theorems proved in (Reich and Zaslavski, 1999b) which establish generic
convergence to a unique fixed point in the space 91, .

Theorem 2.4. There exists a set § C 9, which is a countable intersection of open (in the
relative weak topology) everywhere dense (in the relative strong topology) sets in 9, such that
the following assertion holds:

For each {B; }{2, € § and each € > 0 there exist a neighborhood U of { B, }{°, in 9, with the
relative weak topology and a natural number N such that for each {C,}°, € U, each integer
T > N and each z € < 0,b >,

|Cr ... -Ciz—ally <e.
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Theorem 2.5. There exists a set § C 9, which is a countable intersection of open everywhere
dense sets in 9, with the relative strong topology such that the following assertion holds:

For each {B;}{2, € § and each € > 0 there exist a neighborhood U of {B;}{2, in M, with
the relative strong topology and a natural number N such that for each {C;}{2, € U, each
r:{1,2,...} = {1,2,... }, each integer T > N and each z € < 0,b >,

1Crz) - - Cryz —ally <.
Finally, denote by 9, the set of all sequences {A;}7°; € M such that
Aja=a, t=1,2,...

for some a € < 0,b > such that a is an interior point of X, . Denote by 9, the closure of M,
in the space 9t with the strong topology and consider the topological subspace M, C M with
the relative strong topology.

The last theorem in this section establishes generic uniform convergence of random infinite
products to a unique common fixed point in the space 91,. The proof of this theorem is given
in (Reich and Zaslavski, 1999b).

Theorem 2.6: There exists a set § C 9, which is a countable intersection of open everywhere
dense sets in MM, such that for each {B,};°, € § the following assertion holds:
1. There exists an interior point ©(B) € < 0,b > of the cone X, which satisfies

Biz(B)=z(B), t=1,2,...

2. For each e > 0 there exist a neighborhood U of {B;}°, in M, and a natural number N
such that for each {C,};2, € U, each r : {1,2,...} — {1,2,... }, each integer T > N and each
z€ <0,b>,

||Cr(T) et Cr(l)z — l‘(B)Hb <e.

3 Homogeneous order-preserving mappings

In this section we let (X, || - ||) be a Banach space ordered by a closed cone X, with a
nonempty interior such that ||z|| < ||y|| for each z,y € X satisfying x < y. When u,v € X
and v < v we again set

<u,v>={reX: u<z<v}

For each z,y € X, we define
AMz,y) =sup{r € [0,00) : rz <y}, r(zr,y)=inf{\€[0,00): y < Az}

(We assume that the infimum of the empty set is 00.)
For an interior point 7 of the cone X, we define

||lz]ly = inf{r € [0,00) : —rp <z <rn}.

It is known that || - ||, is a norm on X which is equivalent to the norm || - ||.
Denote by A the set of all mappings A: X, — X, such that

Az < Ay for each x € X, and each y > z,
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A(az) = aAz for each o € [0,00) and each x € X, .

Fix an interior point 7 of the cone X .
For the space A we define a metric p : A x A — [0,00) by

p(A,B) =sup{||Az — Bz||, : t€<0,n>}, A BecA

It is easy to see that the metric space (A, p) is complete.

Denote by M the set of all sequences {A4;};2; C A. A member of M will occasionally be
denoted by a boldface A. For the set M we consider the uniformity which is determined by the
following base:

E(N,e) = {({A}2 AB2) e Mx M: p(A,B) <e t=1,...N},

where IV is a natural number and € > 0. It is easy to see that the uniform space M is metrizable
(by a metric p, : M x M — [0,00)) and complete. This uniformity generates a topology which
we call the weak topology in M.

For the set M we also consider the uniformity which is determined by the following base:

E(N,¢) = {({A}2 B2, e M X M : p(Ay,B) <e, t=1,2,...},

where € > 0. It is easy to see that the space M with this uniformity is metrizable (by a metric
ps : M x M — [0,00)) and complete. This uniformity generates a topology which we call the
strong topology in M.

Denote by M, .., the set of all sequences {A;}{2, € M for which there exist positive constants
c1 < cg such that for each integer T' > 1,

con > Ap ... A > e,

Denote by M“’g the closure of M,.., in M with the weak topology. We consider the topological
subspace M., C M with the relative weak and strong topologies.
We now list the results established in (Reich and Zaslavski, 1999c).

Theorem 3.1. There exists a set F C M,.eg which is a countable intersection of open (in
the weak topology) everywhere dense (in the strong topology) sets in M., such that for each
{B,}2, € F the following assertions hold:

1. By ... Byn is an interior point of X, for each integer T > 1.

2. For each A > 1 and each € € (0, 1) there exist an integer N > 1 and an open neighborhood
U of {B;}, in M., with the weak topology such that for each {C;}*, € U,

Cr-...-Cin
is an interior point of X, for all T € {1,... N} and
r(Cy-...-Cin,Cy -...-Crx) = ANCy -...-Cin,Cy -...- Ciz) < €
for all z € < 0,An >.

(As mentioned in the previous section such results are usually called weak ergodic theorems in
the population biology literature (Cohen, 1979; Fujimoto and Krause, 1988; Nussbaum, 1990).
Let 0 < ¢; < ¢z. Denote by M(c1,cz) the set of all sequences {4, }72, € M such that

Ap ... Aim € < c1m,com > for all integers T > 1.

It is easy to verify that M(cy,cy) is a closed subset of M with the weak topology. We first
consider the topological subspace M(cy,c2) C M with the relative weak and strong topologies.
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Theorem 3.2. There exists a set Fy C M(cy,co) which is a countable intersection of open (in
the weak topology) and everywhere dense (in the strong topology) sets in M(cy,cy) such that
for each {B,}{°, € Fy assertion 2 of Theorem 3.1 is valid.

Denote by int(X,) the set of interior points of the cone X,. Let M, be the set of all
{A;}72, € M for which there exists a point { € int(X ) such that

At£:§7 t:1,27

Denote byi/\;l* the closure of M, in the strong topology. Next we consider the topological
subspace M, C M with the relative strong topology.

Theorem 3.3_. There exists a set F C M, which is a countable intersection of open everywhere
dense sets in M, such that for each {B; }{°, € F there exists an interior point {5 of X | satisfying

Bt&B:§B7t:1727"'7 |‘§BH7/:17
and the following assertions hold:
1. For each s:{1,2,...} — {1,2,...} there exists a function g, : X, — [0,00) such that
lim Bs(T) '...'Bs(l)x:gs(az)ﬁg, re X,.

T— o0

2. For each € > 0 there exist a neighborhood U of { B;}{°; in M, and an integer N > 1 such
that for each {C;};2, € U N M,, each integer T > N, each s : {1,2,...} — {1,2,...} and each
re<0,n>,

|Csry - Csyz — gs(z)éplly < e

Denote by M,, the set of all sequences {A;}{2, € M such that A;np=n,t=1,2,... Clearly
M, is a closed subset of M with the weak topology. We now consider the topological subspace
M, C M with the relative weak and strong topologies.

Theorem 3.4. There exists a set F C M, which is a countable intersection of open (in the weak
topology) everywhere dense (in the strong topology) sets in M, such that for each {B;}{*, € F
the following assertions holds:
1. There exists f : X, — R! such that
lim By -...-Biz= f(z)n, ze€X,.

T— o0

2. For each € > 0 there exist a neighborhood U of { B; }{° | in M,, with the weak topology and
an integer N > 1 such that for each {C;}, € U, each integer T > N and each z € < 0,1 >,

|Cr-...-Cix — f(x)n]], <e

Theorem 3.5. There exists a set F C M, which is a countable intersection of open everywhere
dense sets in M, with the strong topology such that for each {B;};, € F the following
assertions hold:
1. For each s : {1,2,...} — {1,2,...} there exists a function g, : X, — R such that
lim Bypy-...- Byyx =gs(x)n, x€X,.

T— o0
2. For each € > 0 there exist a neighborhood U of {B;}°, in M, with the strong topology
and an integer N > 1 such that for each {C;}{2, € U, each integer T > N, each s : {1,2,...} —
{1,2,...} and each x € < 0,7 >,
|Cs(ry - -+ Csyx — gs ()], < e

Denote by A. the set of all A € A such that there is an interior point {4 of X, satisfying
A&y = &4. Let A, be the closure of A, in A. We equip the topological subspace A, C A with
the relative topology.
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Theorem 3.6: There exists a set F C A, which is a countable intersection of open everywhere
dense sets in A, such that for each B € F there exists an interior point {g of X, satisfying

Bngé.Bv HgBH??:la

and the following assertions hold:
1. There exists a function gg : X, — R' such that

lim BTz = gp(x)ép, z€X,.

T— o0

2. For each € > 0 there exist a neighborhood U of B in A, and an integer N > 1 such that
for each C € U N A,, each integer T' > N and each x € < 0,1 >,

1C" 2 — gp(2)éply < e

Finally, denote by A, the set of all A € A satisfying An = n. Clearly A, is a closed subset
of A. We endow the topological subspace A, C A with the relative topology.

Theorem 3.7. There exists a set 7 C A, which is a countable intersection of open everywhere
dense sets in A, such that for each B € F the following assertions hold:
1. There exists a functional gg : X, — R' such that

lim Bz = gp(z)n, =€ X,.

T— o0

2. For each € > 0 there exist a neighborhood U of B in -An and an integer N > 1 such that
for each C' € U, each integer T' > N and each z € < 0,1 >,

10T & — g (2)n]], <e.
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